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PREFACE TO THIRD EDTl'K)^ 


This littlo toxt-book was writtcMi Hoitu' yearn airn Ui 
paiiy tbo Icuiturow in a nhovt pri'paratery tnjurne un the 
toniau Toteutial Kiiiuvtioii, oHptaaully iatmtile«i (nr Hi%u\vni4 
wlio wai’O aftorwardn to bi^giii a Hyntaouutie ntu»ly td the 
Mathematical Ihicovy of Klectincily anti MaK*a‘tiHin, with the 
help of some of tla^ Htandanl irtnitiHon on t he nuhj»*et. 

In. preparing tlu^ present tslititni a lew imperative elniiege;^ 
have betui made in tln^ plates, stnint HtsdJt»ns have her-is inf re 
ducGcI, {ind a IiU’gtt niunlK‘ 1 * of Hini[d(‘ iniseeilaneoim prsdilriin^ 
have btuni added at tint tonl tjf tin* last idiapter. 

The rt^ad(U‘ who wislies to gtd. a thtn’inigh kmn\ b'd|.ti* of 
the })roptn*tii‘S (d‘ tlu^ Ih)tt*utial t'nneiittn ami i»l it’^ appli 
cations, is rthernsl to tln^ works nienlitmi'd in lt#e li«.l n 
below. Most of tlntst* that hud then hiMm pnhh'died I nno 
suited and used in writiiig tlu'st* m»les* am! irom nMisn* 
have appmired sinett tin* btitly td’ thin bunk rh^rltM 

typed I have borrowi*d mait'rial for pnddemn ; uvaux *4!jrr 
problems I have taken from various eoliege and niuvrinsii 
examination ]>ap(n‘H. I u,m indehted hImo t«» nn 
Professors Trowhridgi*, Hyerly, K. H, Hall, >ahai«% 

M. Jldelier, and (t A. Atlams for valnahh' entumurj ami 
suggestiouB, 

The slight uhc^ which I havi* mud** i»f ih’v«dM|isnr»ni.*i it* 
of Spherical JlarnnmteH and Ih’SHolhi hhuotn^un s^i 
by the fact tliat studtMiiH wlm mv thm Inn^k m Haivaid I ni 

vm’flitv* Htndv f,hf\ winnn Inn,* Pr, 0 tU-.rU'u ..J U-, 


following pUges the change made in a function u 
.hy giving' to the independent variable x the arbitrary iiun'(‘- 
inent -Ax] and keeping the other hidependcnt variables, if 
there arj^^y, unchanged, is denoted by Similarly, 

represent the increments of u duo to changes 
res^^^wely in y alone and in z alone. The total change in 
^ sirnultaneous clianges in all the independent variables 
is sometimes denoted by Aw ; so that, if u — / (x, y, z)j 


^ Am ^ , A u A^n 

Au = ~ — Ax + • Ay + “ . ’ • A;;; 4* 

Ax Ay Az 


where c is an infinitesimal of an order higher than the first. 
The partial derivatives, av(5 denoted, for conven- 

ience, by ByXi^ and and t\u) sign i)lae(‘d between 
a variable and a constant is used to show that the former is 
to be made to ajDproach the latter as its limit. In those eases 
where it is desirable to draw attention to tlui fac^t that a cer- 
tain derivative is total, the differential notation ™ is used. 

<lx 

It is tacitly assumed that the physical quantities uiuhu* con- 
sideration can be represented in the rt^gioiis to wliieli the 
theorems refer, by continuous point functioiiK, having con- 
tinuous derivatives of the orders which present themselves in 
the investigation in hand. In a few instances, as the reader 
will see, a theorem is predicated of analytic functions only, 
when so narrow a limitation is not required by the proof 
given. 
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NKWTONIAN IMTK.NTIAI, I'lINCTKlN. 

CaiAPTKR f. 

THK ATTRAdTION OF ORAVITATIOH. 

1. Tha l4iw of Gravitation. hWriy IhhIv in ihr nntwvHv 

altrar}-j rvm v nHun* l»<H|y uilh u uliirh r<»r 

niluilt' an*! »lirnfhiin lln* inoNNC’ nt tin* Hv»i untl 

U|H>n !hnir |MiMi{ion?n 

An (In* jiffrantimi hrhvprn any iwn 

ii»a\ hr t)hlaini'«i In injajnnin*!: fin* !»»]*«’ 

into nniall parlirlr^i, junl iri'nnntny lhat mny pjuiirh* «»f tlir mr 
IhmIv nlUat’fH mrry |jaifir*If of fh»' \\ilh a foirr 

|n o|M»r f iotial to thr jiioiltirf of fhr of fhr t^’io |faj!ir)r'A, 

Htnl iiu *•! Hriy jj| opiii t ioinil to Ijji* Hi|narr of fin* *li’»fnn«*r )n!m*rn 
tlirir rriitirn or oflnn* rorn-npMjnlinf 4 poinii, "I'hi* » \ahn’ of 
tin* HtUarfion i * Ihr limit a|t|»i oju'lna! hy fln^ a|»|i5o\ iinatr \a|iir 
Ihr |*ar!i«*h’ , info wliirh IIh" luHlirH mi* fniji|*o‘H 4 t<t hr iii\ iiirifi 
Hi'r math* 'nnallrr mi 4 'nnulh r, 

2- Tha Attraction at a Point lt\ *Mlir aiijariiMu of auv 

/’ in *51*'** |o Ohr or lianr affiarfita-* I'i 

mrfiiil tin* liiilit whirh fir ap|ao,r h»*4 In tijr \ ;dnr of thr- 

altiartion on a r-4|»!u'’rr of unit imnr, rruft<-4 af I* it lUr t:rhiiH of 



has a valiia other Hum /.ero, (he n-.0Mn r. tu M ,.i 

Ibrco” ; and tiu* al.traeiioii al any ]H»ini /’ in tie i* ei-n i , » Ah-:\ 
‘‘ the. stren^’th oT the Held’ .u. (hat pninf. 


3. TlieXJnitof Porce, It will ju’e^^enih a|<|«r:si rh i? dl :| hi n 

iinuUi ol* hom(>ji,’(*neons mali'rial attraet (. .e 

selves as if thi‘ ina.s.ses of the spheri^H nnr r. *01 1 e,f' iU .| fh, 
middle points. If, (hen, /r he (la* fMiei' mI .df? , u 

two unit luasseH eoiU'enlraled af poijif*^ :d ^ i; .« 

ai)art, the aUraetion at a point /Nha* fn n i*- 

of radius it and of density /) in A * ^ ' . d.r ,i. ■. 

tanee of ,/* from tlie (‘enire of the H|,hi i, \n A e sd . >n >, 
however, we hIuiII laki* an ntir h..-. f\u- ..r ^ 

tion’^ betwcam two unit nianaea eonetuar-dr-d .d ,d ?? , 

unit distance apa,rt, I'sinic these nmrs I m i!..- r^u^ 4 -r^u^n 
givcriabove becoim‘S Uand tin* atlraetiMu Udwrrn d , 

of mass 7/^1 and Wii eoneenirated at poiuhi r luni » ap.u! 1 ; 


4 . Attraction due to Diaoreta Partia!a», Tor 4M14,. i . . ,» 

a point i', due to partieh's eoneentmf.sl at Aai^trui 

tlu^Haiiie plane wdh /’. tn.n rtpirv)s-d 

in tevniH ol two e«»nip‘«lSi'’n!'i al S-U.*!,.! 

angli‘H to eaeh other, 

ladi the stvaiitlit line-i jsat-one I* 
the dilTerent partjeh^r^ hr- 4 tde-fr.i r. 

/'a* Utid the s&ugh*"j ^hu-h ihr-sr: 

linen maki» wiih ?a»nie irir -4 i\y^ 

‘*3* If, then, IJhc o-iiiinr .-i 


r\ 
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n-'-- P'- 
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/ 1 ...im, 

1 y 
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\ 1 


Vm^ 


^ TiiOHc are (uUhui “ aftmrtit.u unitis ,4 - U 

hotwotm (;wo h(»di<*H iH givrn lu ti-nun d hm.u, f... 

flystam, the eon'cHtKiiuliiHf vsUii,. h r. .......... .... 
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niul i\-: Uur nf nviitm umkt-* \utli l\r thf wlinm' 
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i-i 

\ 

11 flir h:afi‘ Ir-. »|m umI nil lu' lU llu^ ^inuv jiluiu* with \vn 

IH;a; *h;i« HufU-il /’lh|. r lUti!ti;tU\ | niln'lMlifUhir n\rH. uihU’hU 

l!,i- ulsj* h Ihr iiiir > jouiinr /‘usili !li«“ tliltrnnif purlirtr’-* 

in:ilr swUi ;iir In I :i\i» m. \u!h \Uv nsr^, 

, nii»l uilh tin- 'UjhI n\i'n 1 h*‘ llu* r 

* ..iiqu.n. Ill ; HI ilu .iiu ^riMii, m! !hr^r ih*’ attnirtiuH nl 

/’ .Ih« f«» nil fk«' |nil jur fln-U 


\ 
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THE ATTEACTION OF III 


If the attraction at tniTV point llir^ 
has a value other tluui Kero, the regi 
force’' ; and tlie attnu*th)n at any |wniil 
“ the strength of the llehl ’ iu, ilint |«»ii 

3. The Unit of Torce. It will |ire?iiail 
made of homogeneouH material attraet 
selves as if the maHseKof the Hplieren ii: 
middle points. If, then, k he the forr 
two unit imiHscH concent rated hI |«tii 
apart, the attraction nt a poitii !* diii' ft 

of radius a and of dennitv e Is /* » ^ 

tance of P from the tamtrt* tif the f^plir 
liowcver, we shall tnkt‘ m our #«y\/ 
tion*^ between two unit miiasea ruiteer 
unit distance apart. Uning thene lirtii 
given above becomes t , aiut the. iitiriitd io 

of mass mi and concentriiiial itl I'Hiini 



4 


THE ATTUACTION 


we may suppose the inasH «)f t 
(see Fig. 2), and let P be a 

Vm 

distance a from /I. I)ivith» th 
Ax. The attraction at P due to 

nearest point is at a distancHi / 
greater than ~ - 

The attraction at I* due t< 
^ and ^ ; IhiI 

same limit as Ax m made to iip| 

uon at P is 


THK ATTIIACTIUS < U’’ CHlAVUV 


tlin*r!iuu /7.. 'rUr trui* vnlurn of tin* c*oi 
dirrrtiuns of tin* a! I\ du(‘ to th 

tin’ll, n*H|H‘c*tividy : 


niid 


/I 


»r * 

1 j ,, 

\ 

. f- 4-. * 



1* 

Ju .j. jr) i " ' f 





Fill, ll 


*ri}f* n^nilfiiii! idtriioiinu Ih rfiiml ti» ilto Ht|ti 

of llio f%i|iiaro^4 of tin'"*** «’om|n»tiiiifN, or 


6 


'tiiK 


and that in the (Ureclicm /‘/j ia 

- (sill S' — sin S) 
c ' 

so that the rewiiltaiit attnielioii 
’ c 



f 

Tho lino of action Pit of U 

that 



UUU 


given oy 

attraction at P in the (lireollon P<U «Uio U> tli.' *ii«s i 


approximatol}’- 


. ■ ,/« {P .f r*M 


a' 2 v/»A,t‘ 1 




If the bases of the cylinder are at diainiit'*’* ami n. 4 
from P, the true value of tlw nttraetion nl /* «i tbe dirm tiMi 
PC, duo to the cylinder Q^, la 


•Z""''” [‘ - vif«*] “ ' "‘•C "(' \ A ..•)■" 


i 2 4* V («iss + J * + J * f I ® 


This is eyidentiy thi whole ittmelkiti al P eltw 1*^ tn llsi 
der, for considamtioni of iymiiiiflry utiww tm Itial llir rimtiiiMi 
attraction at P has no eomimnent pi.^r|i«%iiiHoiikf l«i 
[14] gives the attraotlon due lli»^ r'leiiit^iilury i-llw* 
on the assumption that the whole nii.llt^r nf llit^ h 
bratod at the face ABO. The allrmiiiiii nt T itii^ i< 

this disc may be found by ptittlng « 0 mul k in [l.n|. 

If a, the radius of the eylintler„ h vwy largo r-tiiniiiml wiii 
h and Cp, the exprtislon [15] for tlw altfiollow al P itiw m Itt 
3ylinder approaches the valiiii iwpfe. 


a Attraotloii at the Tortea d % Tl» ftiimrtlwi tin# ii 
I homogeneous cone of revohitloiii at a t»l»l al lh« wtipi n 
)he oona, may be found by thi ahl of [|||, 

If Fig, 6 represanto a piano nf ilw t»ii# tafetii ilipfugi 
iie axis, and if PM m MM’^ » itnl MM r, lii# 


I. mi-! n uinn I'umi iri 


i!"-‘o^ ^ coHri) Ac « 2iir/.( 1 - coHtt) J;|.'".“(,y^ Ac 

2 irp{ \ - (‘imrt ) * PI,. [ I (i ] 

'Phe' nttmction at /* duo to iho fniHtiiin APhW ia f<Himl hy 
Huhtrnc'tiuK Uio viiltia of (lu* uttntrttnn titia to tin* ecmo Alfp 
frtnn llu* c'xpiTHMitiu ^\vm in [U»]. Thn ramilt in 

2np{\ ’ tajH n ) ( Ph ^ PM ) w 2 ir/? ( 1 -» c*f>H u ) M ^ ^3 

nnil it \n t'a^y Iti hoo fnmi thl^ tlmt tllm*H of (uninl Ihit'knuHii rut 
tnitfif a rtiiir of rrvolulUm at diffmait (UHtanroH fj'otn tlir vrrtrx 
hy jilaurM jwrpriiilknilar to tho mm rxrrt rr|ual nttiiirtioriM at 
thu vrrU^x of tha oorao* 



It foUtiwM almimt ilirrrtly that llir jM^rtioUH rut out f»f two 
ratu^rritrlr i4|i|irHc*fil nholU of tuiif«inii dmaity iilitl rtjuii! 

thtt'knr»H» In anfj roniriil Mirfiuv luiving \ln vrrtrx lU tlir 
tauniuon riniln* /* of tlir ^hrUn, rxrrl i*t|ual ailrnrthui at thia 
nmtrr I hut wo timy provo tlib prt»jamitlfin otiiorwims m ftil» 
hmn i 

Diviilo Iho itifirr aurfart^ c»f tho rut «»iit nf our of Ihr 

fishrlla hy thr glvrri tnnw irttfi rlrriiruN» and uirikf^ tlir {K»rhnrtrr 
of imoh of tkm0 aurfac^*^ t4rmiuii« thr illw*tiiic of n 
^lirfiirr Iwvltig ItM vrrtrx »l I\ Divltlr thr nlvru wisrllp Into 
rlomrntary »hidk of tlilrkriima Aif*hy iiiranwof nturrulrit* ^phrrh 
ml wrfirim drown nlmut P, In tlii« wav ilir allrnrtiiiii mnm^m 


Wm.7. 


attraction at P in tba dlraatlon PM^ tltiti t<i-i llt*^ Mi*\ l« 

approximately 

rAmAr . 
p ® p Am Af » 


and the component of thli in uny «lirwi|i»ii iii«kliig mt 
angle a with PM, k approxliimUdy pAmArrrnm. 11ip niiraiiinn 
at P in tlio dirootion 1% cine to i\w wlmto #lii4i KlipH, h, 

then, 

X« Ilm 


Smmi 


where the sum is to inoluclH all tti« volutm* rjpimmi* g». to 
make lip the sheli. If Waar,. /*#»«,,■,*, (Hr mf‘, 

and 


The attraotlou at P in tb# i*m« tlM*« iri ihi> nIwH 

^ ^ pft j 

But the limits of integmtlon with rciim! t«» *» «t» iiw it, 
both oases \ .-. Xw T, whteh wwi t« 

If thyhella are of dlffwmt thk-kn,^. n i* ,1,^, 

they wiU exert attomtIOM at P t»«»^*ftte«ii to Umm ikk<k. 


THK ATTUA(’TIf)N OF CaiAVlTATIOH. 


11 


Tlu' nrtni of tin* portion wlnoh h (‘onionl Hurfacu* nitH out of a 
i^plu*rl«‘al Hurfn<'(» (»f unit nuHtiM clniwu ahout thu vurtt'K of tho 
c’ouo U rallt'd ** llii» noUd nu^i<» ** of tho (‘oriionl Hiirftu'o. 

9. Attraction of a Spherical Shell. In onlur Uj llncl the 
sUIrni’tiou ul /\ niiv In njnuas tUiu to a hoiuogeneoUH 

Hpluu'ii’nl hIu'U t»r rmlii hihI /v t«> hei^ln by 

(lividlni^: up tlu* h1h»II iii(<i a large numlu’r of (‘onetuitrle h1u*)Ih 
of thic‘kiii*HJ»8 Ar, iiihI to etum'uler tlrst the nttrnc‘tion of one of 
ihoMe thin nhellH, whom* itmitii* nulinn Hhull In* i\ 

Ia*t p he llu* tlen?^ity of the givtMi nhelU that tlu^ jiuihm of 
the utiit i»f volnnu* of the uuUerinl of whieh the nhell In eom» 
pomnl* Jniti /*CMg. K| with fHiy a Htraight Inn* eiittlng the 
inner ^nifare of tlit» thhi nhell at ,V» aful pann a plane IhrtiUgh 
P() fniUing thin inner aurfnee in a gnnit eiri’le NLbSL\ whieh 



will nerve m n prinn* nieridhin. .V im a |Mdi% tIrmTihe 

niMUi iht* Inner f^nrfarr nf ihr thin ii nninhrrof parnlleU of 
liititnde mt to enf off t’lpiii! nrei^ on Xf,Sf,\ |h«iioti* hy A# 
the Eligle whieh ra«di onr of them* itreNi HiihlesnlH at fl. 1‘hroiigh 
/*0 It nsifiihrl of pliilie?^ w» nn fo rul op «atfdi pandlel iff 



17 la lUu u««kry« « 5 ip«irr 

latitucl^m^eB The artm of mm of ttwm^ i|oatlt l« 
ktoalS-A aoij^iraatafy A«|»» ati«l llir ittirk»ii*#» «ff 

.tp^hell^Mr, so felmt tha alcfrmml of volume n 
rmn6rAr* * A^* PM ■ • y* thm% ilir 

P, i^e* to an alamtmfc of manw whl«4i loi.^ n r«riirr at 

Jf, is ..fi^i’^roxlmately iti Hn, tlirrtiloii i\M. 

w 



‘’tiou a 


This force may be reeolvod liiU> thit*B i<«>tti}Mii}fiiiA ; t»»p in t},p 
direction JPO, tlie otliors In dirwtiotw |iii«r{w<nfU<Hiiiir i«* /‘fl 
and to each other; hut it i« eritlwil from »»f 

Bymmefci'y that in fliiding Uie nttmdiiiii at /• dint t«i it«« mhuUi 
shell wo shall need only that eomiHment whjpli «««i« iit fa, J hb 

is approximately i( 


pr*Bin^fc -r(m»)ArM ^4 

fcwiSWMIDlHIwaiW^^ ^ % 


r»«j 


The atiraotion at P due to ton whc»l»» ebwwiitary »h*<ll U, tHip«. 
approximately (truly on the anaumptiow that the whidt* nwM r.r 
the shell is concentrated at ito Inner aarfaew), 


and the teue value at P of tl» attmcthm dite to Ihtt given aheii !• 

X 

If in the expression for X we mUtimt* ftw # It* t«ja^ i„ 


terms of y, we have, slnoe 

J/* ** ^ + r* -» t 

and hence 2ydy m irr 






: 

Wi^ iiuiHt (UHlin|j:tiiHh lH‘lvvtH'ii two ^ ^ 

'(.fl^cxl bv^MiViW^ 

V'% 

f’A'rfraO; 

'^vf 


L If /Mm a point in thn rnvit>' niu 

i/„ r -- r niul ijy r + f* ; 

...r.j I I 


WpT 


RIUl 


HO tlint A bnmagfntm>UH i^phnrlniil nhull (^xertu no attraction at 
pt»ltit« in the cavity wliicli ft cncloMCH» 

IL If /Ma a jmhit wlthfuit the i^ivcu ahclU 


.% A* 
and 


wpT 


arid 

(*S ^1' 

f’ 4" ?* ^ 

C'Kih 


„:'r< P4] 


[2S] 


Ftinn tliiw it folltma Ihiti the atimellon dne to n apljcrical 
alicll of uniftirrn density the Marne* nl a point withont the wludU 
AM the aUraction cine to a nnncM etpud t«» that of llu* ahidl cnn*> 
centrak^d at the ahtdr» cHntirin 

If in [2fi| wi* make 41 th we have the allriiotion* due to a 
atilid aphere of radiui tx and density at a jHdttt emtaldc the 
sphere at a dlatiincc c. from the centre* Thla In 

twfl, rgdi 

S<!» ^ •* 


10. AMarAoti(m diu to «, Kemlipbore. At P In the 

ptaiic of the tiftac of 11 h«»mi»f|cniHHi» licmlHplim*, the aitjractlon 
of the hinnbphcrc gIvcM rim» to two cfnn|Mitiinit», mw dirccleil 
kiWEitl the centre of the ImMc, the other ta''riwiidteiilnr ki the 


nates of any point L in tlio liPtniHpliore by r, §^ 4 t„ wlim* (!•’(«. yj 
XPiV=<;l>, IFLts,0, ami FLssr. 



If Ti be tbe radius of the biiulsplwr^, 

FT » PiVcos KFT m PX oos XPH* tnm A7*T fl n i.|ii i nm 4 . 

COBArij » -CT Si r 

PP r r 

008 01 Jj^ ™ w - -- m • -T nlfif Itlii A, 

f f ^ 

Tho mass of a polar ikmiut of wlrw l« it 

L is approximately p-ILA^t-PlAS^Ar m pFm0ArMA4, 
and this divided by r« l« the attraothm at /» in lh.< /•/. 

of tho element, supposed oonwtttrati'd at L. Tiwi 
of this atfraotion In the dimtlon PX and pr»ft> rr»jfr,«il* elv 
psin$^r£k$A^(io»XPL and puUiOAfMA^ttmSPL: 

The component in the difeetloa iif thi> aurartlnn at I* 
to the whole hemisphere Is, then, 





The radius of the earth is wty krgii wr«i|i«rril milk Iti® 

radius of the lull, and a is a Hmall anglis lliat 

and the apparent latitiulii of thi^ pliirr l« # * 

2 a^r t «i»f 

If </>! is the true latitude of a pkc*e jimt rsorlli llip naiitP liill, 

its apparent latitude will be , ami tl«i^ differ ^ 

t m 

ence of latitude between tlie two plaro«* tma Jii.»i iiurllt i»f iIip 
hill and the other just south of lt» will lu^ iIip lr«$0 

plus If there were a hernluphifrioal emitf liPtw«^rti Hip Iwh 

acr 

places instetid of a lunniapherltml lillb Ihp ilif prpin^ nf 

latitude would be lass than thit tmo cllfpriitm% 


12 , Ellipsoldd Homeioidi. k ihidl, thiak rir lliitt, hmiuilml 
hj two ellipsoidal surfaoii, oonoimkK dmilm, Mil slitiilwlf 

placed, shsJl ba oallad an 



ft(h H,. 


Il ii m pnijM^rly 
of mvpff 
itu^lt llimt If atij 
itoiitil liiw Pill 
ili fwli^tr 

al Ik# fwifita 4 
(Wf. ll| Mil I to 
immf iiirfaim ai 
'Mm iliii lima# 
tour poinii li# in 
Ihi 

lm0k Will 

miMd t« itiif 


w 1111 itiiilli * 

^ PfcfaeMoa of a 


TUH ATTUA{Vn()N OK <1 RAVITATION. 


IT 


dlipHtiitln! lumui'oul, at my point P in tho aavity whioh it hIuiIh 
in, in KiTo, 

Mnkt‘ P llu‘ viM'lox of a HhnnU'r coniful Htirfucn i»r t^Yo 
imppnn, A untl //, uinl hiippono l(in piano of llu* papor to la* 
Ht) oiumi*n that P(^ In llu* nlunUmt and PM tlu* longont louglh 
out frcnu tiny oU*uu*nt of tlu* nappt* by tlu* innor nurfatu* of 
tho huimooiti. Draw about P nphorioal MurfaooH of radii PQt 
PM% PS^ and P(>% and inuiginu tho wputti* botvvoi'U tho intior" 
inoht and cnitorinoat of tbo«n aurfact^H lllhal with inattor of thu 
atuuo douHlty hm tbu lumuuoid, Tiiu nuppo A (*u(h out a portion 
from thin apburleal ahull whoao tmtn* an Um pbuu^ of the 
papur la QIAPP, Lot ua uall thin, for abort, "" tlu* uluinunt 
QJAPIV* TIh* attraction at /*, dtu* to thu element QMOS which 
A cuta out of the honuutddi ia lean than tlu* attriu’tlon at the 
«ame point due to the eleiaunt QLOT, and greuler than that 
«bu^ U» the element whoae irar*e la KM NS, Hut the nttraetion 
at /k tlue to the Hrai of Iheae elements of apherieal nhella, la to 
the attraethm due to the other im tin* thfekueaH of the tli*ai aliell 
la to that of the c»thei% tn* aa QT’ia to KS, (See Section H.) 
The limit t»f the rath» «>f Q7^ to /uS\ aa the a(ditl angle of the 
eone la made smaller mtd Hmidh*r, \h unity \ therefore the Undt 
of the raiit» of the aUnu*lhm nt /*tlue to the eletnent Q^fOS^ to 
tlie aliriietion due to the element of «plierlt*id uhell wlume triiee 
k QLXS^ ia unity. By n similar eoiminudion it U eany to ahow 
that the limit of the ratio of the attraethin fit /*, due tti the 
elinneni whi<*h /f cnitM out of the Inumeoltl, to the nllrartiim due 
to the iKirtJcm of ^jilierieal nhidl whom* trace k </i 4 WS\ i^ 
« filly. 

But the attraetkw^ at /^ due to the element (/ K N'S^ nm\ 
are eijiml In ainount (Hhiee their tliieknet»arii are the 

i 1 .... le 


face haviag its vertex at I\ anti find lti«« *4 llir 

attractions duo to the oloineui^ whi«*h Ihr^r* nsi 

from the hoiiueolih Wherever we Imve l«» Ihid tlie linni 
the Slim of a series of inhuitemiiiitl wa* mi%% 

error substitute fur any one of tiiei^e jupsllirr tUr 

limit of whose ratio to the ilrst i« tniih , F«»i' llir m. i* 

due to the element of tile luiiii<ef»h! we iliririorr, 
tute attractions clue to eleiiHUU^ ur^ldierifiil «|jsr!n un 

have seen, destroy each tither in lli^urr «®iii 

A shell bouniletl l)y two ecmeeutric ^|ib 8 ’rlr»iil »iirlfirr«i 
special case under this tlunirem* 

la Sphere of Variable Diiaiilty* llir 
geneoiis body is the funmiiit iif tiiwUrr ttiiiiniiN-d in Hint 
volume of the material of wbieh tlie Im^Iv b mnl iln.# 

may be obtained by dividing the iniw^nf itir tnmh in 
If the amount of mntter in ii i|ivr« %^4mm^ umI 

the same thmughmit a Irndy, the b^ly b r-nilnl 
and Its density is said to Ihi varliilile* 

The average density of a beit^rt^i^iiroti^ luMly I# iJip *4 
the mass of the htaly to ib votniiir* Tim nrliifil iUmmiv ^ ,ii 
any point Q inside the I'Kaly b defliinl iii b’ liiiiii «,#f 
ratio of the mass of a small iwirtkm of Um IwmIi imhm nbwii 1 / 
to the volume of this purtion m Iho ktlim im iimilr- mmtUrf $%u4 
snmllar. 

The attraction, at any jKilnt t\ ilim t«i a. #|ilirriri 4 #tip|| 
density is the same at all fadnlM r^itjlflbimil Itfuii iiir 
centre of the spherical mirfaiw wIiIpIi Immrnl tim nfirll m.. 
ferent at cUflTerent dlstam^i^ frimi lltb rrntris iiiiy «4i|«iiir:4 
with the help of some of the ec|imiiiiiii in Arlk'lp 
Sines p ii independemt of | «id 4. It imiy Im uk.m out fr-io, 
under the signs of Integmtkift wilh n%ml to iinw 



atiil rs## |\l;t 

F^ vf nf ^• 


where a', /S', y' are the angles wkitih IH4 wiil$ tlw |if»lil¥ii 

directions of tlio a^cos. 

It ia easy to see that 


PI 

cos tt' w * '* ■ 


and, similarly, that 
cos /S' » 

Moreover, 


PU 




PQ 


ftini cfw f* 


/V 


PQ^ ^ Wi*H- Xi5/* + S'(ii*a®i "f* (y™ ^)*4’ (#*™ »)*, 

and this we will call f®. 

The true values of the wmjjontnte In 0»» iHm^iiun „( Uw 
oddrdlnate axes of the attraction at /*, dwe l« alt «»» wlpitmt,!* 
whioh go to make up M', are, then, 


Au'gaC) ^ 

, f (/ - f / f." (P ij#|i * I 

Ar «0 / ^ ^ 

- ff , , 

wmff JC**- 

J t/ J [(af— »)*+ (f „ f (/L'titji ^ J 


\\ ni-u’ /» inr ui'umiv ui» i.nu ^»r. , y ^ iiiui wiuu’u wiu 

iiiti’gralinuH with ri^i^ard U) x\ ?/^ niul arc to ineludo Urn whcyle, 
<»f d/'. 

nmnllnut uttrartiou at I\ dua to jW ^ la 

f [34] 

nut! Hm litia (»f uiakan with tha ('cjdrdliiata a 2 Cd« anglan 

wlawa tHmiiu»a ara 

X « , fi -L , and V ^ [Bfi] 

/to ./to /to 

'riia amii|i<au‘nt tif tha attmation at tha puint (a?, 3/1 In a 
dlraati«iii making an nngla t with tha lina (jf aatit)n of li k 
If tha dlraatiun atmlnan af thia dlraoUim ara A\ / 4 ,\ 

vva hava 

CHiai K3 AA^ 4 “ 

15. Tha tjnaiititit^a A\ T, Z, and /?, whiah oanwr In tlm liwl 
mn'lhm.nra in gmm'al l\inc'tintm of ilia aiHlrdlnataa t/, and® of 
tlio |Kiiut !\ m atnmidar X\ wluma vidua \m givan in [33^]. 

If !* liri« without tha iiUraatlug mnaM tha r|imtitity 

ifi tlfdta for nil lha alamanta Into whiah !a dlvidad. Lat h 
Im^ tlia hirgrrtt vidua whiah It c’lin hitva ftir nny otui of thai^a 

I I ft d^*(hi*dM\ or L*^M\ iind 

tilts h (Itilla, If /* in li |wdnt within lha w|maa whiah tha attmat* 
lug iiiii^s of’cnipiaM* it \n vmy to pIhiw Ihiii, whfvtavar jihy^ic'id 
rtiannitig wa fiiity ntlnah t€» X* It hiii a flnita vnhia, To pniva 
Ihiti, iniika /* lha origin tif n lynhuu of iwilnr atHlrtUnivUt?i» mnd 
flhidr tip Info alaniaul« tikii tlumi tmacl In Haotlan i0» U 
will thaii Iw alaiif that 


rrr 




unity, X is less than J’J’Jp dr ffl#, whirh is ovidi-ntly dull*' 

when p is Unite, as it always is In fact. 


The corresponding oxpresHiuns, 


TssaJ^ |J^pHin*6! sin (^drdW^, 

fa? j 

and X taiJJJpiihi6iHm0rfrtl0tf^, 

faMj 


cau be proved finite in a niniilnr ; mui il liml 

X, F, and conHoquently art? finite thr i»ll /, fj, 

and «. 

As a special cascn fclic attmclion at n {wiliil wlililn ilir 
of a homogeneous spheHmil shell, of radii mwi and %hni^ 
sity p, is 

where r is the distance of /* fnini the wntre i»f tin* rfwH. 

16. Attraction betwoim Two 8tra%ht Wirm. t.«’i ,1 A‘ «i»«( 
BK' (Fig. l.'l) bo two slralglit wires of lengths f and f «n4 «*r 
line-densities /* and anti lot A7t ».% l»h'ld«< .lA* iniu 

A 1*^ K R If* 

Ml? 

fio. lA 

elements of length Ast and {?tiii«idi»r ono of tbw»* MM’, •nrh 
that AMaa w. The attraction of If/C' on » onlt witiiii 

tratod at M would be (Seetiona S and d), /*»[* L =_ „ j 

I M A * I 

0 ,1 


"'"■'.rt -u 


-J. 

‘ -I”* r - .. ^ (* 

- - •• ' V-« 

X (/ + i ^^t') X — (/ f »*) / 


Es;:^3 Il)g 


.r / ^ ^ r 


,///.' 1. .K ^ + [41] 


17. Attmotion bitwtaa Two Spheres. (‘utmUlt^ imi lu«iu>- 

giMiiHiUH i4|ilu*iVH of M Htul .1/'(Kig. M), vvhtmi* in^utri’K 

f Siiiii ntv nl ii dl*itniic*i* r frciui c^nrli Ui\itli* tin* wjdu*t*ii 

M' Intu I’lfrinniiH In tiu< uiiuiurr diwrilimt in StTlitm iK 'Htn 
iiltrnntiiin dur Ui ,V nt any pnint /*' untt*idtM»f thin Mphern !«» m 



rtfi, ti 


l4d 4) h** liny finhit in iht’ M\ lUifJ Irl 

f 7^* •■■■■' y. Tln^ altrin’li*»n «»f M iii flir dim»li«*ii mi iin 

tdniiirtil uf |ir^pin#ii Ar A# »U|i|«m*d t^inrtnilralrd at /** N 

Mpt^ninB Anh . » i ii t * 

• ^ ^ , and Itjr rtnn|Mnirnl «»f llni^ |»iiriii!ri fa ||$is 






which the whole sphere M' i« urgwl timanl th.' rijiht hy sh,. 
attraction of M is, then, 



wliere the integration is to be pstemioit t«i nil lb.* ..l.-ui. j,!!, 
which go to make iii> M‘, It is jirt.viil tit :• sbiU ih. 

value of tills triple integral is , so tlwt tin* iiiira. 

MM^ 

between the two 8i)hore« In 


18 . Attraction betwoon any fm lifM IMiw* In mthr i## 
find the foroe with whioh a rigid IhhIj M m lailkil in mrt 
tion (as for Instance in that of the aik nt hy 1 I 10 
of another body M\ we nn.i«fc in gmmml flml Hip i- aliir^ n 
sextuple integrals 

Lot Jf be divided up Into awtll m%4 tol Am i|«r 

mass of one of Hiis© elementi whkdi mnitmlm lln^ f f , § § 
The component In the dlreettoa of Hit mim «if ^ uf niirar 
tion at (ftj, y, z) due to k 


///, 




and this would be the aotual attraetliw in this *.« « 

unit mass supposed oono©ntmt«l at (*, f. s). If ifw. n»*, Am 
were concentrated at this jiolnt, the attr«?ilM« »»« it in ih« «u,„r 
tion of the axis of is would be 


Hffi 






im 



ir ft' iH tiu* (Ipimitv nl tni‘ point (»r, t/, 2 ), nnu 11 tlio I'hMiHniiH 
int<i wliifh J/ \h clivhli’cl un* ivoUuigular parallclopijMalH of tli- 
nunmionH A//, uud the ex[»n‘HHion jimt i^jiven may he 
written 

C (' - j')(hdiiihilx*(b/(lz^ p j y, 

J J.* J J./ -»')'+ (//' ’//)*^+(5' a)’''jr 

wht»re the IntegratluiiH mu* llmt to he exUnided tiver *1/' ami 
then over M. 


EXAMPLES. 

U Fiinl the reHultnnt attraeliom at the origin of n Hynteni of 
reeUiuguliir cHHlrilumlem* dne to nniHaen of 12, Uh tuul 2ti uidta 
respeetively, eoni'entraled nl tin* points (.1, 1), ( ««5, 12), iiml 
(H, 41), What !a Uh line of aetion ? 

2, Find the vahus iit the origin of a ayntem «»f reetnngulnr 
iHainlhuiteH, of the iitlmetlon dtie h» tlu’ee et|uid npherea* eiteli «if 
maaa m, whom* eeiitrea are nt the ptiinl« {n, iK P)» 

(IhChe), Find idm» the direidiun-ro^ineH of tlie line iif netiini 
iif thiii reanltiint iittnu^llon. 

«1, Hlmw that the nltraelion, due hi a nnihinn wire hent inhr 
the form of the lire of 11 cdreninferem*e. In the ^anie at Itte canitre 
of the elrtnitnferenee m the atiraetion due to any nniform 
niriiight wire of th«' Piiine detmlly whieh \n tangent to the given 
win^^ arut U U^rmiimtetl hy Itie liimmling radii (wiieti pnHhu*e<i) 
tif tlm given wire. 

4. Hlinw that In the ea»e of an ohlli|ne came win we Imae la 
any plane figure the atiraetlon at the vertex of the eoiie due to 
any fniilnm variew, other lhSfig« Iwdng wpiid, a# the ildt^iuwa 
Ilf the frimtiiiii. 

iu Flml tlte ri|nal.ion of a fiunlly of »iir!)ieef4 over eiirli one of 
whieli the rtwiiltinil foree of attraeilon title to a nidform miriilghl 


Kt «« 


7. If in Fig, 2 wo auppono P nmvtHl tip fis *1, ihr 

at P becomos infliiito aoecinllug b» [TJ. iifi4 >«'t i:* 

asserts that the value, at any iwiitit lunhlr u mnn^, $4 tlis^ 

attraction duo to this mann is always finite. K\|4fnii thin. 

8. A spherical cavity whoso nullus if* r in in 

sphere of radius 2 rand inasH m in sneli u mmy tlw rmir.* 
of the sphere lies on the wall of the nuily. Find ilir niii-mrinni 
due to tlio resulting solid at different f»ii ihr linr 

the centre of the sphere with the centre i»f Ifie eiuiiv 

9. A unifonn sphere of nmsH #i. in divided Ini** In ilir^ 

plane passed thnnigh iN centre (\ Find iIp^ udiie ilir 

attraction clue to each of them? hembpln^rcfli iil i\ n |M4ni ihr 

perpendicular oreoted to AB at (\ if f 7* 

10. Considering tin? earth a sphere 

with the distance from the centni* what miiy we bifn ilir 

law of change of this density if a tw.uiilidiiiii wlili ihr 
period on the surface of the earth iind at IW td ?i 

minef What if the force of attriiclloii Inemigen itlih i|k^ dr|-4h 

at the rate of -Ith of a dyne per ccntliiiidw «d } 

n 

11. The attraction due to a cyllnclrk*»l iislw «f .1 ^ml 

of ladil J?() and at a |>oint in the a%l^s at a r,, 

the plane of the nearer eruK l« 

2^/)[V5^+/e,Wr,’+/4’+ A)^f /4’, , % (n,f A j* » /,V| 

I I 

12. A spherical cav-ity of rticlitts A IwtlMw*.,! ,.„i s,, » 

of radius a and detiMity p, nnel c.iiM|,|*.|rlv llSh-d whIi 
matter, of density/,,,. If « n,e dfatnn.-,. iW 

of the cavity and the oente «f tJ„, .,.|,crc. «l,« 
to the composite solid at a (wint in d,,, |Jh„ »lw»w 

centres, at a distance d from the wiitrc of tl». i,jdw»rp, i« 


THK ArnjA(TinN Ol*' ( IK’ A VITATK )N, 


27 


Ay,v mntU‘ nf <}f {U-mhUv Show that llu* atlrndion 

Uu* to hjtiuTfH in Ui»thiug at u point hntwt’fu ilu*nu at n 

iliHlnut’o of nhout ‘ithtl IVoiu tlu* ctMili'i' t»f tlu* nliimitiuin Hplan'o. 

[Slone, i 

I SImhs that ihv utlraotion at tlu* cMailn* of a hplan’o of rmliiiH 
/•» frtati whit'h a plfct* Iiuh luaai <*tit hy a I'oia* of rovtiliuion 
whoHi* vrrtt‘\ in at tin* ta*ntri\ in nfn' whtMU* a in tin* 

imlf au||li‘ of tin- roii«». 

to. Au inm hjiIhto of rathim It) atni (hniHity 7 han an tananitrio 
Mpluaical rnvity of railiuH ih (‘lailro at a <lis(aiii*r U 

froiu llu* ivnti'i* <»f llir s^pluar, Mini tha attnu*tit»n <liu* to 
fhi^ j^oIijI ni a point nniln from lla* lamti’n of Dm nplmro, 
runl Dial tin* linr joiniiiy. it with thin tamtn* makot^ 

an ait|ch’ of lA' nilh Ihi’ lim* Jianitig tlio nimtiH’ i)f tla* Hphrri* 
ami tlir t»f Dm* ratify. (Stum*. I 

tih If thr piiM't* uf a Hplirriral of railii r„ ami intoi " 
r«*|itial hy a I'oiir of irvolutioti \vlio?«i‘' Hu|ii| an^lM in m ami Nvliu'»»i'' 
VMilM\ Dm* «‘i*ntrr of tin* In* tail out nu«l 1 imho\i*«I. tlml 

tlir aDraoltim of lla* nmiaimliM’ r»f at a point /* *<»i{nntoil 

in tin* a\t^« of tho mm* at a ^i\rn DiHliim r from Dim rimtiM of 
tlio »p!irii'. If in lliM at ^Itali » I a iihiM’ a priahilum !»«* 

^wiinn, h Ilii'i'M any apprimiahlr mor in st?«*^nniin *4 Dmt thr only 
iniith r mho^r atlriniion inihirm'ow Dm* |H‘mlnhim mniror Dim 
rmtiM of tlir riuDu i%upp«»^MD f^plirHoah llisui Dm prmtuUuii 
? 


IT» Show Dili! Dsn iillraolion of n »plnTi«*iil w’l^iimtit at Itn 






j a A I 
\ < ' 



ly. onow uiait wiu . . 

paraboloid of revolution bountUHl by % ptmm^ 
the axis at a distonee b from the %TrWx I# 

4 r/»nlog^* ^ 

20. Show that the attraattori of llw «il4al*^ ll|•4lrr«#ld f^«r«ir4 
by the revolution of the of wutiliir# «n b, ntnl m rn- 

trioity 6, is, at tlio polo of tlm «phwiicU 


M In 


, 8*1, B I 

and that the attraction due to the Itmiait’ )i|4wri«it{ 

is, at its pole, 


i 


4 ?r/)rt ( l ■ 


i y 1 .^. L+ f 


Ue 


I 


‘1 




1 + 


f «fjr. 
rf I I 


21. Show that the attraction at the (c, ii. i»i, .hir s«» 

the homogeneouii solid boimdetl bj* tk* «, # - h. ntnl 

by the surface generated by the rewdnihwi akmt ihit a ^l. of ^ 
of the curve yoo/(a)), is 

.. J "" ■* 

[(a ».■«)«+ 

22. Prove that the attraction of a unifocni latnloa i« iHp foriij 
of a rectangle, at a point 1* in the etmlglii tine itrasm 

the centre of the kmlna at r%ht angh«* to It# iilmw* l» 

4/*Bin , 

V'rt*+ ^ ■*. 

where 2 o and 26 are the dtwewloiw of the lamina ami il»r 
distance of P from Its phuie. ^ 

tkhook^^™ ^ ^ ^ ^ cNp^ wwjf fee iwif %km m4 


(’HAPTKR IL 


THll NEWTONIAN POTENTIAL FUNOTION IN THE OASE 
OF GRAVITATION. 


19 , DaflEitloa. If wt* siii uttnicluiij; Inniy M t^i hu 

t’til up ihtii Huuitl uliuuuutH, niul luld tu|rullun* nil lliu fmKionn 
fniiiunl hy divtillug Uu' uf usu'h i*li‘UU’iit Ity thu trtHtanc*u c»f 

Muu i»f iu jHunli4 friuii u nivuu |Hnul !* lu Hpn(‘i% iln* Hiiut tirUFm 
thu rli*im*ul« nr«' nnulu niunllcu' am! HUjalli*t% 1 h fiilltnl tliu 
vnlui* at /* Ilf **ihu putuntinl funrtinn cluu tu J/,** 

Jf wt» riili thin ipmnlity r» wi' Imvi* 


hialt 


C-i«] 


wlti'ri’ Aw tin* iiinw uf iiiia uf thi’ ahuuuuU mu! t iM tliittiuuH* 
frum J\ ami wlirru tliu mnutuiilinu In ti» iurlmlt* nil (hu t‘hnumitn 
whiuli g«i t4i ttinkt' up ,1if. 

If wu hy p thu nvumgu ilrtmtly uf thu idiutmnl wlmw 

itifiBn \n Awi, nml unll Ihi* uiMirtliniili'n uf tin* uurm’f uf ihU t»lu« 
munt liunrunt i\m «»rl|chi j*\ ii\ ami lliuw* of i\ x, y, wu rimy 
write 

A fa ■■ ^lAx A>j^/ A'« ^ 
nml 






[47] 


wlmri^ |i h ihu tteimlly iit lht« i*|* nml wimru llii« 

Irlpte ifitegriiliuts \m tii intdmlu thr wliuU* uf thu iiUntrtiiig M. 

A it'itti rtif list. . ll»a« Vulttn* . t lata ^itikfaHa 


potential ■fimctlon la Fa la aometiim*# «iid l« w ** mi 
Fq.^^ From the tleflmtkm of m rvidml llml If ni 

a point P of tho potential function diir l«i ii »yiiirsii n4 
Ml existing alone la Fi^ and if thi^ viiUn* iil llir |*«»$8ii s4 
the potential fimction cUui to another py.^triii r • 

iog alone is Fg, tlm value at /*of tlir {Mifnitlul f«ii« ii«iti !«♦ 
Ml and 3f^ existing together k F^a r* -h IV 


20. The Derivatives of the PoteatliJi If ii 

point outside the atU'aating iniwi, the ipiasilily 

- 41 *, 


which enters into tlm exprt»«aiii« for V In |l# J, ran tin-rr 
zero, and the quantity under tlm alutt# flnllr r^rry. 

where within tlm limlu uf integmilott mm, nint-r ihrm^- Unuu 
depend only upon the shape and |hwI||iiii nf ihr 
and have nothing to do with the e«1nll«alr» «if i\ wr mm% 4if^ 
forontiate F with respect U) either f , or i by ftlWnniiiiiiisig 

under tho integral signs. Thim : 





*)*'+(/ .» ) * + t S* -- S f I i ' ^ 


where the llmlta of IntegrotUm i»ro inic'lwngnj In ilw ili|f«-r<*n- 
tiatioi). The doxtor inte|rml hi thin (H{ti»tiMij |« H) 

tho value of tlie eotniitment pumUid to ilw» iixi» of r >,r iV 
atoaotion at P due to tho (jlveti mi li»t mm wav *tilr. 

using our old notation, 


and, similarly, 


I)^ V » F| 


im 

m 



ruH ti 


, vim H f , and (Mmy * • r5:n 

ii H ^ li ^ ^ 

It \h rviiUMit {Vulu Ww di*nniUoa tirtlu* )n»tfnlinl functiuu that 
ilia vnhta Ilf tlu' lailar at any point in imU'iunnlanl of Iho pnr” 
tiaular hVHtvia of rt'otangnliir nxoH ahoHinu If, tlunu wa winh to 
llml ilia aoinjionant, in tlu' lUraolion of any liins ol‘ tin* nftnu’lion 
at any |M»int I\ vva ninv olioohc* oin* of our rodnlinnla uxt*M 
imnillal to iIiIh lln«% ntnU nftai* <*n{iiiaifiug Ilia ganarnl value* of 
r, wa limy tliff(*rantinti' tin* latli*r pfiiiinlly with n*N.jH»(*t to the* 
aiMirdiiiata maaniinnl on tho in iiuanlion, ami HulmtituU? in 
tin* rr»uli ilia mKU’iiinntaw of i\ 

SQL, Thtoram. ‘rin* of tim hiHl Hoalion may lin i«ummoc| 

U|» in llir wohIm Ilf tlin follo%vhlg 

TIIKOUK1U* 

7o thr vnmn^tuvut (ti n futint l\ in iiutj dirr^tium PK\ uj 
ihv diiv iu fiiiy iiiifttviififj ntttM ,!/» }vv mtiff tUvitiv (hv 

tiiffrrrnrr //««' rainrM (hv ptiivuHtti j'laatiitui ditv tn at 

{a /iiiirrri# I* ami A' on llm Mttaifjiii iinv 1*1%) ttmi tU P 

i*ii ihv lliv liniii if^#^iroo#7irr/ hy thin /tui'tittn 

ii|«|4ro*f*7ir.^ /* ®*.M ihr rom/iofonif i*e'yHi#’’rrl,*' 

\Vi* might Imu* iirTtvoit ?it thi^ ihnorrin in fin* folhnving way .* 
If Xt )\ Z iiri* Itio r*»in|ioni*ntH fnirnlh*! to tin* c’lKinlitiati* axon 
of llin iitlswiion iil any |nnnl /\ fhv roin|Hinrnt in any dirvothm 
/*/% «firi*rlton=»nimini*H luv A» y, lunl »* in 

aX^I pYl (Z -^A/I.r f. f ./at. [A4] 

f,i*i 4\ y, -ir In* fin* of /*. iitnl 4 y + 

4 P X:n Ihom* of P\ n nrighlMiring fwiint on tin* lint* PIC* 



and r reapeotively, ws Imws by luymr » i 

where cis an infiniteiimal of an rntlmt lilglu^r iluin ili*^ llrai. 


yi — y ii i" i * . f Vk I 


but Ao; « X • PP', A^ /4 * Pl% At -•■■^ r l'l^■'', 

therefore, PFio(^^) ‘ f*^’.** ♦ ►/'.»'• {‘'»*vl 
and this (see [54]) is tlie tt 0 i«|K>n«nt in tlw •lirwu*i« t’K »»f 


the attraction at F •. which wm t*» Im j»ri»v«nj. 


22. The Potential Fanotfos mifwhtN Finite. If I* «« c 
point within, the attracting mass, the integrand «4 ih«» «i«|trt>a- 
sion which gives the value nf the |e»h*nt»*l ai f* 




wuerojT IB 

x\ y\ and can alwavn kt ftmmi l»f ilitfVr^^nii^itiisrj- n^idrr ilm 
integral slgiiB, whotluT (^u^v») k ri»tilali«ril %lihisi %hv lifult^i uf 

integration or Jiot. 

23. The Potential Sanction im U i ilmifhl Wir# 
fx be the mass of the unit letigiit a mirr A il 

(Fig. !()) of length 'i/* Take iht^ iiihlsllr- |m*ihi #4’ thv «in'r iMf 
the origin ortuKlrciinuieB, lunl n Unr ilrawn i*» itm 

wire at tkle point fur the a&k of 


A 


'f 


W 

■» 

Wm. 1& 


The value of the potential ftitirtbn •! wif n»ti«« (’{«, «; « 

the coordinate piano l«, llien, mamlinjg to [l"j, 


F,» 


'X 


'+1 


aj/ij lofll VjP*1«(y''-yF+ ■ V] j 

L® i * 

1 1 - ^ f AAJ ¥1* I 


F+Tf-y)^' 




If rmAP^ 


»i^I t 91^ 


mm, 

whence p m m may eUinlnate # ami f fVwm [IlsiJ «u4 


, 4f 

expreae Vp In terana of r ami 
Thug! 

' ■ Fas* uloff C£iJ.Q_^?f!sB. 




IN 'I’llK ••AHK (IK (illAVITATION. 


nr) 


rcniiiin ('ouHtaiil. /’’h linnm in IUIh (’uno in uti I'llipHO whose 
f(iei uri' fit .( mill ll. 

From I .’I'.i I wi' jjfl 




/(/■+»(/ //)) /[(•' (/ f //)) 




/• 


ji -•!'(/ //ij 

r '■ ' i ') . . 


O' 


)'|f' f 

f (/ t- '/) 1 


t -- r(mS -- I ■ '• 


I .. 


ftmn 'f- 


jiriil itiin (SrrUtiu r<| \h th»* in ilu' tif i]m 

n\\^ nf j" lit flu* jitfriit llnM Jil /*, 


24. Thi Potanitial Fttswtion dm to a Spharioal ShilL In 

niihn t«» IIimI till’ vitliti' Sit Uh* /* uf tin* 

dtir in ii skill’ll «if liiMiniU p niitlurnMlii 

atiil fj, liifu iiiiikt* tiw‘ i»f tilt’ iiuliiUttn i»f Sri'tiun tt. 


* f I* pt^nln a iinUhltft I* 




r^"c:wf%,. fnii 


If /• wlililii ItiF t’livity I’Ut’limnt Ity llm’ Mlirll, Uit» liiuitii uf 

y I iMtt! f **K wlii’iit’ii** 

r ‘ ‘i npi . 




fiifi nn^ Hi 

A nti«] 

1 n. 





Kruiii [.» 

*.i 1 n r 

;5*'l 






p 


r' t (/ 

/n 1 

!■ \r 

u 1 




1/ 

py 

,» 

(/ f 


j' 

1/r 

-' » 0 


J t J 

f ir 

(/ i 



#' 

(/ 

n' 

?/) / 

\ {1 f 

m 


X 

1 

rim 4 ■ ' 1 

rcw(5* 



.... 

1* 

.r 

j 





1^4 fill* ill tin* <lirre*tinii (if thc^ 

Tt\^* *»f ,r ««if thr iafrniiji»!i iif /*. 

24, Th« Poteutial Ftiiwtion dua ta a Spherioal ShalL In 

uub‘S- Im fitr fit llir |vijit}! /* i»f t!ir |«ilrntil»l fulH‘ti(»U 

«lltr in s4 iritl nlnii t»f /i SUul <»(* nuUi i**, 

liniv siHikr nm* «»f llir iiuliilinu nf Srrlinli *J. 

i* i"" ^inih in' i" 


f 1 1 


( ftir i ffi 


p,, r.ui 


{f /Mlr^ writliili 111*’ rinllv fili'ltmnl liv llii’ llir (if 

f iifr (r •«' ! iutsi I «■ I »\| , wlii-^yi'r 

r — ’i r/ rV|. 

If I* wlll 4 »»iil tli«’ t»f »| arr («’ r| iiiihI 

|r 4. r|, wlirfW'P 



Dy HJL'IlUn Ui ii. 

sholl SO IIH to PJIHS llnoiloh !\ ‘I’lir ^ aUu ^ 
tioii at /Mh tlio sum of (lu* nmiiHUuoO « *Ui 
the shell ; ilu'reron' 

I*' : 'j7r/)(/V '■ H .. [ 




: 'JtT/) 

1 ''' ;; 1 ' 


If W(! pill. lllfHC 
talilo : 

resiill 

s liii'.i.|lii.|', «>• -'ll iH fi 

il., fir 


r. < /•„ 


r., 


T’'= 

27r/>(/V- " , 

/•;■) : 


1 •* 

AF- 

0 

i 


i - 

T)-V= 

1) 

1 


“r 


If we make T, P, 1\ ami /^, V iIm' **? ^ u! w n 

ahscusHUH are (\ we. p't I'ijj:. 17.*^ 

Here LiVQA'' repiVHents T. uimI if f‘» si-f*. -I f'..*' 
curve is everywluu'e llttit«\ enutinmues uti*! . ;u 4 

tion. Tlio curve repn'HfiiiH i', I inn , ^ 

wliere Unite, and eontinmms* Imf if» diit .fi.»u » ?■. > 4 ? . 

Avlum the point /* enliu's or ]vn\vH liir jiib ». isn.” 
thr(‘e diH(u)nneeled lines (Li^ tihU itm! Ph u vj. ii If I 
If the denHitv of Ihe hludl iiiHtiiid of h« ill,:' !H10^ - J “Ji < 
function of tlu^ distan(*e jVoni tin* rmtir ip fi . ^ 4 . 

Imve at the i)oint at (he diHlann- * fll « »»a i hr » riifi » .y 

o_ ... 






If thf<^e an;/ at ,t ,a / i ■ , 

amai^ masiii>fi‘niin ./wV'v .r.*- . 1 /..,.., </.. ■' ‘ ' , 

0mtMl rill ii'liii-h lie- !>' •■ 

F-/(A ,'/.*) ■ '• '»■ ' • ‘ i ' i- ‘ ■ 

Hiul’iiw (Ir^ijyi llirdiigli llii- piiinl in .jimii..i., m-i ‘ • i 

UiltcIH oP UilH poilll. In' .I',,, Ill'- • .•! I'l. i 1 ; 

tiuig|l^t to tlio Hurliu'c )!(• till' I'l'inl i" 

' 0»~in,)Ar„l'+('/ /A,)//,, I' M. t/' r 

luul tlui (Ihw.Uoii-fONitifs Ilf any liin* [.iTprinli* ><1 » i. ? ! <i. 

mitl liomio ()]' till' normal In tlm m''*'* "‘'‘tn" “■ 1 •■■■ 

(a^, 2/0. *0). ‘ii''' . 

Ik 1 

cos tt ~ — . , ' ' • , 

I ( t/'.-i y 

COH/j=- 

V(/Jx,r)-'K/*j..»'r i )■ 


V(//xj')'i'(/\r t f ('■ 


But if wo (loiiolf (lu‘ n’HUllUltl uf Iifh f 1 » nU aS “ 

(% % ^0) Viu » ...i, 

axOB by X, )"> lUltl Uh'HP runUirH usr * * j' 

X Y Z 

and time * 1 , iupI , ifi. »ht. 

^ angloH not only of Uio noniml to Uu* vi|us|*Miruii,a ,• 
point (% ?/,„ z^i), hni uImo [n;,J uf iw Inu^ i.-i itMU -f f 
Bultaut forco at thu point, Uvnw «.ni ihr.»ivm 

Fig. IH ropivHonta a nu^ridinu *4' fetiss »4 Ui* !1 


of (‘(piipolnnlinl Hurfm-oM diir ti* inu rsps^il « 

tioiiH avo horn hIuuIoiI. *rhf vnha* nf lln- |*. 4 rii !}4 fus.- 




the end of the first volume of 7V. 

and MagneMam, 


26. The Value of V at Infinity. TIi*- ^ r 

of the p()t(Mitinl fiuu'li(»n ilin* In :i‘*\ 
boon dofiiiod to ])i‘ 

(Iriiif \ 

' ■ r * 


Let ?o 1)0 tlu' dinlunco of \hv urjurnt pMHit t4 ih. \iu ^ 
mass froni /\ llu'ji 

. 1 V V , 

I » / am sii 

Tlio fraotion hm n cmwbtnt nnin* ^ 

wliioh growH liu*p‘r willujul liniil thv furllM-r V r.' j* nv i < l f 
the attraoting inaHHi*H; hiMit-r, wr i- lUni. Milt. ? fh\u, >. 
equal, tlu' value at /* of llu' t 

fartlaa* Pin from tlu» ald'nt'tiii*: iiiafln , juid fb.d A /“ i-.* n; 
away indelliiilely, the valm* nf fhr pMlriiinl 1 .}?^ , 

appvoaohoH zero an a liinil. In tUhi-r \uti4*, ^ t.'v r 

2 ')()tenlial function at in irio. 

About 0, any fixed point near llo* alir.^-ias.* .v-^ . 
imagino a spliorical aurrm’f\ ,S\ tlrawn, iiM-d ^ 

large that S hIuUI junt. inrhnle nil tlir | jr.-j 

P is any diataui ptuiit witlnmt S, nml it ^ip 


M 

r + n, 


M r\i 

or 

r r ? 


r| , 


1 / 


Siuoo 


limit r 


r <C1 


lllllil #• 
r t> 


1,1 fH » % iUU si!jk' ^ i ■;„ !; 


' ) q ' *' r I\, 

that the limit of (r* I hh r itji‘r«M'4r hoi5^ Ij 


iir 


Since - (»tjH nin * 
(/• + r.y 


fK Pr 


1/ 


I Ml* 


^ A mi ^ jyu.«p^u.J.^ UJ. WUAJV* 

nnifunit t»f wnrk ri*t|nln*d lu niovc* u unit hiahh, (•on(n‘nlrutiMl at 
u point, from cnn* iHmition. /V another, by n/i// path, in 
fiic'n Ilf tin* attrac’tiun of u aynUna uf auiHHUH, ^1/, in nciual to 



Vi - Fgt wlum*^ Fj iukI F^ lira llu* vahum at f\ nml !% of tho 
jiobnitml function lUia to M\ 

*ri» prova tlil^, lai m dlvlila tin* |*civau path Into aipnd jiarta 
of b ngtii and aall tlin avaraga foraa whudi tin* 

motion of ilia milt nntait on Ita jotirnay along onn of tlnw 
rlamoiite AH (Fig. lU). /**, *V\\v ninomit of work ri‘i|uirad to 
inova tha imit «ia»?« from lo Jl \n ami llu* wliola work 

dotia In moving tliiw mii»M IVom to 1% will ba 


liftiii V 

A. 1 '^,.. 


FAh, 


An In maila nitmUar and amallar* tha avaraga furra opjaming 
Itif^ moil ion along ^ itpproaf'lia^^ mora and rnora nanrly tba 
aaUiid opjMwing foiw at wldah In - /^^T; tiiaraf«*ra 



It li |4'i Hi« aarafiilly noliaad Unit tha flaamuir in Ilia |Mti|antliil 
ftinrllnn In iitovJng frtim l\ to /*| maaiinrf*fi ilia wisrk r»»«|itirafl 
l«i Itia mill mmn froiii f \ to t%* If i% rawiovad farlhar 
and farilipr fh*m 1% »|i|iriia«diap mmu and Fg ■- F^ iipprcmrliaa 
Fi m ll« limit, iliat Ilia vabia iit any |H»ifil of ilir 



limr, uw wt»rR 
Ih’ AAA luuit 


ntnw tui vut* uutuLuniH wj luo wiiou^ miiHH would 


y 


FAm, 'riit* W(»rk (loiiu hy tlu^ attnu'.t.ivo 


fiirnv ^4 wliilt’ A 
liisHl / r Am ■ 


%vm hoiri|( from A„ to Ai wenihl bo 

( A tiX> To fuiil Uh‘ Work dono by t lu' jittrao- 


tiou for Olio Hiiothor of iln owu jiarlHi while* tho giv<»u 
butinu \H oojoitrue't*’*! by briiigiii^ to^otluT ibn |)urti«*b*H from 
iiilifiiio *tifqiorfiiit*fi, wi* iiuiy put A*, ih At t, mul ^e'fc 


ir 


Umll I 
Aio • ut 


r> Aw/* 


wStoro tlio iduiunalioii in to oittoml ove*r Uu* wliob* elintributioiu 
Thi^ i|uiyititv* lh»* iioniitivn t»f wliioh (whiui tin* in 5 iiti*r in 
attmohiijiii i^i wunrtiniopi' e*iillo«l ** thtf iutriuKic ofo»r|^y ■* of the* 
eUntrilmiiuu, ui nivi-n by tho b»rmulit in attriu'iieui unitH of 
work, In iibMuluio kmotjo Wi»rk unitn, 


jr I A fffr,><h. 

fc' 

TtiO |mtrfif4iil fulirlbui iind*l«* ii honiogi»iH*aUH; iiphoro of 
rinltioi luol elfUodty at a ilnstniu'o r from ih** e’ontroi Imuuk 
2 I r^i, llm mirrgy of tho fi|4u*r«* in 

#* » Hi ll 

' tit Oil 

attriP’luiH tifuia of Work, tf lilt* »y»tmu Iw^on ii«od 

|.tiroii|||p«isH libs irt «H|tuwdoiit. to 

If T' iisol T' iir*-* llio |wit*u*tial funrlitui’i ditr to two noigblHir* 
iit|l ilintribiilmori, J/ #d$«| M\ if AM ami A d/' iiro iiiii.fs?4 
of ilo* two iiml /* unit |»oiisiM in A J/ and Ad/* 

ihp mntiial rm’rny of M iui*l ttuiy 

I'l J/ fIJ/ * 9 a. fc * ■ 

i»t foiiml by N4li fliMtribiitsnni^i 

atpl, thr s«rdrr of inlruraliofi %n imnyiirriiiiL tlip r«*mi!fc 



masses. TJiis gives --j j > »«» ' ■■ ■< j ■ 

the sum of the intrinsie energies ef .1/ an.i (}..• mutu.t! 

energy of the two. 

If Jf ami Jlf were miule tii' ef in.ilt.T puiu i.- t.f 

which repelled every ether imrti<’le ;iee..i.iiu-; f.. li.. l.i« ,,l 

Nature, the intriusie)ioteiiUiil energy i.f ,!/« .. iihiu- . S | J ,n/ 

and the mutual pottuitial fiM‘rKV nf J/ au«l 1/ unnla !«' 



28 , Laplace’s Equation, luivi* mI 

the potential fiiiietion^ nnrl tlit^ tniniposH'isi lu #4 

the attvaction at the ptutit /\ arfMihvav^* i,.! il^r 

space cocU’clinatcH, whether /* in .4 

face of the attracting nianacH. Wi^ hav*'' .uv 1*^ .|h 
forentiating T at unj puint in any ilurriis^^si itu-i !!.*- 

always finite c(nu|i(»ncnl iii that dircs-siMh *4 i- s* .4 

the point. It follows that ^ t ^ 

finite, and that, in cotiHcqurticr i»f Ihi: !u«n 

is overywhero continuous an well finiir 

I£ /Ms a point outHiihMif llso aUtiMisn:.* 8u.^nnr:>, -pi.uj 
tity under the intcKrnl ui | ^Al.u'h 4. .i"-,, ..ir i,, 

multiplied, cannot he infinifc wifhiu ihr ..i i-,!. 

and W 0 can find i^v tlitFcrnttnihii^: u..r 
under the integral iiigim, 

In this case 


Djr 


'///■■ 




r* 


«l..r 




and similarly, 


/VK 


//.f 




' ' " 


|ss ’ « J r ' ' V ‘ i '■ 


IN THIC CASK OF (J UA VITATIOK. 
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WhriKU', for a.ll points (‘xtnrioi* to tlio attracting masses, 

n^v [ 72 ] 

This is Ijaplaco/s !<](] nation. For tlic optu'ator 

(/>;i + 

the symbols 8, A, Ag, - V'^ and have boon txsod by dif- 
foront authors, ami [72] may bc^ written 

r 0. [73] 

'riu' potmitial function, duo to every conoeivxible distribu- 
tion of matter, must bo such that at all points in oiujity space 
L{iplact*’H Ktjuatiou sliall bo satisfied.^ 

29. The Second Derivatives of the Potential Function are 
Finite at Points within the Attracting Mass. 1 f the point P 
lies within tln^ attracting mass, F and arc finite, but the 
(piantity under tlu^ integral Higns in tln^ ('XprosHiou for /}^F 
bceonu'H infinites within tbo limitH-of integration, and wo can- 

md asHumc that /^T may bo found by dilTortuitiating F 

unthu’ tlu' iub'gral signs. In ordtu’ b) iind under tbeso 

(drcuniMtances, it is convenient to traimform the etpiation for 
/>, f*. bet UH (diooHf^ our t'ofbdiuate ukck ho an to have all the 
atlraefiug uuihs iu tlu^ first t»etuut, and divide the projection of 
the ismtour of this masH on tin* plane //z into (dements (f///h/^'), 
Fpou eaeli (Uie of th(*.s(' idmiients h*t us a right prism, 

cutting the niasH twice or houu^ otln^r even numbt'r of times, 
(tonniiter one of tln^ elemeutH tft/Ui.F the eorner of which imxt 
the origin has the cotn’dinateH (h //', and z\ Tln^ prism (U’cetad 
(Ui this element tmts out elmuents from 

the Hurfuct< of the ultrm't ing iuiish, and that edge of the prism 
which is perpeutlieular to the plane //t at (0, //, cuts into 
the surfaei^ at points wlujse distances from the jdane of i/z ara 
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THB NEWTONIAN I'oTI'.NTl A I. I ! M rtt'S 


of these points of iiiterawtiuii .loov .» i.‘<* .u .1-. th.- mi... 

rior of the attracting mass, ati.l .-.tn !h.' .m.,-!. th.-,-... 

normals make with tim .iM-rf.-u .4 th. -r .... 

cti, asr" .ill 

acute, ancrtliat a«, ««. 

may be rcganletl as tin- ,.f t!,.. -.nr 

face elements r/si, ff»s. '/'•a. ■ ■ • '**“*■ * *'' -o* 

is oonoernotl, the ftillovving •••lUiitn.i... 

dy'dit ' » dh cos tti »■ t/»a ‘-tw »/*, ■«. 'fo,, > ■.'< 

But <^ 1 . «'«»> et^.. »o- all iu..i 

cos CM, COB 08 , etc., arc ni'gativi', o" tb-ii. t,, 

signs as well as to almointe viiUn-!*. ««- l.ov*. 

ifj/'rfs'aa + rfSiCoaai ^ — ffSjCtWoj - 1 ,/45<-,.a.t, .f t, .‘.o kIj-, 



Now 

r, ,, rrrp'i^' ,*,v . iv. r i\ 


to Hud iht' liniil; of tlu^ siuii of tlio wlioh^ as hasc^tt of tho 
prinniH ari* iiuulc^ HinulUu’ and aauilliu* and tludr mnuboi.' cujrru- 
a[K)ndinKly iiuu’ouHcnL 

Wlun’i^vt^r thn funtd-itni ^ ia a coniinuouH finud.ion of i/’', wo 
havt^ 

* r»i»i (ft/* * r i , , 

rP 






lunuu', if tlu' idomt'ntary prinniH cnt i\n\ Hurfac*.o of thc^ nttraot« 
ing nutsH only twitas 


it — Uj 


/'j' fp//''/™' ''■ \ f f f\, \ U^>’\ 


Eiiiili ill 

-- til 

/>.}■ f {'./;/• <h‘ 

I'K ,( Ci 4. 

^ a ^'a / 4 



^ li Ill'S 

turn ai tht f cam 



f ( f ‘‘IK 

/ •' •' '' ' 


wlM*ro \h Uio viduiMif tluM|iiuntity at Uit^ l»tdnt whon* tin* 

lint* ?/ //*, in\tn tlio Hiirfun* tif tho iittraotini^ muH.Hi for 

tin* liU liiiii** otinnliuK idano t/w 

In ttrdi*r to find thn valuo td' ilu* Uniil of Iho n\\\n wldoli 
cMnnjrM in thin oxiirosfiioin it h tnddont that \vt* may dividi^ tlin 
mitjhrr of thn litlmoting mai^H into olfinmjtHi, multiply 


iutogrill of tJlktMl Jill Cj^*' m;? f ? ! !,«• fi* 

mass, so tliat; 

J)jJ* j CnNftr/v ^ I I I . 


whore tlio lirnt iutognil in fi« !«* ul » * t . t! v . ..f 

tho afcfcmofciiiK iuunh ami ?la' 

This expression for ni ^nunr * t .« . , ;iwr*;**!a 

tliau tliat of [4SJ. 

Wo luivo ]>rcjvfil llii.H !.r.iii^dMro».s!t*«n ?•■ ^4' . 
only when is linilr ihmsu^hMni 

is a point within ilm n\*i^n, svj-un* /• | , , j.,. 

aurvoinul /* hy a sphtn-irul ,4 f„. 

make the wliulo sphere ofir|w?ir»l 1*4 ti.;-! ,, ..- 


y 


¥$u 

within tho attmetinn j. ,„i,: 

exactly upon the mitUun^ *4 ihf^ 
out the littla sphere, lei i\ thr „,, . 

the rest (7^) of tho nUmrius^^ oian , |ju*n, r,',:.- .■ / 
side point, with regard U* f., - ^ 

I I I I .,i . 

where the Rm intrurat 




mum to wliitih Tg in due; the 8(iCond integral is to be takorx 
ov(*r all the rent of the bounding surface of the attracting 
mass ; and tlu^ triph^ integral embraces the volume of all the 
attrac.ting mass wliic.li gives rise to 

Ah € is made smaller and smaller, /"a a[)|)roache8 more and 
morc^ mairly tlu^ potential function T, duo to all the attract- 
ing masH, 

In the integral ^ cos a cos a ean nt^vc^r he greater than 

1 nor less than — 1, so that if p* is the great(*Ht value of on 
the surface of the spliere, the absolute value of the integral must 

he IcHH than j ov 4 wpU^ and the limit of this as « approaches 

v,ero is j^.ero, 'Plu^ Bccond intt'gral in [79] is unaltc^red hy any 
change in c. If we make /Him origin of a Hystem of ]volar 
eodrdinattm, it is (nddent that the triple integral in [79] may 

/>Jp^^rm\$dnWd<^, [80] 

and the lindt which this approaches as c is made smaller and 
Hmaller is evidently fmitis for, if r — 0, the (piantity under 
the integral sign is v.cro. 

Therefore, 

“'['‘‘t I>, r. J), f ! f fus a d» + f f tlx'dt/'dx', [81] 

anti [79 ) is true even when P lies within the attracting maas. 
Umler the same conditions we have, similarly, 

cm fid» + dx’di/'dx, [82] 

and 

f - y d» r ^ ^ 


he written 


/// 




u 


1 



maHH ?\ and thn nnnaiiuicn* of inaHH 1\. Jjot Fi and i\his 
thn potiniUal funriionH din^ rmpiH'-livnly to and Vg, tlnnx 

y r, I /;, f I)J\, 

and tln^ innrtnnoni [ A (/>, /*} ) nuulc', in F by moving from /* 
t(j a nf’ighb(jring point /*', iimitb* 7\, in otpial tt> tlH*H\im of tho 
corroHponding incrmmmtH [A(/>^J*j) ami A(/>JV)1 mado in 
/>,Fi and /^,F^, 

With ndbnnu’o to thrs Hpann 7g, P In an outHiiln pointy ho 
that thn valtioH at J* <d' Urn iirnt dorivativi^n <d‘ F^ with rcspimt 
to jr, y, and % aro tumtimunm funniiouH of tln‘ Hpa<u‘ I’oOrdinatoH 

aiitl 0. 

Lot dm W tUn Htdid angli^ of an tdonumtary otmn wlnmo vnrtt'X 
in at any lUtnl pttint O in ?\ uhimI m a mmtrn of (HutnlinatoH, 
Tho idoumtit of iiuihh will Ih* pr^dmtit, Tho componont in fclin 
dirnntion of thr uKin of x ot tlm aUnmtitm at O dim to 7\ in Urn 

limit t>t Urn mun iaktm tlinmglnmt 7\ of » wdmro a 

in Urn I’OHiiH* of tln» ungh* wlutdi tln^ Him joining (> with thn 
tdnnmnt in (pti'Htitm mukoH wdth tln^ nxln of x. 'riio difTt»rmma 
lad w non tlm limits of m in nut gnnitor than 4 ir, and tlm d iff nr- 
tnu’o botwaam tlu< UiuitH of r in not grimtor tluin 2«. If, thou, 
#« in tlm gmUoHt valim whirh ptt huH in 7*^ 

tt frdbiwa from thin that if /’* h a |wnnt within 7\ bo that 
/*/** - «, tlm iduingo mado in by going from P to m 
far Un4i'i than Hi ; but thin la«t quantity ran bn miuln m 
iUuUl m wo likn by making # umall onough, «u that 

-0, 

whmmo 


Htnit 
t*r*^ s o 


^(P.F) 


Hnilt 
;*#r « o 


A(/>.r ,)4 


limit 

* II 




everywliere, even at wurrt' iih' 

continuous functions of Uic sjiacc riinnlifi.if** 

TllO rOSUltS of thowurk of tin* lavt fWt» nrrfiMjr^ ,a«' *Arl 
illustrated hy \V«‘ mi|4ht |»rovi% luth ihr !i» ;|, *.f 

transformation due to (’luiiKius/ Hiat tin* 
of the jKtinitial fiund-iou an* lluito at all |Huut ^ i-u t K»- !4.'i 

of tlio attracting iiiatler vvluu'e the em vatuo* imitr, j ^ 
the normal second d{‘riviitiv(‘,M getinall) eh.us.:#’ flu n 4;-.« 
abruptly wlmnever tlic^ jHiint /* ero.H^rfi a Ntjria^ r .i.? « hi, h ,, i 
discontimiouH, as at tlm atirfaei* i»f the athieiiog u?. «v.*- * | h, 

fact, however, that this la.^t is Irne ni the » ,4 m- mi 

homogeueouB Hplierical ahell auiliee.H Im nlum ih.d «* . 
expoet all the H^H’ond thudvalivea of i |u h ;n «’ drfUfvl i 
at tlio iHmiuliU'it'H of atti'iu'liiiK ImhIii-i, 

31. Gauss’* Theorem. I f mi y eloHod S tu .% 

field of force be lUvideii uj) into a l.iti;i- . ! mu !.,. <■ 



elements, and if etwli one of tln'sc jjr.ihsj a.'.j i.* 

the comiionont, in tlu« dim-tion of tlo< uit. ro.j a . V. ' ?k., 
force of (ittractioii nt a jioint of itto iim! %h> n. 

produetB be added toKetlier. the luntt «.f t!.r »ui« th.sn .!.« v,< 4 
is called tlie "HiirfiHn. ii,t,.grnl of attr.,, i,..,. , s ■ 

If any closed mirfiioe .S' 1«. deM-riU-d ... , 


iti if any nltmod Buvfacu^ S Im (U^acribe.tl ho aa to shut 

in (‘{nuplt'i.t'ly any Hyntmu of attvacting nuiaacH Jlfy tlio Hiirfaoo 
inti'^nil nvt‘r S of tlio normal attraction duo to J\r ia AttAL 
In onlcr iti ]>rovt* thin, tlivido S np into aurfjum olcnnonta, 
ami ctmaiihn* ono of tln^ac^ (h at Q* Tin* attratdiou at Q in 
tlio tlircction dno to tlio mana /// c.omunitratod at in 

'I'ln* (‘ompomml of tlun in tho dirootion of tlio 
c^nr * 

inli’rior normal ia ^ vm m and the contrihution whitdi (h yiolda 


to tim Hiun wlamc limit in the .surfacm iutt^l^ral roqtiirod ia 

mvmuth . ...» ♦ .. . . t 

(onncct every point oi tln^ ptn’uneUn'of (h with 

n by a HtnuKlit lim% ilinn forming a conc^ of aucdi aiy.o m tb 
cut out t»f a apherical aurfat'c of nnit radiim drawn about O 
an chnnent r/ui» aay. If we draw abtmt (> a aphore (d radiim 
r iht' cone wdll interc(*pt mi iU Hurfaco an elomant 

ecpml to Thin clement in the projcctitm on the apher« 

imil Murfiiee of ih\ hens'e thvima - r^duu approximatidy, ami 
the tmntriliutitrn of the clmnmit th b) our Hurface integral in 
miiuh Hut an elementary eone may emt tlie Hurfaee more than 
tmee ; indeetl, nny othl nnmhm’ of limi*H. {"oimider micdi a 
emus one tdemeiit of which eut»fi tla^ surface thrice in 
fiml iS|. bet 0«V,t ami he ealletl rg, ami reapee- 
tively, and let the aurfm-e tdmnentH cut out tif S by the e«me 
he and (i.%, and the auglca ladwccu tlic line S\0 and 

the interior normalH to S at *SV *% be It 

in to he iiotieed that when the eoiie eutn out of <S* tha 
eorrtm}HmiUng angle in iu*ut«s and that when it mtn in, tha 
mirn-^njHmcling angle h ohtime. tn ami are aeubs ami 
fihfciwe. If we «lraw^ iiliont three i^pherieal ^urfiumn with 
null! ft* eg, and renpeelively, the eone will eut out of these 
the fdements and r/sim. In almiduta ake, 


= — ?-2(i(jsecaj, and thn cnnn’M titri'i* l■^l•lal•llt■i to tin- 

surface integral of novnuil altriu'Lion tin- ijii.tiilify 

®V >■" J 

However many times the (miie t'Uts ,s', it will i. irM Im 

tlio surfaco integral veiiuinul ; all sui’li at) »'MurM uill 

yield tlnm ' vi •! if in elnH»*i(. .umL hj i.il, 

wlioro ® is the solid angle wliicdi iVnularmlM at h 
I f, instead of a mass eoni'enl ra{«'d .n a I’mhiI, h.n,- .titv 
distribution of maHses, wi* mav dividt- ihr-sr miM r|riu» utn, 
and ap])ly to i^aeli ehuueni the tliiMimn jn-4 |a»«i.rxt, Ijm, 
our general stattnmml. 

If from a point O without a rbised -V .ui ^ i 

cone be drawn, the coni’, if it min S ul all, w ill mt if m% « 
nmnbor of tiiiies, Uning tbe nolatiiui jiihI r%|44au*-.|, fh»' 
tributiou wliioh any smdi emu' will yield iKe ^ntti ree .4 
taken over of a mass m euueent rated at o m 


on 


djiivmai ^ 


lin^ «’ie-i «,,3 


*-‘5 


?’l 






• - (lui -j- j 


r* 


i'H 


and the surface integral over any idofied «d ile^ 

attraetiou due to any systein <d outinde n}.4‘5’H’'f4 ;rfx* 

The results proved above may 1 m’ put and ^a.^U'4 

in tlio form of a 


TirK^mKM JUfK TO Cl u ^1, 

JJ* ihaVf^ Ih\ (tuf/ dl^t tthnt mu ##/ -iimi 

'loUhout a cbmHi S\ ,tmi If M hv ihr- fhr- . 

which k) ^ncloHOB^ iiud the sum ##/ fhf’> mso*## 3 dr V fijf. 

////»« J U ^.A* At. . i » 




UU 


It IB oany to hoc^ that if a iruusa il/'ho Biipposecl cono.oritratod 
an atiy (*1oh(mI Hiirfatu^ S tho ourvaturo of which Ib everywhere 
finite*, ilie «iirfa(*t* intt*gral of nonual att.raetioTi takeni over S 
will ; for all tins (‘huiu'utary (*t)iu*H which tniu be^ drawn 

from a point /* on tin’s H\irrace bo an to c‘.ut aV oiun^ or Home 
other odd iuunb(*r of f.iuu'H, lie* on one* nidt*. of tln^ tan|L!f(‘nt plains 
at tin* point, and iutcnu'pt jmst half the snrfuee of the Hj)li(U*e 
of unit ratliuB the centn* of whicli is 

From (buiHB’B Tlu'enu'ni it followH imnn'diatedy tliat at some 
parts of a closed surface situated in a fu*ld of fore.ts hut eu- 
('losing none ((f tin' attra<‘ting mass, tln^ normal ('omponmit of 
the n*sidtant attrnetiim must act towards the* inte'idor of the 
surfata* and at semn' parts Unvard tin' (‘xle'rior, ri)r oiln^rwise 
tin* limit td* the' stun of tin* iutrinsie'ally pejsitive edcmc'UtB erf 
the* Hurface, each eum mulUplie*d by the compenu'ut in the 
elinn'tieni t»f tin' init*rior in»rmal of the* attnmtion at erne* of its 
eewn pediits, coeild not he ?,vv<h In otln‘r words, tin* pote*ntial 
functiem, Uu' rate* of change of whieh me*asure»H the attr.mtion, 
mtmi at stunt' parts of the' snrfaee* inen'ase* and at otheers 
di'creitse in tin* dirt'ction of the^ inte‘rior mtrmal. 

32. Tuhm of Force, A line whieh ents ortlntgonallv tin* dif- 
ferent memheiH uf tin* HV.Htem ttf efpiipotiuitinl siirfaees etu*^ 
reMptinding tti any <li?«trlhuiinn of mailer i** enllcd a '^'line of 
forta*,** him*!' im din't*ti«»n at t*aeh ptunl of iU eout^M* hIiowh tin* 
ilirt*etlon of tin* r*’Hnl!ani foret* at the point. If thrmigh idl 
pointi' of the eoiilnter of a ptirtion t»r an t‘tpiipt»tetiliul aurfaet* 
lines i»f {brcc lie drawn, Ihese lines lie tui a ^e^rface called a 


UJDUlC IIH «UI UU-I- »n 'I *V. n ,»♦ ;iu«» 

the resultant foree is uli iinnuiil at ihmuI^ in (hr 
surfaces. Jfa) aiul o)' are (he areas <»(' (lie m|' a of 

force nuulci Iw two (Ujui[)ott'uiiai snrraees, hujI if /** jiini /'* air 
the average intei*ior forcu's on u\ and ci/, we Iiast' 

Fu, h/'V :0 [ h, ^ 

if the tu])e enel()S(*s (unpl.y space, atal 

[hh' 

when the tiiho (uk^Iomcs h iiiass ///, af nlfnu-fiiig nirdh-r. 

33. Spherical Distributions. In (he ea^.- of ;i dt .hrmfi.as 
about a poiul, in HpluUMcvil siiells, {|kiI fhr ;i 

function of the (j)stiUie{‘ from (his p«iin( nnlu (fir hie . »•! t.*!, . 
arc straiglit lines wiiose direelioiiH nil diiMU-h Jhr nh «l 
point. Kvery tube of force is tMmu’uU and (lir nirn-i ♦ su .*sif rf 
different equipoteidial surfma's by n giv«-u int»r *»f fMirr :ur pi., 
portional to th(‘ square of lla‘ dintunei* frtua tl,*' rvuHr. 

Consider a (.uhe of foree whii’li inh-rei*pl^ !hj no m « fi.nij n 
spherical HurfiK’.e of unil, rutlius drawn widi n a ♦ . hIu , uri 
apply (iauHs’s d’lusjrem (o u hii\ ent oaf nf ihiH 
equipotciitial surfiUHis of radii r and {r f ir-qu . so,.-h . 


Fifi. %, 

Let jiOB (Idg. 2r>) lie a Hcetion of ibr in spu 
The area of the portion of wplierii-nl Mirfaw ... what, irpn 
soiited in section at uf{ is mal rhe arm uf iln,i ,, 

(?’+• Ar)V. If tlu! average furee aetiuu on m thr 

of tile box is K (he average Ibrec* mqiug i.n i. 


tc'iuUnl lar it will i‘nt all tha coiuTutnt*. InyorHof matter, 

traverwe all tlu* empty ri‘p:t(>nH between the. layera, if there are 
nneh, ami linnlly tnner^e into outnide npace. 

If vve eluHme r hu that the liux nlmll (‘ontaln no matter, the 
Hurfat‘e iiiU*gral taken over the. hoK miiHL he zero. 


in Ihin 





there* fore, 



and 

J ssa - ^ + fi, 

r 

[01] 


Ffinn thla It ftiUowH that \\\ a rei^lou of empiv apaee, either 
Inelmled )a*tween tlu* two nieinhevH of a Hynteiu (»f eoueentrio 
Hpherlenl ahelU of ilimnlly UepemUni^ only ti[)on the diHlnnee 
from tlie renlre, orunlHhle the whede Hynteiu, the hjree of attrae- 
tion at thfferenl pointn vaHen inveraely nn the M(|uarea of the 
tUHtanee^ t»f theae poinU frenn the eeritre. 

StipiMine that the box (o/ax/) liea in a ahell whtme (lennUy 1 h 
ootif^inut I then the aurfuee integral of normal attraetion taken 
over the !«»% In et|unl to i w tiinea the mailer wlllitu the \mx. In 
lhi?i tm«e the «|nanlity tif imilter itmhle Uie box ia 

i sr 

where t h an itilhiilei^iimil cjf an order higlier limn tha Aral* 
Therefore, 

4^ ( Fi^ ) I F ( p 4'F^ f + «) I 


liHiii __ ^ ^ ^ 

ftr (1 ' 




whim©^ 


tional to the (Ustaiuu! I’rom llie ci'iiln-. we Hliaii lone 



limit ^r( 1 

\I-J 

|;<ii 

whence 

- -2 ,tA f ' 
r 

1 

and 

Vtz-'" I'/Ji. 

r 

1 ; 

In j>;cneral, if the box lion in a hIioII wla^m- if 

en*^i!y /i ri, u <• 

shall have 

limit A„ (/■',•») 

At'. (I 


whence 

/.’=:= f..' ^ (V(T- 



In oi'dor to loam how to unt^ tho i ^ 

tonnian tlio forc'o of nttraofioa at aav {«‘ial ilar r»« n -nru 
si)liori(*al (liHlril)Ulioiu lot iih oiainiilor lla' Hiiiqtls- h 

HhoU, of riidii *1 and r>, iiad tjf doanity [A«‘ j {aMinu iiMUi&l i!»‘ iiir 
distance from (ho ciaitro. 

At })ointK within thi' cavity I'licdusod l»y th** t«hr|| %%»• saun! 
have, accordiap; to ami [tM], 

^ and T • - * } ^ ; 
r r 


But the forcM' is ovichmtly i^.oro nt the tvatro nf ffi,- ^hvU, wh, 
?• is zeu’o, HO tliat V intiHl ho /,cn» ovi-n \\hi'i»- niiitm » -st ? 
and there ia lU) roKultanl foroo at any |H»ini in ihr- jr-gMu I 
value, at the centre, of the ptnontial ftim-tnu* sloi' h» ih* li 
evidently 



2 1 1 wX 

» 


i .-5 


and it Inm the Hamo value at all uiher |u»int^ in ihr 
In the hIicII llHtdf it in camv to s^ee that Wr looni 


insikt* tint* c»t tiu’ luct lluit /' and 1 uiv avarywharn fontniiiouH 
fiitadiniH ttf tin* Hjiufi* noni'diimli’H, ho Uuit. tlin valunn of F and 
r tililniin’d !>y pultinj^ r 1, thn iiuu*r nuliun of tlia hIk*!!, in 
[ UHij, min^t ln‘ tin* hhuh* hh ihoni* (»htaim‘d Ijv making r-"- ! In 
tin* n\i»n‘HHionH wliioh ^Ivt* tin* valtinH of /»^unl I" for tlu* eavily 
t'ni*kmi*tl by llir Nln*ll. 'rifm givi*H uh 


I 


,1 


2of;?rA and fd 


AdOrrX 


wo that ffir jjointj^ within Ihn ninsH of (In* hIu ‘11 wn havt'. 


and 






20(1 ?f A 

F 

2o(} rX 


irXr'* o(H)iPrX 

n :t ■ 


ri'nj 

[t'luj 


For |Hiint*4 willnatt tin* nludl \vi* hnvt* tin* nann* gi*nnrnl t*xprc'H- 
nioli*4 for /"* and Tan for within tin* cavity cnchmcd hy 

the e^helU namely* 

F ^ ami r s ^ f m* 

r r 

hnl the «*ormtiud?^ nn* difTeri'til for th«* two re^ionn* 

Keepiim ill mind tin* fact that F nwd T are eimlinutnm, tt in 
rapiV to thill we nim^t ^et tin* nniiu* reHull at the houinhiry of 
the ’^IndK where f o, whether we nne [ init], or [ Hd j ainl 
T1it« givew 

k -5 If A and m d ; 
no tlmt for all jwaiitfi onti^ide the nhell we have 



nr.it wx 

[Iff] 

V m 

aiUlirX^ 

r 

C5'tr,j 


Thrw \mt re.»iilln agree with the ntnietnenta made in Seetion 


the gencriil oxprc'BHioiiH for F uuti f' in tin* si‘\ornl logiun^ ; 
then tho coiiHliuitH for the innermost regitm, nniinnhfnou fiuU 
there is no resultant nttruetion at Uu‘ eenlre t»f the ; lunl 

finally, in siic.cession (moving from witliiu on! \varci-» ) , Um' f«»ii 
stants for the otJier regions, from a enn.Hitlerntinn itf tin* fart 
that no nhniiit (change in the. vahu‘H of eiifn*!* F f" Vi imuir }»\ 
crossing tlie cjommon boundary of iwo ritgi<ms. 

This method of Iroiiting problemn is of gri’ut pnirrioal 
portance. 

34. Cylindrical Distributions. In (he eime of n rUimhiral 
distribution about an nxis, where the dmi^^ily in a fum^fam of 
the distance from the axis only, (he e(|uipot«mf!aI mi* 

concentric cylinders of iH‘VoIiitU)n ; the of forrr sue ^Irae^ht 
linos pcrpcndieular to the ukih; ami evmw tubr uf fMit-r in n 
wedge. 

If wc apply (biuss’s Theonun ton ho\ i^hut in brtui-m t%\u 
c‘qui])otentiul surfaces of radii r nml r f Ar, tvu» prip»’n 

dicular to the axis, and two [ilaneH pimHing tbrt»ug!« tbr uxn.. 



i 


:::j/ 


Vuh m 


wo have, if f is the area of tin* piece cut nut »»f lUv rylisidrir?d 
surface of unit radius liy our tul»e uf furee, 

and for the surface integral of normal attmetion ti*krn #nrr tbr 
box, 

Fu) + I |ui. I 

If our box is in emptv simecs 





Ay ' Aa; 

density of the matter enclosed by the box, we have 


— Ax^yAz 


Ax 


A Y 

— yjl. 
^!/ 


Az 


= 47r/)QAa;AyA2:. 


[ 109 ] 


This equation is true whatever the size of the element Aa; Ay A;^. 
If this element is made smaller and smaller, the average nor- 
mal force [X] on PP 4 approaches in value the force at 

P in the direction of the axis of a; ; F and Z approach respec- 
tively the limits DyV and D^V\ and approaches as its limit 
the actual density [p] at P. 

Taking the limits of both sides of [109], after dividing by 
AxAyAz^ we have 

V+ P/ F+P/ F= - 4 Trp, 

or vV=-4-7r/), [110] 

which is Poisson’s Equation. The potential function due to any 
conceivable distribution of attracting matter must be such that 
at all points within the attracting mass this equation shall be 
satisfied. 

For points in empty space p=0, and Poisson’s Equation 
degenerates to Laplace’s Equation. 

II. In the case of cylindrical coordinates, the element of vol- 
ume (Fig. 28) is bounded by two cylindrical surfaces of revo- 



Fia. 28 . 




— sin ^ {rR) — A^ Ar A ^ ^ — r A</) Ar • A^ (sin ^ ® ) 

= 4r7rpy • (vol. of box) ; [114] 


whence 


1 Kim 

Ar 


1 A^<& ^ 1 A^(sin^.0) 

r sin ^ Atj) r sin 6 AO 


= -4w/5„- 


yol. of box 
sin^Ar A0A</) 


[ 115 ] 


The force at P in the direction PP 5 is in the direction 

PPi is — - — Dd> F, and in the direction PP 4 is -^DqV; there- 
T sin 0 r 

fore, as the element of volume is made smaller and smaller, our 

equation approaches the form 

sin 0 • DJo^D^V) + + D, (sin 6- D^V) 

sin^ 

= — 47rp9'^sin^. [11<5] 

This equation, as well as that for cylinder coordinates, might 
have been obtained by transformation from the equation in 
rectangular coordinates. 

We may devote the rest of this section to .the stating of 
some general results -which will be intelligible only to those 
readers who are familiar with the theory and the use of 
curvilinear coordinates. 

If 'itj Vj w are any three analytic functions of Xj y, z which 
define a set of orthogonal curvilinear coordinates, and if 
V = + iP^uY, hY = (D^vY + (D,vY + (D.vY, 

hj = {Dj.uY + P/t>Y + Pz^’^Y^ possible to show that 

Poisson’s Equation may be written in either of the forms 

DY7- hY + DYr- hY + D,Y V- hY + D„ r- V^u 

+ D„ r- V^v + F- = - 4 xp, 



Hy giving to r in thc^ r*t|uation u n, wlic'rn a in a giv{»n 
function of (a /a ^), cliffVn’c'nt vuhu'H iti HuccoHniou w(^ may got 
tlm ciimititmH of any nunilior of Hurfat’oH on vavU of whi<iU u 
ia coimtant, 'rhoni' HurfacoH may or may not ho the oijuipo» 
trntial aurfacoH of a lamnihlc' (liHtrilmtion of matU'r. If they 
aro, it nnmt h*' iioanihlo to lind a potiUitial function which 
changoa only vvlnni h changt'H ami in, thoroforo, a function of 
u only. Wt^ may in thin caac conaichu* u m ono of a not of 
three orUujgonul curviHm*ar iHionlinatcH (a* i\ aiiuas 

by hyiM»tlmiuK, T 0, anti T ^ 0» wt* may write haplacudg 
Ktjnaiion in the form ^ * 3 (), or 

VIM /..r(0). n. 

If now the mtitJ of T% to in t'XpreKHihh^ m a funetitm of 
u tjnl)% the ee|UHtiftn ia an tirtlinary tlilTerential et|uatiou the 
solution tif wliieh given the numt general wdution of I#aplaee*H 
Kquatitin whieh in a funetion tif 11 only. lf» Imwever* the 
ratio of to h* in not e^premilde nn a funetion of n tmly. F, 
whieh by liyia^the^ig involves u 011!)% mimt mtiafy a tUlTer™ 
entiiil iH|ualum which invtilven lamitloH 11 one or l«>th of the 
other eigirilinates #» ami tf\ ^o that we infer that iu» wiliiticm td 
Kt|tialit»n vxinin which b everywhere a funetion of 
u only. A pet of t^onfcmal ellipfaiitla! lurfiieefi a |wmpilile 
pet of ei|ui|mteiitiid niirfaeep* while a family of eoneeiitHe* pitn-^ 
ilitri ami similarly jihieeil ellijMioiilitl Ptirfaeep cmmicjt \m the 
level purfaei^p in empty n\mm* of any clii^trihution of mutter, 
Two eoimetilri«% utmilar, iiml Himihirly pliieed el!ip»«*i<lal «ur- 

M ... ** i t# _ . » ' . .* I...* 2^. i t ' . 



utul r, aiul mid tlm rt^Hultin^ U>gt^therj 
wn Bhall li:iv(* 

.r.r.r (/V'/' i 

I (/J^rotiHa 1 (‘(m/i />^J' turn y) 

’riu* int«'griil in tin* Htnnnnl imnuhnr (if tliiH (‘((uutitin in <»vi« 
(ItMitly [r»r>|) tliti Hurrmn* intngnil nf norma! atlractiou 
tukmi ovrr our unuginary cIobimI Niirfm’is luid tluH by (immH'H 
1’lm<irriu \h crpial to i tr tiuu'H tim (piautity of luatU'r iimitln 
tlm nniiaris no lluit 

m i / f * i / V r f / I ' ) tLnhfdz 

.. 

I iT I I ^ pdxtlt/tlz, [!-! ] 

Sinco thin oi|iialion in trno wlisUman* the form of tlu' I'lnni'd 
HtirfiuHs wr muni luivi’ at o\iMy potni 

n:v i n;y \^ n:v - Up. 

Fur if tlinmghunl any rogimt V F wwv groutnr tliini I r^j, wn 
might tiiko Hh' lionmhiry uC lltiw mgiun nHonr imaginary Hiirfatn*, 
lii Ihii^ rV(‘ry ti’rin in tlu* t^uni wlnmu limit givon tlm nliuattn* 
uf[l«l| wouhl In* gmiftT than iho c’urn‘H|Hiiuling t«*nn in fhn 
dnstfT* uo that thn in|untiun would not ln» tnnn Similar rnnmm- 
iiig ?<hni»( out thn |Hm?»ilniily of lining U*hm limn iwp, 

37 . Thi Averafa Valua of the Potantial Function on a Sphari- 

aal Sttffaoi. If, in a Hold of fiuTr dtu' to n nm^i^ m c’om’untratnd 
at n jHiint i\ wu iimiginu n %phi*rhnd Murfni'u lo tu* drawn mu sim 
to i*\t*lnd«* Uiu Hurfat’u iiitrgnd lakim uvrr thin atirfiua* of Un^ 


sphere for origin aiKUiuunu* mm iu.’ . m.- 

surface of the vSphorc into i'oin-s by imMUs nl a Mn ir> mI fiMu-i 
cutting the axis of porponaicnlarl y at mlrrud^ mI a.^ 1 j.r 

area of ( 3 acli one of tlieso zones Is li muLt, su that .MularM 


integral of is 



vh^TrndtV 

^rrnitf \ tr « » " 


J~(i ^e.e. 

(* 



andtho value of this, sincs^ the ratliistl re|ir.-a*iif •, a 
quantity, is — wlileli pisjve.s tin- prnjiMMt o«h. 

The suiTiico integral of the [uaentiul iMteiiMU i.ihrii *«^ri iIm- 
sphere, divided by the ansa of the f.phrn% Mitrn r.Uh 4 - tu,- 
averag(‘- value of the {iot(nilial tutuMnniMii thr 'rplin t»' 4 -.uiI.m > 

If we have any diHlribnlion of uttrarfurtf wm $0 u 

divide it into eleimnilH, Jii»ply the jM'-f 4 

of these elojiientH, and, Hints* tie* piUrrHi.d iHUi'imti Im i h«- 
whole distribution is the ntun of tlomr dui* tu iin |.:u? *. 4v;rU 
that : 

The aveeuf/n ralue on a aphtrin/l ^arjUrr ,t/ ?hr ^ 
tlon due to unij disfrlhuflon of muttf v MifsVrMi ^ v. -i . - 

is equal to ike value of ike joitnitini fun>-foin Mf fhr * nf> •? f 
sjdiere. 

If a function, f-, of the npaee eiuirdui.if^ .di .&UiS il J}-(,S.l’s 

mum (or a miiiiiiium) vntiio ai a |K>iiil, t,t, a t-i .n 

about Cj/ as coiitvo a H|ilii'rii'ul mirtufi', .s’. >>( j.i.hJd ■... ■ iudi 
that the valuo of U ul ovitv |hi)i»! tif .s' ..L..!! !«■ b -. , . j 
gimtor) than tho valuo of V ail V- t* , 

from tlio thooroiu jiwt Htiiloil tlmi. : 

The 2>ot0ntial funrtiiin liiif In it jhiitf ; J f f r »■ 

cauuot (ittdtu eUhvt a maxiiHutii of n Mf -.s-isv 

2wint in evvptij »part\ 


S, Kiir, if iht^ valiu^H of tho potnnlial ftmotioii at pointn in 
ompty Hpnci* just A' w(‘ro dirf(u*cnt from tlio vahm iii- 

nido, it W{)uld alwayn lu^ j)OH.sibl(^ to draw a aphoro of which 
tli(^ {‘{'iitn' Hliould ht^ inaidi^ A', and whicJi oiiiaidt* A' aluniUl iu« 
(dudt^ only nnch juduta aa W(‘ro all at (dthcr hii^hcr or low(*r po« 
tt'Utial than tln^ spacer innidc A'; hut in thin cano tln^ valium of 
tlu' ])(d(mtial function at the centn^ of tlu^ aphort^ would not be 
the avcragi^ (»f ita valuca over ita Hurfacc. A morn aatiafac- 
ttiry pn>of cati bo givmi with tlunndpof Spliorioal Harmonica. 

'I’ho valium of tlH‘ ijotontijil function cannot bo camatant in 
unliniitcMl empty apaco aurnatuding an attracting mann A/, for, 
if it wens wo c‘ould Htirround tlu^ muHH by a Hurfaoo over 
wliitdi tho Burfaoo integral ot normal attraction would be xoro 
umtoad t»f 4 wM, 

'rho avoragt' value cm a Hpbtuacal Hurfacm of tho potential 
function [ F )» dm^ to any dintrilmticm [ 4/] of attrac^ting matter 
wholly within tlu^ Hurfuco, ia tho name an if 4/ wore' ooimom 
tratcnl at the ocmtro O of tho Hpiioo which tho nurfaco omdoHOS. 
Kor tho avt'ragt^ valuoH [ / ^ and ro + A.jy of J” on emm 
centric HphoricaU Hurfacoa of radii randr + Ar may bt^ written 

^ f Fdn (or -- ( Fdw, if do* \h the solid angle of an eb- 

4 wrKt I wJ 

tucriUiry cone with vortex ut O, whicli intercepts tluj element dn 

t r 

from the Murfaco of a sphere of radhm r), and -- J (r+ A^ F )ti&j ; 

1 (* 

wlmnee A^ Fo « I A^ F* 

4 

and faK-dw. 

Now — amelia b tlio iiitpgial of nomml atlrwuUon taken 

over tho »|ihprU<al atirfntft', wlioHoo, hy (Jnuas’H Tltoorom, 

d W Af ^ A/ . .. 



iSN rui’. of oha vrrATlON. il 

of a Hin^lt' futiciion l \ atul wo may wvito onv f^tMioral ociuation 
in tho form 

wlunu’o, if f) \h (MuiHiaiit, 

/> /) / ' I (’oiihU, 

ami t-lio HurfnooH of oqua] li^alnjstai.it* pri^H.surt^ uro hIho ocpii- 
)io(.t'n( tal Hnrfari'M, 

Aoi’nnliuK to Mh' fna' houmlin^^ Hiirfaroa of a li<[ui(l at 
n‘Ht mulor tin* notion of f^n’avitation only an* (MpiipotcmtiaL 

EXAMPLES. 

I, I*rovn tiiat a jiartir-lo (’annot Ijo in Htalilo (‘(inilihritua 
umlor fin* altraotitm of any HV.sioui of massiss. [ Karnsliaw. ] 
!j, Hh* oartliVs jiotontial (nnotion oJvpj'oH.soil in tlm otnunujii, 
kinoiir, oonf iuiotro f'ntmmo soooml unitn is USl for pointH 

alioV'o ! !h» snriaoo, 

n. Provo that if all tho atiraotin«c mass lios within an (S|ni“ 
potonlial siuiaoo S mt whioh V (\ thon in all spaot^ outsiilo 
A' tho valuo of tin’ poUnitial I'unotion lios IkMavoou (' uinl (h 
'riio htmroo of tin* MissiMhippi Hivor is noaror tin* oontn* (jf 
tin* onrth than tho nunUh i^. N\ hal ran iu‘ infonod from thh 
abont tho hiopo of lovol snrfnoi'H on tin* ourthf 

fi, If in (bn I .r nnulo otpnil to /,ovtu P booumon intbnlo. 
Ihws oiui yon roooiu'ilo thin with what in snul in tin* (Imt part of 
Soolhm 

lb Art’ all solntloim of Laplnoo's iMpiaiion p<mHiblo xnltU’s of 
tho jattositial fnnotion in ompty «pnoo duo to diHiributifaiH of 
iinUtor f As^nmo wnno partioulnr sj*|ntii»n «»f tluH oqnalinn 
whii’li vxill Horxo m lla* polontial fnnrtjon duo to n possiblo din- 
trthntinn iind shim what this distrilmtion ih, 
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mass Af is not ill geiuu’iil tin* Hisf nf ftuun' ilm* !♦» U uhnli 
tliroiigli r. DiBOUHH tliirt HtalfiiU'iil, ami i ^r|»nrali'|\ 

cases where the lines nl’ force nn* slrnighl ami uhrj** thi-v ai. 
curved. 

9. Draw a figure e()iTt‘Hp(»mling t(» l‘*igt!ie 17 fni fhr » u mI 
a uniforni splnu’e of unit rmliiis 'Hmaoumled t»\ a « jr 
spherical shell of radii 2 and d reH|nM*(i\ ely. 

10. Draw witli tlu‘ aid of Uun ** »»!' Itan t»f ih,- 

cquijmtciitial surfat’cs due to two hnuio^em-Mtoj uisiiuf«- * \ lin.j, r* 
of equal deiisi(.y wlume axes are parallel and ar :i »h r *.f 
5 inches apart, aHHiiining (lie raditm t»tie ui' ii»r minoltfi ii. 
be 1 inch and that of the oilier tt» be 2 im Ja*^, 

11. Draw with the aid of eDinpasNen mends. ai nf 

four of the equiiioteiitinl Htirfaees due fu fwM b*oien»ri«.‘. am 

spheres of inasH m. and 2/a res|iei‘ti\rl\ , r.uhr-t iu» i 

inches apart. Chin i‘ijiii|)oti‘ntial sinfaerH br di nu* >»»» / 4 *j f.i b,- 
wholly or [airily within one of (he Njiheren " U b ic \ :dor «if f b, 
potential function given an equipolndud ^aafio . ^diip^ d 

the figure 8? Show that the value of iW irHolbuil i .. 

point wliere iliin curve erosHes itself in /»-tn 

12. A sphere of radius .1 iuehen and ot i nimf mt ds ioof^ m 

BlUTOUnded liy a Hpluumad shril romruUir mfU it m| mdr. I 
inches and a inches ami of deimilv /« r. r m lb*' ds^4:im r 

from tlic centre. (‘ouiput(» the values of lla* aHiarfiMn fM,d ,4 
the potential function at all poinlH in spurr and dnn% * m%rH Im 
illustrate tlie fact that and are i‘\rs \ isnsi iisn««n>5 
and that diseontimmuH at eeilaiu pi»inb» 

18. A very long (‘vlimlin* of radius t im hi*^ and *»r r.-nHimi 
density /a is surroumlial by a e\limlii<ad »brll nitti, it 

and of radii (1 iuches ami H iurlu-s, *riie dfunoH *4 Him ^ds« 11 5 ? 
inversnlv fn tit 1 1 1 « j. i/ . . . . . . li 


>» •> 1. U 

to (iml Uin attnu’.lion in Uio tUnu'tion of Uio axis of x !ib pointH 
within a nphorioal hIu^II of nuUi ami )\ ami of (tonstaut don- 
Hity p, 

ir». Arc^ tlioro any othc’r cmHOB (‘xc.opt thoHo in which tho 
dtMiHiiy of the ntiracting luaitcr dopcmlB only npou then din- 
tiuuH^ rnnii a tdancs from an axin, or from a cmitral pt)int., 
wlu'rt* Hurfact'H of tnjual force are also (‘([ui|)ot(‘ntial Burfac.(%s V 
Trove your aHHcrtion. 

ITu Show that the HtH’oml dcrivativo willi n'Bpcct Ui vT, of 
the potential rimction due to a homogcuuHJUH Bpluum of dmiHity 
p ami nuliim tt, with cumtrc' at tlu% origiUj in ^rpt for inside 
pointn, ami | wptt^[r^ .’lx®) / for ]>ointH without tht^ Bur» 
face. Hinulur c'XpreHHioUH i^ivu^ tlu^ vahu*B t»r tiu* Ht'coml dt*riv- 
alivcH with renpeet to i/ ami .r. Show that the normal Hccoml 
derivative of m | np j\tHt withiii the aurface and f ^ irp 
juHt vvithtml. Slunv that the tangential atamud derivativea 
are cimtinmnm at the aiuTace. 

17. 'rw{> iiiiiiorui Hlraight wirea of length / and t>f nuiaHtm mi 
and m 3 are parallel to eaeh (Uher and [)erpenthenhvr It) Uie line 
jttiniug their mlihlh* pt»intB| whieh in tif lengtii tfx* Show that 
the ntaoiini tjf work retpiired to inereiiHe the diHtance iu’tween 
the wire« lt» hy moving tuje tif them parallel to iknelf in 


*i m . 


// 


Vr^ + / -- I 
i/ 






[Minehitu] 


iH. Show that if the earth he auptuminl apherieal and covereil 
with an m’eiin of wimdl de()ih, amt if the aUrjudion of the par- 
ttelep of water on iitt‘h other Iw negleetmh the ellipticity of the 
tKteiiii »phertihl will he given hy Urn e(|uatiom 


T7ie cr^ntrifutjnl fnm^ at iht* ripmtnf 
it 


llh A apherlrid ahtdl whoae iiim^r raditm m r cHinttdim a 
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20. If tho Ocartli woro molt(‘«l init^ a spln-r*' hMfjMntt-rK'ntirj 
liquid, wliab would !)(' tha pro.s.stU'o at tla* rmfir m jua* 

square foot? If tlnn inoltan a]»hrn* uvA^wd Mt !imihm 

geneous had a KurfaaoiIouBity of and an a’.rra.?' 

of 5.6, what would b(^ ilic priwauv at wuu*' lat tlu- 
position that tho douHity iurnsisfd !m fh.- 

depth ? 

2,1. A solid fiplioro of al tract iug uialh-r m! iua > , ?5} 4iu| m! 
radius r is summndod hy * * h »4»« 

the Law of Hoylo and Marinth*. il lie* ^'4h«»h' i- r.i 
from tlio attraotiou of all (jIIut uiatl^ t. lind i ii*- l.o% «4 d* u- 
of tho gas and tlu^ pri'ssurt' on the unt’nih^ id fhr ••-id.* !*■ 

22. Tho potf^ntial ftnict.inn udlmi a rlunt*.! ^^u LM r \ .i \4 hi 
matter wholly outsidi* the surruce hu* li»r r\!ii iar i. d.t« ^ li.#’ 
extreme valiu?M iqjou X 

22. If th(^ [)oi(‘ntial function^ T and I ’ > 

of matter without a cloHcd surlui’c h.iv«* \lu^ •i.uu- \4!i4' d Ai 
points on tlio Hurfaei*, they will he tqual I lai’UfrhMn? I'l^y fq^sr*' 
enclosed by th(‘ sur facts 

24. Tluj [K)t(‘utial fimclitju tmlnide m| 4 t'hrn d <.■<■ .fur 

to matter wliolly within tln» Mirhier h.i i l^r si-. » Un i,.*' - 

two of the following thrt'c «piantiUrH /» jm 4ud luv ^ "i.. .• 
values upon tho surfatut, 

25. If w is lianmuiic in the ilMinaUi t, .r.* ? u; . d .m 

of w on any spherical surfaco wdlun /* e > n| i.il t . ^ ^ 

value at the eentn^ of Iht^ II A r> 4 « 4 r . < 

drawn in 'I\ and if u* is net k*s« ih i: ^nd . . a. i 

values of w are to he foumi tut S fh.m ^uUun st 

[AiifiworH tosomouf tht'Hi' 4. ^ Ii4 |.f 1, 

loma illuHtrativo ef the U'Xi uf UiJ^ rhi^jUrr lliHls Iw-i ftl.f It -'I 

tho book.] 



IK TUh) (1AHK OF RKPULatOK. 
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CUAPTKR IIL 

THE POTENTIAL FUNCTION IN THE CASE OF 
EEPULSION. 

39. Eepulilon, accordiag to the Law of Nature, ('t'rtain 

pUynit’itl plu’ih»njrim Icarh tin ihul IkxHi'h iuun utajuiiu*, hy 
t’li’firilicHtitJU t»r t»tlu*r\viw, tin* |UH>|uTly of n'pi'lliiiji: mrh <)tlu»r, 
njitl lluit Ilia fnraa of ri'piil^ion in'twaan two huilu‘H \h 

cifiaii uHiali ^raatar Ihnu Ilia foraa of nUmalioti which, aa- 
('circHug to tha Law of (imvilulioiu a vary hotly Iuih (or t'Vary 
otliar luicly, 

Kx|iariiutnit hIiowh that nhuont t‘vary nuah aiiHa of rapulHion, 
howavar il itiiiy ha axpluiuatl phy^iaully, anii ha ([lUUiUlntivaly 
fU’tnnmlail lor hy (hi‘ i*\iH(i'nai' oThoma dinlrlhtUiou of 

a kind of^* mnltar,*’ avary purtiala of whiali in iti rapal 

a vary otlu*r jijutiala tif lha Hunu* nori m'aordiiijr l«i tin* " Lnw’ t>f 
Nnlnra,” thut in, roughly htalad, with a fiU’aa dii*i‘atiy pro[nM*“ 
lioiml to tha prodia^t i»f lha ([imnlitiaH ttf muittn* In tlu* ]mrtit*li*H, 
and invai>ialy prop»>r!iiuud lo lha ntpiara of tha tliMlanaa ht‘twi‘au 
thair aantran. 

In aimpfar vva s^hidl ftHHtnna, for tin* Hiikt* of argoniant^ 
that ^Uah nuUlar asint^, nutl proaai»d tti tliwunn tin* alTaatn t»f 
tUtlaituit dinii iliutioiiw t»f it. Sinai* tha huv of rapniHion whiah 
ua imva UH^nnad lin, with tha a\ai'[Uion of tin* oppohita iliraa- 
don?% of lha f*iraaH» nnillianmtianlly idaiitind with tha hiw whiah 


^u. Jcoroe til/ 

Repelling Matter* ’I’wo qiiuil <pi.ii»{in. - mI lii. ■ 
ctoucentmUHl at pi)intH nt tin* uint ai-.f.iiu* .q ».' » « lil. .1 

‘Miuit (luantitirH*’ wluMii llu‘y urr Mirh !»» Ha tm,, 

ropulHiDii l)u(i\vc‘(’U tlii'Ki ihf laiit }nrri*. 

If tha ratiu of tluM|mui!ity nf irprlliuit u t in.ai 

closocl slirfacHi .su[)puHi'il ilnuvu al‘*»ui a pMua i\ 
of the Hpucc oiialo.si'il iiY thr hiu'rjti*i*. appi‘».i> h* ■ hi m 

l;lu 5 aiirfaco (ahvuvH cnrld.sin^ /*) i'* ,| r , h, s- ^ i- - \ 

and Binallor, p ia (’allad thn ‘Mli-UNity ol fis* ^ ^ o* du i 
at P. 

In order to find tlu‘ inu^nilndr sif nu% j»«nu? /*»*! f » mu.. 
to any given diMlrilnilinn of n-prllm- ’hM’’* '’’ 

t]u‘ Kpaee oe{ni])iiui by thin nmft«'r n* br u|* dl 

elements, and (*ompu(i‘ an a|>|in»\iiaab“ *4 ?!u> h.j- . 

assumption (hat eneh elnneiil irprh n nad •luu#??!’. .m !n 
ooncenlrated at /* wilh a (bm* ripial Im ih.’ ! 
in tlie. element dividisl hy fin’ id iW d? luu. » b. !u. . u /• 

and one of the poinls of \Uv idmirnt. Idii luu-? i,. d 'u 

this apjjroxiinale vahn* the m/a* nf ilu’ rlmi. ^ i-/ du^.u^ d.. d 
iudollnitely in Ihu value rei|uiied. 



Viu 


Let Q (Fig, hO), wltime I'tHudiniii m fsfjt’ r’ «/ ■ I.. 


thi* (linu-tuni QI\ or a fort’o of niaguiludc acting 

/h/ 

ill llu* diri’ction PQ» If tha cofirdinaU'H of P nrr .r //, .r, llu' 
iHnu|Hau'Ul of Huh fortn* in thn dimdion of llu‘ poHitivi* axia of ./• 

in ^ /* pnralhd 

to thr nxin t»f x dun to tliu wholu diNirilmlioii of iviKdliuj^ 
niatUT In 

V ( p(*r' — ri !>5 1 


wlunv thn tripU* iuingniUou in to bn nxtnudntl ovnr Uu' wholn 
(UU»d with thn ri»|udUug maltnr* Fi»r thn oompomaitH of 
tliu fornn at /* jiarallol to tlin otluu’ axon vvt* havis nimilarly, 


and 



p{ i/' i/)(lj''(li/'ih' 


-rre 

p{i' ~~ 2)llx‘lltl‘llz' 


J.'.l [(x'- 

(s'" 



[iw,.] 

Ci'-i’'.-] 


If WC1 donoto by I*' thn fuuotion 

/"* /"• /I f/y 

J .1 J ( x)*+ (»/* ■-'/)*+ n'-s)®jr 




wliit’h, liiffi'tlH'r with il»i llrtit ilc’HvnlivfH, Ik cveTywlicru finite 
iiml e(»nlinmiiii«, nn we Imve wliown in the liwt elmiiter, it i« ent*,v 
U» »ee Unit 


.V 


‘I>,V 


y. 


■ a.v 
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n ® V {/i. V)> f ( r )' + ( I' )*. [t-iH] 

ittirl that thv of tin* liin* of iitdiun of thn ro« 

uttltiifit fom« at /* aro 


any direction of the force nl u fioita /Mur i»* nuy drduhuiiMii 
M of repelling niatlcr 1^ iniium thr \a!ur ui /’ »»!’ itir p:ur!Jil 
derivative of the finiclion V Uikvw in tUnt »hi« * ti-n. 

'riic function 1’^gtH‘H by the name uf rfs« Sr^iunnun |»m!« uHuI 
function whether we are dealing vMih ath tnie •*! irp* 11111.4 
mutter. 

In the CUHC of repelling inalter, it h r^id* tsi ih* i« ftnliiun 
force on a particle of the innlU-r nl nus t* u 4 '^ 4 u\v 

particle hi a directhm which leadn !m a 

tial function iiaa a lower value, \\ hei<%i^ m « 1,* . ! .Muii.n 

tion a particle of pondendde mallei af nnx 1.13.1- ?.♦ m.*\v 

in a direction along which tin* ptUmiind fiii» hju-s 

41 , The Poteatlal Funetion m u nt Work Is 

easy to tthow hy a inelhoil like ilisu *4 Ash*!,- iiio.! iijr 
amount of work reijuireil l<f nmu- a noil ^ -f sr|.* lhs*- 

matter, concentrated at a |HMnl, fr*»m i\ tM i",, ui s.i.^ ,.f fm- 

force due to any diwlrihntioM A/ of ihr tuunr .e hs jsi.s, 
Ka-— Ki, where ]\ and are He* \nhu'^ '.a /**, tu«=l /*, -in-, 

lively of the potential Ametinn dn«’ «»* 1/ | hv i* j,, 

from the given dintrihiition, the wiiiailn I ,, !h, 4,,rr, 

I'i*— Fi dilTer from Tg. In fati, iln' ..f |«4.ji(!3iil 

function at (he [aiint /V whervvrr it m?n i-r. f!,,- n^>tk 

which would be m|uired In move ttir iimi !.piai8i4fi. .4 sa-dirj 1,-1 
any path from ‘'hdbiily** to /V 

42 . (}aui8‘s Theorem In the Cm d la|»ltiitg Umm ir .1 
quantity m of reiielling mailer ifi r*»i$rriiUaird ,1 |.,.h4 

a closml oval HurfacT, the re^iiiliifif. 

on the Hurfaee acta t^manl tlie «mi.f^ide mI il«»’ v :%4 ,4 

towards the iniide, an in the ca,«ii’ *4 niirto-irtii.* 5,11 -4 Ss : 

ICaeping this in rritmU we rrmv re|H«iii tbr -r P- 


null pardy willuMit. u fltmial HUii’aco 7\ and if J/ ba liu* wholn 
ipinulity (»r lliih rimltiT I'lU'lom'd by 7’, and M' thn (piaiitity oiiU 
aidi’ 1\ tin’ MirfuiH* inlc'^^^nd ovin* 7’ of Uio (‘ompont*nl in tlu* di- 
rft'iii»n of tin* rjirnar normal of (ho foivo dm* to both M and 
\h oqual to j Trd/. If r bo Llio potontial fimo.tion duo to M and 


J/\ wo liavt* 



4 jfM, 


43. Poisson's Equation in tha Case of Eepelling Matter* If 
wo apply I la* ihoui'om of (ho hmi, arlioh* t(^ lla* Hiirfaoo of n 
volnmo oloinont out nut of Hpaoo oimtaining ro[n*lIing maUoi% 
lUtd UHt' llu‘ notation Artiolo wo hliall Ibid that in tho oaao 
tif rootuimdtlar ooih'dinaloH tho Murfai’o tnlo^rab (akon uvi‘r tho 
oloinont, of tho ounqumont iu tho dirootUm of tho oKtorior 
normal \n 

^ f- ' h '^‘•^1 « -I TT/I,,- AxA.vAi, 

A// J 

whoro X \n tho aviMimo omuponont in tho ponitivo diri'otion of 
tho asm of X of tho foroo on tlu* ohnni'nlary Murfnou A//A;r^ and 
wluno r and Z hnvo ainnlnr nu'uningH. It in ovitlont that if 
tlio i-loimml bo miido ^inallor nml Hinullor, A', )\ and Z will 
npproHoli im hniita tho oomponontH pnniHol to tho oodnlinuto 
ast'ji of tlo' foroo at f\ ‘riioNi* otnupfinimtH uro 
am! I”; that if \vi* tllvido [1*1(1 1 by A*rA//A^ anti thon 
dtM*roiino indollnilolv tho lUmoimhnm of tho olomoiit, wo ahull 
lurivo at tho ofpmlum 

^ Ir;*, [tni] 

Uy 'Hiiroof4«^ivoly oyllndor oonrdiiiatou aiul wphorloul ou- 

tmlinnto?* nmy pnivo tho of|Ualiona 

I tiArlKV) i ll>jy+ [l.'W] 


/* ? 1 * 



attnicting or uiuttiT. 


44. Coexistence of Two Kinds of Activo Mnttin- i ^wivn 

[)hvsi{‘iil piiiMioim'iiH limy lio mitv rui« n» Uk »i osiftir 

inntiitally hy a.s.suiniii^ llh* {‘lU'MHh'iirr mJ ium kiiui •«? mi'h i*' 
HiU'Ji Uml iiiiY (iuniiti(y of kual n |n i * Ul .4l«» j u. au t of 

the kind a(‘i’or(|ji}^ to flu* Unss *»J N.4t.o» , ui>l r i all 

luatlor of tin* oIIut kind ni*rnii{uiY. 1 “ Uh- ^.nu« I.n% 

Two qinintil-ioH of hijoh mailrr umy f if^ 

when pliuHMl in Iho Kiinn* iHv^amn m a h« l.| ».i i.a«» , Hi. au- 

subjeeU’d to n’lsultant. fnii’o.H ubirii air r.|o d m amt 

whioh luivo (lie sjuiip linr nf artmu. 'IW in.. k|ii ^ 

imiliU'.r are of (he annu' kind if Ihr dnn fii.nt >4 ifli» 
forces is the sunn* in the Iwn r:i->rn, hut **( dr!. of kOid ^ it Ihr 
direetioiiH an* opiHmed. 1'he inut qn.uif s!) * m| i s that 

(linuility which conciMilHilnl nt a pMiut umhM i.p.i 
unit force an e(|nul i|nanfily of thr kuid . *»u. . oh.H. 4 

a point at till* unit distinn'c from tkr lii^i p*uisf 
It is evidimt. fl'nin Arlicien 'i, U, and to HihI ? * nuit-i ».f ,,iii 

of these killdn of inn((ei\ if nMirrntiatrd at a aul! r V, . » Itid 

CX])0Hed to the action of ai;, /a.» ... inoHt *4 Hik *, uur 
kind of matter iNinemtlniled reH(i«Miu*d) id thr » ‘ , v , : i, 

?/a» 1 (•**n j/.a ri)« '»• (►'k' 'h* and *d m, , uj^ 

uiill.K of tlu^ other kind of inalhu mn* « 4 diat<i d . lu . tii 

the jioinis {j\ ^ j, ^ i)t (»«'j . s# . ; > . ? * . 

will lie ur^ed in the tliivetion piuallrl Ut Ua |r>«»rsHur .4 * 
with the force 


X« - mV'"' o V 

»«* 1 I - » I 

wliere T^ is the iliHtant*e lieiwmi th*” 
(®(. ?/(> *() . 




I 


■/ 4 


fi.al 


; s a«id 


otluM’ l»y c*;illiu| 4 : nui' kind " and ilu^ oUun* kind ‘‘ nog- 

jitivrd' it, is pusy that, il* nvnry w whicdi ludougs to [iositivo 

inutU'V 1 h' givi'U tlu* phm nigu aiul (‘vory m whitdi bcIongH ia 
uogidivi' luulU'i* llu* uiiium sign, wa* may wriin tlm. last otinalion 
iu tlio ftnau 





'Dm’ roHidt tddaiiM'd by nniking m in [Id^)] cMiiml to unity is 
c’ulli’d thr furcr at ihf (loint 

In gtajorab m iinilH uf oithiT kind of nnitU‘r (‘ontanitmtisl at 
Um' point (x, //» iK arid oxposial to tho action <»f any conlinuouH 
distribnlion (jf mailin', will Im urged in the poHilivu tliivt’Ut>n of 
Iho axis of X by the forun 





fi(x^ x)(lx^tlf/'tlz* 


[UXi] 


in ihifi exprcM^iion, fu the density at in to bo lakon 

poMitIvc or negaiivi' aeronling nn tim mailer at tbe poitil in 
ponitive or ttrunlive s m \n to hsive tlu‘ higu belonging U» the 
matter at the point (x,ji,z]: and the limitH td' ititegratlou are to 
he ehowmi iin to Inolnde all the malter wlntdi aeln on m. 

With tin* Maine umlerMtnndiiig about the nigiiH of m ninl of p^ 
it is elear that the fonn^ whieh urges in any direction m nnita 
of matter eomaniirated at the point ia cnpial b* 1*“, 

where T h the everywhere Unite, euntinneum^ and aingle-valned 
funetion 



pdx^dijth* 


and that m F measures the amount cd work required to liriiig up 
from ** infinity'* by iiiiV path to its prenenl |M»sltitm the m unili 



lU ICS UAUO/A UJllCbU A*. .T, 

forceduetoanydiHfcril)Utit»u(»r|Hmitiv<»iitnl nn 

as to include a quantity of i\m matter lu (j, 

the surface integral taken tiver 7’f»f tin* m ihv ilurr« 

tion of the oxUvrior nornuilof the ftirri* nl Ihr ttsilnruf lU 

the surface is (Hjual to 4 wQ, 

It willbo found) iiulecuU that all tin* rquuliMnH luid {h*‘*ursim 
given earlier in thm chapter for the nwe t»i mir hunl *4 jr|.rllu8|„^ 
matter may l)e uh(hI \nu‘hanged ftn* the vmr ponsiur uini 

negative matter coexint, if we tmlv givr t«i mhI «i fhnr piiq^rr 
signs. 

It is to be noticed that t^aiwoii‘*i n|qdiriifd»^ 

whether wo are dealing with attracting rnaUrr llmg niia« 

tor, or positive and negative matter rJ^i^Ung n^grllicr, 

EXAMPLEi* 

1. Show that the extreme VfiUiei* of the i^acnind fiiurtiun 
outside a closed anrfaee *V, tlue to ii t|MiitttHy *4 norllri 

cally equal to ssero within the aurfnee, arc tim r%ii* tyr 
on S. 

2. Show that if the jadenthd function «lnr ti* n ^iMinUn i4 

matter algebraically tniual to muti and ^hui in h% mu. 

face aS' has a eouHtant vnltie all over the mrtm'r, thru iln« ro{j» 
stant value must hu a;eru« 

3» Show that if thn function ic, which cveri • 

where outaide the finite duMcd aurfiu-p S, ^iinudiea iii §nhic 
ity, and if r rei'ireHcntH Urn dmtwieu from m%} iiitr.s| 

HmU ^ ^ ixmUk 


ailAPTKR TV. 


BURFAOE DISTRIBUTIONS. -GREEFS THEOREM, 

45. Force due to a Cloied Shell of Eepelling Matter. If a 
4\iautily of M*v\ Ilnrly-tUvitlvtl inallvr oufUmi'd [\\ a 

bn\ nf any Hhaju* nmtli' of nuitt'rial, it in ^‘vidiujt 

friuu [ 1‘iT 1 nud fn>in \hv priiuMpU'K of Si'Klon Uh that if the vol- 
\m\v of the ho\ in greater lhau the Ht)aei» oeinipiiHl by the repel* 
Vmp, matter, tlie latter will nrrauge itaelf ho that itn free Hurfaee 
will 1 h' iM|u)poteutinl with regard to nil the iielive nuiUer in 
e?ciHteiiee, taking ilitti neeount any th(*re may hc' outHidi^ the box 
liH well aw that iuHtde, It in enny to Hi*e, inort*ov(»r, that we 
whall have a wlndl t»f matter linhig the lujx and euehming an 
emjdy wpnee in tin* middle. 

*l1nU any Hiirh di^'^tribiithm an that indieated in the Hidijoinetl 
dingram iw impoHHtble followH innnediat«‘]y from tin* rtninonlng 
of Seelion ;t7. For nml IjEF are partn of the name 



iH|uliHiUnithd free wurfiiee of the matU^r. If we complete tlun 

t . ..II .J 1... O... to.*.., ..... ..1.-01 
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surface. But in this chhc all polnls which (‘an In* n*ar!u*a fi.nii 
0 by puthH which do not cut the ivpidlini^^ luiHf hr ni Uu* 

same potential as 0, and this cvidcully inrluilrn M ^paot. u»u 
actually occupied by the repelling" mutter; wlmdi in abHunl. 

Let IKS eonsider, then (see ’hf p a eln^'d ‘-hr}} mI j. ptdhhir 
matter whose inner surfiiee is tMpnpo{eh(inl« that at i'\ri\ 
point of the cavity which the sliell shutH in» tin* reHulPuii Tmum*, 
due to the matter of which fhc shell is ciuiipo^snl iiu»| 
outside matter then^ may be, is /,cr»>. 

Let US take a small portion w of the btaindini,’: nf the 

cavity as the base of a tube of foree which nIihU uitrirrpi mi 



area cu'on an eqnipotential surface* which It Jtmf unf.^hh- flu* 
outer surface of the nhelb and lei m applv I hrMi* f4i tn 

the box enclosed by <.n m \ and the lube Mf *• U /' i-, 
average value of tin* rimnltunl force on wb the mhU pint *4 fia- 
surface of the box whitdi yields anythinu U* ifie fai r ssi!r|<:iii| 
of normal foree, we inive 

- I wm% 

whore m is tlie (jimniity t»r mailer wiihin the Lm\, ir wr mulh 
ply and divide by w, this (Mpiation iinn writiru 


u i Him m min i iini- inmu Ul CUllHUl- 

<D 


invd llu' vivliU‘ ill *1 of Uu* nvlo at wlurh iho, matliT in Hproail 
upuu tiu' Hurliu't*, If vvi* tli'uoU^ tiuH liiniL hy <r, we hIuiU have 



If // 1 h* IfikiMi Ju.^t inUHitle llu* nhell, uu<l if the hitter he very 



evi(ti‘nlly tlilfia'H litth* from unity; aud wt^ him* 


that till* 1‘ewulliml ftM'c’e at ii pniat JuhI (mtHule (he outei* Hiir- 
fiiet* t»r ii hIii'H of innller, wIiohi* inner HnrfaiM* in t*(|nip<>tentiaK 
lieeoineH more niul Jtiore nearly iM|ual t(» Itt timeH the ({iianiity 
cif matter pm' unit of nurfuee in the iliMlrihuliun at that point an 
the nhell luH’omeH thinner ami thinner, 

'The rmuler may llml ont for Ihmm'lf, if he pleaneH, whether tn* 
not tin* line of aetion of llie reanllant foree at a point jimt out- 
ride HUc'h a aliell m we have been eoimulering in nonuul to the 
Hhelh 

It \h to h«* enrehilly iiotleed that the inner Mtirfuee of a ehmed 
aliell tieetl not he ecpiipoteiitinl unleHH the tuatter emnpoHinii; the 
aliell in tlnely divideil and free to arrange ilaelf at will, 

Whmi tiie nhell U thin, and we repirtl it m formed of matter 
apread n|M»n \in inner nurfaee, cr la euUed the ‘‘Hurfaee density ** 
of tin* dintriladion, and \tn vnlm* at any point of the inner Hur* 
fai’e th«* whell may he re|carded na a meannre of the ainonut of 
matter wliieh mnat la* lipread upon a unit of mirfiiee If it ia to 
la* miiformlv eovered with a layer of ilhekneHa iH|ual to that of 
the aliell at the point in c|rieation, 


46, SttrfaOi Biitributiom It often heenmea mnn’HMfiry in the 
rnttthemidieal ireiitment t>f physieal prohlema, <in the aHHump* 
titm of the exiaieuee of a kimi of repidling matter or agent, to 
Itiiiigilie n finite ijniititlly c»f tliia agent mmlvuuml tm a ^iir/hea 


while the quantity of inattci' la il. nunaiuftl unrhuri|;<»d, thi* 
Yoluine (lenyity (/>) of (he hliell would ^ro\v l;umT niul laiKor 
without limit, and <r would nMuain linilr. A dtHJrihuiiiui liho 
this, which is conskhu’ed (o luna* //o (hickneNn, i>» i-ailrd :i nur. 
face distribution. 

The value at a point I* of tin* [lotmlial fnnriuui duo ru 
a supcdlcial dintributiou of surfare d<*u,Mit\ tr fhr Niufaf ** 
integral, taken over the dlHlrilmtioiu of wlu’to r in thr 
tance iVoni ,/^ 

It is evident tluit ns long an doo*^ lail hr r\nt*rlv in fhi 
distribution, the [loteiitial fiiuelion and if'* deiu ariu-^ nir nhu4\^ 
finite and coutinuous, and (he* forer al {iny (Hnuf m iu4\ dun-. 
tion may bo found by dilTeretiliadng Un* porriiiod fuinimn 
partially with r(‘ga.r<l (o dial, dina-lloii. 

If p were inliiiihs (he naiHtiuing of Arfitde wumM no 
longer apply to polntH actually in die artier infUlrr, iifjd if 
wortli oiir while to prove that In the eane of n ^nafsn r de4u 
billion wlien' <r is ev(‘l‘ywlien’ rh«' vidm" id n |«nnf /S.r 

the potoutial fuucliou due to the difilrihuimii u mainn lliotr, 


X 





li . . . 1 


tho tnn||c*iit pliuuu 

If thi* cMirvnttn*t» in tlui ntn^lihorlinoil of (> \h flniU', it will bo 
poHnibU' lo tlrnw tni tin* HiirfHoo nboiit. (> a (*loHt*(l lino nuch tluU 
for ovory point of tin* nurfact* within Huh lini* tlu* normal will 
mnlvi' an nfiilt* an^j^h* with (ho axis of 

For cn>nvonionoo wi* will draw (ho olont’d lino of nnoh a slmpo 
(hat IlH proji»oti(m on tUo lnngi*nt piano Htmll ho a oirolo \vU(»ko 
oontro in at (i ainl wlnmo ratliuH m and wo will (‘ut tho aroa 
fihnt in by (hin litio intc> olomon(M of Huoh nliapt* I hat thoir pro- 
Jootioim upiut iho tauf^onl piano hIuvU divhlo Uio olrt‘lo jnnt 
iiu’idionod inttj olonionlH lnnnuh*il by oom’t*it(rii* (*irc*nmfori*nooH 
tlrnwn at radial intorvnU of Aa, anil by radii tlrawti at angular 
dtHtanooH of 

If n, n aro tho otiflrdinatoH of (ho point J[\ y, //', 2' tlnmo 
of a iKiint of otio of iho oloinonta of tho aroa nhut in by ilio 
ohwoil lino* and a tho nnglo whioh (ho normal lo iho H\irfai*o 
at thin point mnkoa with (ho nxln of tho nii'.o of tho Hiirfaou 

olomont H npproximaltdv *^*^1 whoro tho 

valuo at /* of tho potontml funoliott duo to that part (»f tho nnr- 
fiua^ dis^trihiiiiun ahut hi by tho olonod lino ih 


oj«f ifudti 

'0 ocma V 


fli/i I 


[!»!)] 


Tho i|nnntlty 


tTii 


trnma 


cnmit V 




alwfiyi^ flniio* for* whntovor tho vnhio of tho «jiiautiiv nudor 
tim riidli’iil nl^n In Iho hmt oxpro^«iun may ho whoii x* and n 
aro 111! /.or«n H oannul Uo lo¥«^ than unity, and thoroforo T, nnmt 
bo (Udto ovon whoii /* inovo^ down tho ax in of x to tho anrfaoo 
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part of this inatto not lyiiif? on llu- porlion ..f tii.- Hut fn. i- ..tmi 
in by our closwl line, wo lutvc I I i I I ,• • iin i- /' i-. ,i 

point outside the nmtlcr wliicli prives Hm- J'., ilo' i ui. i i-. 
finite ; HO tluit I " in liiiite. 

Tlic reudor who wIshcH lo nlmly tin* t»f rii,- 

tiyos of the potoiitial fiinotion, mnl tin-ii li’hdiMU . ?*• li.*' 
componenia nt pointn nclually in a ^nrlat*** dmiiMii, usU 
tlie whole Hubjeol. Irenh'il in llir lirnt part of ItHoaauis’ . , 

Eledridtdt und Mai/nHianiftH, 

IlHing tile notation of (ilia Hcrtiniu it u* %Mif« »|.ihu 

definite iute^mlH whl(‘li ih** \aln<'H ‘O tin' 

function at two poiiilH on llie hanif iiuMunh “or »»t» mji* ^, 1 ,- ,4 
a suporncial (liHtrihnlion, ninl nt n fisMfis 4. :Uitl ifj, 

other on tlio titlun* Hith* at a like iliHiniHa** sm»l fL.a ih, 

difleroi ICO between l.lu‘He inti'iiniiH innv be lyudr a ^ , %i, 

like by chooniniii!; a Hinnll einnadn 'bhin ihid iIn % tby- ,,| 

tlio potential fniietion at a point /* rbnnvt^ * MSsiyoiMunh , , /* 

moves normally tlirongli a HnrrnnMliHriitiiniM}i »»r -ypn 

ficial deimity. If matter emild be rniH’«-nfndrd n|,>.n 
metric line, HO tlial tlnn'e nhonltl be n lliotr iiyanid ^ 
on the unit of leiif^lh <»f the llins nr if n fii«ib‘ fp« oiiiH ..f 1 

could bo really eoneeiitniled »f » p-i, sdi d 

function would be inlinile on the line ilnvlf, loel at fb* 

47, The Normal Poroe at Any Point of a Utirfur# Dtniiibii 
tion, In the eanu of a nlrietly deds 

closed surface where the repidiinic nmilrr Is. . un u..- 
itsoll at will, tile inn(*r Hurfnee of iht' n* » !‘f.a 

outer Hurface, which in rolnehlent wuh in * 0^4 

the roHiiltant force nt a jHant // jn?^c ouf.*ti«b' ifs*- 



It IH vtwy^ ru)vvt‘vc'i% to find thn with wlu(*h tho ropollin^ 
mattor a ku|hm‘IU'UiI (lintrilmtum in oiitvYards. 

Kor, lukr II Muiull floiurnt «j of Iho hurfHoi* uh tin* of u tuho 
of foms and upply ( tauf^H'n *rhi*ori'in to a box Bhut iu by tbo 
Murfuri' of iliHlribniion, ilu' t\du» of forra, and a portion 0 / of 
nil t'r{tiipnti'n(iHt Hiirfnoa drawn junt onlHidi' tlia diHtributioii. 
Li‘l Z^* and /•*' la* (lu' uvorit| 4 ji» forron at tlu' poiiiU of m and m' 
roHpiadlvidy, tiani tin* Hurfn{‘n iulrgnd of normal forcoH tnkon 
ovt*r tlio box 1 h F* til* - and thin, Hlncn the only atdive 
inntier in tnauanUratinl on the Horfari' of Um box (aro StH',tit)n 
l\ \ ), in tH(ual to 2 irtr„f*i, where trj, \h the uverngo surfana tUniHity 
at the pointa of the eknnent m . IMum given uh 

N%iw let the erpiipotential Htirfaee of wldeh w* 1« a part bo 
iirawn nearer and nearer the diHtributioii t then 

tin/** Ibn 1 and 

41 

F ia llie average forcn* wdiicdi anadd tend to move a unit cpniu- 
tity of repelling ninlter etiueeulrntetl hueeeHHlvely at the dllTer" 
erit piilnta of in the tllreetion of the exlerior iiormaU but the 
ludual dinli ibutioii on m la ho that ihia matter preaneH on 
the mtnlium vvhh‘h prevents it from eneaping with the forc*e 
and, in generaU the preaaiire exerteil on the reHlnting 
minlliim whieli anrrounda a BurfacH* dmtribntiou of rc»pelling 
mutter at any per nnit of aurfaee, where tr la the 

purfaetf deimlty of the flbtrlbulion at the iKiint in queHtion. 

We limy Inmglne a aujawfieliil diHtHlmUou tif matter wldeh ia 
fixed* Irmtimd of ladng free to arrange ilMelf at will. In thU 


normal componoiit of tlio ioiw ar- a jusi f he* flif4 

tribution differs by 4 nir from tlio normal , lu flu* 

same sense, of the forcai at a point junt. uiNitlo tin* ds anl.niinn 
on tlie line of foreo which ]niHH(*s tlinmvth tho timt pMusi. 

It is sometimes (a)UV(mi('nt lt» tionolt^ tho •• " tni a 

small area ahoufc a point /’ on a Hiu'faoe dj^fubuf jMji ]i\ i\ 
and the rest of tlic. distrilmti^m hy J‘\ ami u* r*ai .sd«'r 
rately tl 10 effects of //'and J". If I\ ami /h an* pMiui', 
the normal to tlie surface ilruwn fhrninrli /' ,utd fjr.ir fhr 
surface on op])osilie sides tjf it; if AV» A'/' .u*’ th*’ ^4 

in tlie direction /Vh of tin* forct^s at i\ dnr !•» r .md 
respeotively, and if AV» AV^ ar** the rorfr^pHiuliiH* 
at 1\ ill the dircHvtion /*/V thm if i\ am! appiM.o li i\ 

lim[AV I’ AV' I AV I AV1 I -o, 

where cr is the density of tin* diHtnlcstiM!!i at /' Moi !..irr 
dueto//'^diang(^HO(mtimmnsl3“aN /h t****^*'"' ard 
small jV may be, so tliat 

liniiVi'' — ^ lim AV' ami liiiM AV ? AVA i 

and, by choosing //' small cm»fpdn wo nun A y i.. dsfl^ r 

in numerical value as litth* as we pliM^^r it^nu hm \y **f 

2 TTOr. 

If the flurfacm distribution is m|inp«4riiti4h au 4 it ji .hnir* 
in a region of no force, Mmn if /\ 1^. tn r. ^ 

so that A^j" and AV* can 1«* made tu diifR'i 1 , ^ UnU- .i s 
pleases in numerical value [rniii ’J In la.diiu- 1 Mu.dl 
enough. Let the clement of ar»'a eMi«-r«ni h% I' ^ud 
surface) dciiHity of tin. clmru;!' >in ii », ji... },,„ <• j, ,}), 

which y(' is urged in a ilircctii.u nnracd t.. ih.. nm!,.. .- } 

is u)cr‘2irtr wifcldli an itdiiiit4>»un;il <.f r ..t.i.-t i?. ,,. *. 

That is, whatever tlie Higu ..f ,r, ih,. Mirf.,. ,. u 

be said to urge tlii' wuri'iuiiiilnig iiK-difun 
pressure in force uiiitH u-r ui.u »f «r.n. «Ls. h ..« /• ) 





axis of a; of any ono of priHJim riiiH a : ^ ^ ^ 3, f s. • / 

respectively; tlio aiigloH winch thin odgo witli i*\lrrinr 

normals drawn to S at tlicso jioiiii.s* <*1, h-, ua* * aijil (ls«« 

elements wliicli the prism cutn Trtmi tli*’ ywUirv ,V; 

dssj • • It is evident that wlnawm* u lim* !.» 

the plane 1/!^ exits into S, the {‘(trrt'HjHindmg v.tlur mI o 

and its cosine negative, but wherevm^ Mich a luc’ mt-. .uif m| ,V, 

the correspoiuling value of a is acmti' ami rMHUiK^ pupils vr-, 

ICceping tins hi miiul, we nhall mu* tlml alihMii ji ihr hiv.r 
a prism is the eoimnnn prnjpcMinn t»f nil thr rh sia in^ ^Ujirh ji 
cuts from /S\ and in uliHolntc value iu appiM^uMjifrl^ » 1., 
any ono of thoHO nmllipHed bv the nun Midyear nf ♦ ...3 ,,, 
yet, since thuh/^ r/sj, i'Icm arc all pmiinr suran ;u-d ^4 
the cosines anMicgnlivts wo write, if nr fah?' Mrr^.nnf *4 

coHui . cimi#, 

If the iiulicaUul integmiinn with rci^iud tn tin- h f! h m.'i 
member of [I *10] be pcrfonnnl and the pi«»prr limits tuiu^ 4 m rd, 
wo shall have 

f,ht>h{ r, f r, r. , r , ] . f n i j 

wlioro tim (loulilc Nigii of intf}{riitit»u tiiri'i la ui ri.ttit n .juiut 
tity corroHitoiidiiiiJt to llmt in hrni'ki'U fur •■»i rv i.u-mk «}u. u 
cuts A', to inultiiily llilx li.v llu’ mt>n i.f ih.' ,.} ss,. j., 
and to find tlie limit of tin' «imi of itll llii< Tr -.HEi K;^*’ rs »«/ 
the prisms are made sinnilcr find #^inidlrr. 

Since wo may mibstittite fur unv Mi«r »d 
mate values given aluivts we trmv wril*^ lb*’ hsiUhi 

the brackets 

and this shoxvs that the dauldc Ifiirgral 1*. fb*- 



Hlnit in hy A’, and tin* HtHnanl ovnr tlin wlioln Kiivfac.a. 

ht‘t fir (►r, //, .t) Ilf* any point of A', a, and y tlio auglnn 
whitdi tho oKtonor nornml drawn at /' to S inakna with tlio 
ooilrdinnio axon, lunl a point on Huh nurnuil at a diBlaucai 
An from I\ Tin* (•«»firilinati‘H of an* 

♦r 4“ An • Ofmtt* // f A/# M'fm/i, ^ + AH*c*OB‘y, 

and if IV ffn z) la* any continnoim nuudiou of tlio Hpaec 

t'lMirtUnuUw, 

n f, i j //♦ t) , 

WV /(y* f A/M’OHfi, // 4- An cmih/^^ ^ + An c(my) 

3:) + An rtma • h non fi * 

+ An ocmy /^,/+(Aa)’^(^ 

^ +* ^ ^ + An • Q, 

/V*' 

wlnmro 

lim ^ ' '' /^^/+cH)H/i/i^/4"C'OHy !),f. [14.1] 

lf» an II apoi'iiil II* wn iiavo ^ ao that 

I I i‘ij intiy Ih» writirfi 

f f f flflKX‘(h, [HI] 

wliiidi Wf« WfW to jirovin* 

(IrtHni*^ ThiHirt^itii whinh follawa vrry nanily from tlik raBult* 
limy Iw Platini hi tim following form : 

If itnd r iiro any two furmtifina of tlm ^pnoo nodrdlnnU’H 
wtilrh togollic^r with iladr Hrfit dnrlyativoB with rrHpc^rt to Ua^mi 
aol»rdiimt4:m aro fInIkH c^ontirnunini ami ahiglo»valimd throughout 
tlui mtimm mhni hi hv luiv dmml aurfiuH^ A\ tlHtn% if n rofnra k) 


JJJ 






r. 4 .. 



. V / 




wboro (ho (.riplo iiitojumilH hu*liith* nil iU> » mflau 
HillgUs illlogrulH iliolinlo lIlO V\)ini»* MUn;itr. 

siiico ^ ^ /vr* 


•vvo Imvo 


f.O' 


t>J\ lij\.t..l<,,l 


‘SSf i>,{r-iKV)fi.f<i!i'i' .r.rj' 

but, from [M'lJ, 

i ( I ^ / './f r r .4 

*• 

I I I [lij'- 1>, \' i-lf’hrh 

lYf' ■ 


whence 




If wo fonu tli(‘ two i f-? 

tivoH with rogtinl to 1 / nml ;% nml mb! iS«r ilurr i..-. Uv. « , 
obtain an oKprohniem wlholu In ihr u'^r *4 . 
llicdiatoly to j^l l.ij* (’ojiHjth’nifiNijsi »«f fti,iinns fi% |j?n» 
If we Hubtraet [ll(»| fr«mi 1 1 i/»|. ni i 

J’J’j O'-''’’!' r-V' fhlr.Urh 

« fcf'-ar 


II 
i I 




Mi 

.!. ! 

n .» ■- 1 

i s . 4 n : 

; 1 1 


thf* Hurfarc' iiiU’gralH, whinh tliti theurom (loolartja must be taken 




rivi»r the complete Imimdaritm of tlu' Hpanen, an** to bo (^x- 
teiuleil over anil m well an oven’ *V. We must nnmnub(n% 
however, that an exterior ntjriual to 7^ at A" pointH In/o the 
eavity t*\ 

If /" and r both witiHry raiplmu'*H Kc|uatiuiu the Ht'ooml 
nnnnher of ( MH | in eijnal to sf.ertK 

tf within thi' ehmeil anrfaee *V the fimethnm X, (\ ami V 
art' enntinnonM, ami if the (Irnt derivative'H <if f/ ami V are 
eontimnniH fthe lirf^t derivutiven of X and tlu' Htnnmd th^rivu™ 
tiven of /' and T hein^ finite), 

/>,)' i /J,/'. />,!■ 4 />./'• I),y)<h,l,nh 

/^„rr/.s’ Cae- /^J') 

« J’J\ r. Pj'as - 

4 /i,(k ft/'} t ll,{K- 

Sp«cial Ommi tiDider Green's Theorem. AppUo&tions, 


Ui. V r j . . 

to safely ]iiipl{i(U'\s lC<|imlinit wuum S. t:> -aIa . m. ... 
is oqiial to zoro. 'This rc.stilt !»• rMjii?. ii, ? if i 

Tlieorom, tvoat(‘il in portion I’U, 

ir. If in [[-)h] wo inuk*' /’ ‘'qoaH't i . ?.-!ruf ,<: 2 

duo to any diHl-rihiition of u»aff»'i\ .mi f?,„ 

goiHwal oaH<‘, Homo td’ this mathw 4 

surfaco aV (()r ()U a inimlM'r of Mjrh ' =. . . j ni 

Shy two othor Hurfiu'os, ami X-. 1 .u d!. I •. . ? 1,, 

it. Wtnjiay tlion apply iUrvn*, 'Phr.-jMu ^ •* r. \ tuv 
apaoo within a sphm’ii'al Muiaor, lurh ..i.i; 
vouiout iixoil point uml radia n r hu^,r m • * , » . - , >,a i,- 
the wholo (liHtrihuthai, th>r?i i»m| h ,^- T- \ , .,4 

Tliia givoH 


///[<"■ /•f I ij>,l y i «/',» . •; / 

-J/-.//J-.W* pi /vl IH. 

- pppr v’T./f./v !’., 


I I 


whoro tho first nurfaoo iiar|*ral i.m In. ivi 

Sjduwioal surrmns iho soojmd uwt S,. ,^vm| r;. r,.? ! %. 

boing undorHfctHJil that iq a ju 

tho dirontion away frtna S, and .1 \ .1. - 

dirootion away frtaa .V. Siur*^ T I'j \ 5,,,. 

normal dorivutivos artMlis.iOMS5iiisio.n.'} n, i!.r 
by tho oquation F f I I i .:si; “! > f i . v •; ,,5^, 

of till) two MurfiU'c ..i.-, . .1 ■., . , 

sui'ftices approtuili A' i?i -1 » | I,../. j),.- ,.»! ..• .< !>,■ 

surfara iiitegm! is ftitiiil to .i rr’ ih.- 


4 w lini y ^ /"Am oxtcnulml ovor all thn (liHtrilmtion, 

uiul iliin in Hr Uiium tlin iutriunin otun-gy of tho. difitribubion. 
TIh* iii’Ht UM'udu’r (if tlifM‘quatic)n rt»proH(‘nbH bha volume iutegrul 
(if tlu' Hf|uart» (»r Uia nmiilUinb Fcmu^ axbondod over all apaao. 
\Vi^ iiuiy writi^ bhin rt>Hult in bha funn 

Iff p™j 

IlL If in [Mfi] wn rnakt' II a- n, any funnticm which 
witbiii the clumnl nurfact;' *S* HiitiBricB the ccpiabitm V^u — (), we 
Hball havt' 

/' f I't ( f '/»/.'/'/* --J « • IKu . rfA’. [Ifil] 

IV, If in [ 14H j F in tlm putinitial fuuation dun tn two dia- 
tributitniii tif lu’tivn nmttnri Mx inMidn tlin (‘bmed Burfann *V and 

I 

J/g laitMidn it, and if f/ » where r in the distance of the point 



(X, 1 ^, m) tmm a fixed imnt 0, we muit mmiidcr separately tlia 
two cases where O is n^pja^tively without S and within A 


A, 


fmw. 


If O h without S, 



0 for jKiinte within tJlie swr- 


AlsOi X^V ./'» 4wpi »a that 


uj I j 

Tliotripliniilii'Rni! is <‘''iilt'iiil,' '• 

6> of tlio iiiit(‘nl,ial I'uncU.in iluf li> I/, (' . i.; n.i . } 

aiulnoti(U!(si'o[M.'!J)Ui;ti. />,>■ .a .iin im-.u •■! .s i !U, 
of tho anglo 8 lit'l.wi'cii ;• ainl tli'- '-M- ufi n.-n.ic. I . s, 
rn r /* r »Mr» fS , ^ ^ 

TF aS'Is aKurfaciMUjuijitjU^uii.tl w }ih t « 

ofifi fuid ///«, aatl if w»‘ I . !■.«* - -u « ; u...- ..| 

V on A', wi\ liavf 

/*/) r /'iM-tA 

I ^ fM' I i J , r 

aiul it in (‘uny tn hIimw, hy tlir u j* ,! ... , » 


that 




whrlirr 




I /"/‘J . . 

‘ .i.s 


( s 

? * ^ r 


B. If fHn a |H>iut X, • j ^ * . * : I/, 

aiul if X in ailh {ruf.r. t s- 1/ | 



rtu. 


i4 will fllHTMMfifl n hy nUii^n ^ V .. •, .4 

nuliim r' and ui»|»ly ( IiH| iK«. >4, ,6.., i', -i...* „. ■,- u- % 

witlimit tlu3 Hfilifriml iiyrf.irr In ® i , , ^ , 4 


SiiH’n fur all points (if thn rDg:i(ni wo aro caiUHicUn’ing 
\vt' hav(' 



■''i'JT 


or* hiiico f/iV' wIhmh' (Ah' in tht‘ an»H whi(’.h tlu^ oh^iiuMi- 

tuvy o(»ut' lUt’ buH«‘ (if whi(*h tlS* uiul tlu* vtu’tox () iuU‘r(».optH 
(Ml tJu‘ h|iImm‘o (tf unit ruditiH drawn iilinut ('A 


./s I r. ,/s r' f/>...r-,/w' fr,/m' 






It in tnudly jiruvinl, Uy tUo roammiu}^ uf Hootuiu HI, that 






^/«S' I 


and it in f!«%tr that if r* ho madi' f^inulh'r mid Hinallor, Uio tidrd 
int«'gnil of I ITil ] ii|»|tri»a(dioa iho limit ztn’n. If T' in tho 
avonigo vulm» of mi tin* Hurfain^ S\ 



niid itM r’ i’l iiimh’ i^mHllor uutl Hinalh'r tliin apprnacdioH tlm 
vatm^ i # r,«, wlioro in tho valuo td' T at (K Tho valufs 
whim r’ in /onn t»f tho triplo iiitt^^'ral in ovidimtly mul wo 
havo 


If /S^ is not wiflt n'Hj«rr{ a«‘U»in ,,| f/^ 

and i/jj, wo luivo 

4irl\ I ^ ^ 


V. Ifin[J*lKJ \V<‘ nmkr T ^ * whvu- r n !U»^ dr.|.iu»«“ ..| 

tlio point /A *.') from n junuf 4ni.| s! I v, .45,^ 
tioii liannonio ovorywhoro witinn fhr rlM..-4 ^ 

shall hav(^ 




*i{.' 

r 


a \ 


if 0 is witliin 1 % niul 




if 0 is outsido X 


n-j 


VL Tlio cloHod Hurfju‘0 X ^ i\ au4 

tli6 K^st of spaoo, fp A fittH’tinti I m *’i*isis!iii|!nu?i!i fijiJi 
finito first and Ht*t’oncl dorivativ^M mn v whs-rif in t!i«' nf 
Groeids Tliooronu Tho dt^rivatn's^fir 
tinuous exoopt at ot*rtiiin f^tirfipnr^, A/ m n« i\, 

whom tlio tangontiul dfrivativra iiri^ rusa«iio*sr), thv !,..f 

inal dorivativos tliHCH»ntimiout4 in tlit» liiisnn^'r in4ir.d«'4 13^*, 

equation 

^rr/.^r - a 

At iuHnity T vanialiM likn li.r. . ,3 }•„,„■ 

tion duo to a fiiiittnliHtrilmtiim of lUAititr |( / is ii,,. jri js. 


(JUKKN'h TIIKOIIKM. 
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7a wlu'U n iH in 7 ;, and i-opriwaiUiiK I'J « a Tiormal to /5f 
IiouilHih' lufn Va ill all (MIHCH, wii loiivii tliafc tiui oxpnmiou 


[sr 

,.4 4 



i>r 

!./;/■- 

■(;)-//* 


in ripuil 

'iy tn 




r (■/«.■ 










[lf50„] 



/.r/n’--- 



If llu’fc is iMt MiriiMH* S' at. wliii'ii tin* itot'ina] ilorivativo 
of I iM diiti'oiit iiittoiiH, tuid if f H!itiHiir<ii Lajiiaco'ii Kcpiatiuii 
I'vcrywlu'ro witliiii S, tlin i-xjiroiwioii 





fi-tmffi, r) f>J'\ 

r r J 


4“ ( /%, /i), 

4^ =; ?•/ 4- (t^ 2 r^fi ‘ Tf IN I r-j. n ?, 

. 008 (/‘i, «) tt roHf;v h^ 

r^- 4 r/ 

In this case, 

.,r, .//*;\«.j;r '"■:::■■■■■.« 

^-'■/'f "■',«, /•/■' 

itJ %' r,' 


80 tliafc it is oasj to oliminato /^T hv os?i!!s|.h ils«. nr,*., 
oquation by o//, uihI Hublnuiiiii* tbr mrsjibrt'^ li-.^sa tliM^sr 
tho first oquatitni. IIk^ n’,iult in 



Von , r.^ su \ 

/ , 

•i ’ s 

or r : - ' rr 

; h’l, 

re '■ 

4 j 1 4^ 


Tliis intogml tlfttiTmhii'« t nt ••v.-tv j«.,!,i «,!!,su s,},,. 

its valuo is givt'ii at cvit)- jM.int un ,v ij «i, , , _,j f ,.,. . , j^, 

of (S’, /, =3 0, and r, - «, mi that ^ 

* rr 

, iff* '*’ ■*. ••, Hi 

averago valuo on a H|ilifrira! mirSai'i' 

inoiiirt wif.Intt niwl 4.. ss .. . 1 

X '•4 1 , Ij.u 


withnut .S‘, utul if il vuuiHlu'H at. iiifuiity liku a ’Ncw- 
Iduiaa rcitinitial Kiuirlitm, 


r. 


1 

■I 3 T* 


f/-V- 




lUni I in thf* |»nti*utial htUfliiii» in on! nr .spucn dnn tn a Hupc'r- 
liniul i»n »S‘ tif .surrann tiinmil.y 


\‘ll. A fiuirtnm I" haf4 thn valnn /nr<» c'vnrywhnrr cm tlu' 
t'liriiMi ^mriurn iiuil thn rtm.Htant valnn r on the* cUrntMl wnr- 
iani' iSg, lAiiil ih by tii*’ 7\ lii'twnnu A'j aiul I* 

in hanumur. If we* apply (lrnnn*H 'riuMU-ma, in 7\ U\ /' ami 
in tin* rr«nprnt’al uf ilu' difitaarn fr«mi any penal () in 7\ wo 
Inara tliui 


I 

4 c* 


c/*S'i I 




wimrt' lw»th iMntjjabs j*inat cnit nf 7\ 

r an ibnrnlitrt% lh>* j»ntimlial burnt icm dan tn Hurfunn ilintri- 
liutanrH ua »s\ ami inumnit’aHy nepail to d rr at i^vary 

ptnal. 


VI II, If llitM’liiHntl Harfann A* nhatH in a rt'Ki^n 7\ and if 
Ihn luarianni T and r\ whinh nrn ncpail at (*vt‘ry penal nf iS*» 
arn linilf* ami rniiluainitH with thedr tlr*rivaitvnH <d' tlm IunhI 
urdnr at I'Vi^ry pmut <d 7‘, and if within 7\ V dors and I"* 
dnmi m*t mUinfy LaphM’***^ Ivpiiitienn tlma tla^ intt*gral 

f f ( ^ I ( 

%* ** *■* 

I'sU’iiili'il thrniiKl*'“»l C’ !» li*»H Uiiui till’ i'(ii*rt'N]Miitilin(4 iiiti'grttl 

V, rrri-/^ 


Qy> 

=G.+ &+2//jVv'-/'.r ! /V' f »■ • /' ■' /’ > : 

=()^+C>,.+ 12jJ» -j jj " ' ' 

Kow, amfuUliciut(*Knut{lHof V} 

and siucio uoithnr // nor /' aitM*«»ir4,ui« ^ l-H* m, .un! 

positive, so fcluit Qr Vj'* 

IX. Tlioro eaniitit lu' twt> ihffrri’Hf iHii. iiMff,. ||\ II 

wliioli have (‘<|Uiil viilueH al vm^tx p^ud ,%, ah-A n * 
closed siirfiUU'H the liant *»j whirli 'dsul i lu ih*- ..i 

between thesis HurrneoH mo rv«i'M4l;rir Ii 

siipi)C)S 0 , for ibn Hitke of sirnniso-nt, Ih.*. ‘*n. h l 
exist ami call tlieir ililTormn* jf, \t v* vU\%t lii.d n t: 
between the HurfuecH and iiiof ii i ..inrib*--. ,4 . j . 

both <S'i and AV tlnn’idbro, in | ! b*»] / f , 

we learn that 




a}’'^ i f i I Z^’ 


where the integral exttnub ovor all Ih*-' 1- < u ‘v u? 

S^, Since tlie integntmi cMiuiMf, hv %{ , ? 

every point, so that /^*« l •- •■ - • 1 u. 

But It — 0 on iVj, therrlbro II in !.. ^5, 

W, ^ 

It is easy to show that titi* «■ .,-,• 

normal derivativei lit evt^ry *4 x, ,.^r 

raonio everywhere Wlwwo tli«’ rmrlarrf^, 44lrr . b-. 

oonstani 


Htm.^ Thin thformu aHHrrta that tlioro alwayn oxinta oiu‘, bufc 
nn ihuu thin (hus luiiciuju, r, of u^, //, wliicli (1) in 

cnaitiuuuua, find HiiiKdcA’filiUHl, t(»Kcd.lu‘r with iia drat npac.o 
dnrivativra, tlinmghcmt a giv(ni cluai’d rof^ntm T\ (2) at cvnry 
judnt of iho rt‘Kit»n aatiniioa tin* tMjmition 0 ; and (3) fit 

nvory j»uiut on tht^ iHmndury of Uu^ rogion haa any jirbitnirily 
iiHaigiiod vfilno, pntvidi*cl t hat Huh can bt^ rc^^jirdcd as tlit^ vahin 
at that |»oiiil oi a ainglo valncd rnnction, continuouH all ovt^r 
thia boumlfity* 

Thcrt' \n 4'vidi'utly an iidbdlt' numbi»r of fmictitiUH which 
aati^^fy tin’ liral and iliird t'ondiiioiiH, If, for iiiHfcfUKM*, tho (•(jn{i« 
tion of tht« boundifig ^urfaco *V of the region in 
find if the vahic of c at the jaunt (a /A -) ujKni thin Hurfacc in 
to be/f>r, .t|, any function of the form 

ih !h -) b/{^i /A -) 

would tatiinfy the t hird eonditiniu whatever eontimumH fimeiion 
0 inight be. 

If wo linrdgn to the function to he found a eoimfcant value 
all tiver X, e (* will MiitiHfy all thnawd' the ermcUtioim givtut 
a!«H’e. 

If the aouglit function in to have diiTerent valuen at different 
jaiint^ of *s\ and if hir u in the integral 

V j j j b (/y/)^ d- 

which is to li'C eicfciuuled over the wlude of the region, we huU- 
Mtituie luiy one of all the functions which satisfy eonditions 
(1) and C*b|, the resulting value of Q will he pemitive. Homo 
one at leimt of these functions (e) must, however, yield a 
value of g which, thtmgh jmsitive, in uo small that no other 
one eiiti miike g imaller.t Let A W an arbitrary coimtant to 

♦ W. Thofitiim, tJmMFn 1^47. /arlc/ii/rra rerlfjwmfrs. 


tion wliich satisfu‘H (uimution (U ami tn 

|'..u lo ;rr 

M Ai 4ll 

parts of Sj tlieu (f — e 4 A/e w^il ha! inf \ t 

'* Oji44 o ort 

s 1 ? iuel 

( 3 )j and, couverHoly, tlu'ro is tm hiiiotnoi %\l 

lU'h ‘J.itj'ifo 

■ ! ht’-si’ 

two conditions wliich cannot he wnthoi in iL 

r IH / 

}' a 

■where h ia an arbitrary couHl.iiit. an.! : u.. it..i 

1 

is zero at *S’ and wliicdi salislii’n l•<«lnilll..l. , 1 



Call the unniiimm Viilin> id V 'l’"‘ 

. .Ui4 lh«* % 

1 .tin#'' nf 

Q due to (I, Q,,< tl"'” 



Q„=Q, + ‘2h f j' j'OKr-li.tr i /v • 

i \ v i * \f } 

’1 « ■’ ^1 V 4 ;- 

+ /(.“ j' j f [{C,«')^ 1 ! > » /', 

f. 4 ; 4 v4 

- 

which, sinoo //• is zero nt the lM*nii«liiry «4' lli«^ 

$U-4V 

written, by the help of (hwn^ 4 hes»ma, 



g,r-a- [Yl'n't'.-, 

. t‘{}^ 


Now, since Q^, is the minimnm %»shir 


I 'hr. 

infinite number of valucH <»f ip, y 

.4 0 . 

h 

and w under tlie conrlitioriH ji!?u 

-i •, 

^ , h^a 

if were nut everywhere e^mil b* * v. 

i\ 

: 

be easy to chooHe #e mi that the rsorilivirui ^ f 

A au i..r 

» • i i ■ 3 i rj 

sion for Qi* - shonhl imt U* /er.i«, m4 lU 

■n ! « 

'i ifi ■■', « % 

that Qff — y,, alumhl Im* l^e|^^l 4 tlv«^ 


rrr.i 

throughout T, ami there nlwmn rxi^t^ -At i. 

-4.4 -s.r f. 

u;.! ! io!i 

which satisfies the three romlsiipiifi 


! -ll. 


vnr. 


There is only one nurh * f«r r 

another u v + hw^ we alirnil4 lii¥#% nnri^ *4 A 

is zero when V^u -3 D* 


9 ^ 9 . -i' Air. 


t( ^ r, anti i\wrv m only tnio wliich in any givoii case 

HaliHfitm all thn tliriH* funtlitiniiH givnn ahuvn, 

XI. '^riir |»o{.**uiial hnu’tinn l\ tUu^ to a voluuu^ (liHfcribnfcion 
(if fuiitn thni.Hity /> in thn n*gion 7 ' and a HUjH'rfKdal distnnlm- 
titin nf linitf’ HttrfacM* dtaiHity iron tlu' Hiirfafn aV* in ov(‘ry\vh(‘ro 
t‘cjnlinniai5H, untl it mi vutUHlu'H al itifinity that, if r in Llio tlin- 
tiuu’n Ircnu any linitn |Knnt, twli t>f thn c|tuuiiUUnH 

tl\ ry>J\ 

a !4 r inriniti*, upiirtmtdii'H Um' limit J/. wln»ro Jlf in tlin 

nmntint uf nmttnr (algtdiruit’iilly nntmirlj*ri*d) in tlH‘ whnk^ din- 
trilnitifin. ijr^t ilnrivntivi’H uf r nr** nvi'rywhnrn finitt*, 

ainl thuy aru inniiinunn.H nKrrpf on at c*Vi‘ry point of whitdi 
tangential dorivaf iven an* oontintioUH, wliih* tho normal donvU’- 
tivo in (lifioontinnonH in the manimr iiulicatml by thu mpiatitni 

wlit'ro II i anti 115J are the inirnmlH tii the gnrfaoo drawn away 
fr*»ni it t*n *"10*11 gidi*. 'rho Hocond d(*rivativt‘H tif ari^ ovory=- 
whom Unit*", ami t!ii*y art" camtinnouH ('Xi’t"pt at HurfmM’H wlnn**^ 
in dtmn»nttumimH. At any point on Htu*h a Hurfaoe the tarn 
g»nitial drrivativog uro oonlinnonH, bnt tlu" innanal hvv- 

ond ibnivativf" in dim"ontnnnnm by an lummiit ot|ua! to 4 n 
iliM *lif%eoutiiniity in p n"okc»iH‘d in tlmdirortion oppimitt^ 
to that in wliirh tlir d«"rivativi* in taken. Kvcnywhore, (‘Kcept 
at gnrfareg of dinreint uinity in p, T mtinfieg l^oingcndH 1‘kpuo 
I mil, V^r 4 irp» lunl witiiont 7\ whom them in no matter, 
thoi degoiioriit*"g uito LaplaerV K*|nation, 

For a given vahm of p in the givmi region 7 \ and a given 
value of ft on tin* given mitfime «V, only one funeliou baa all 
the»e pf«i|a"rtn"s, Atotnning that then* are two aneli funetiinm, 


and even the normal ilcrivativrH uf u utv i MufiuuMU = ,d r 
point of A At mirfaooH of tli.Hnmluiuit) m th*' 
of u are all continuouH and a tth* j.- Lq/i. 

Equation. The liiiiitH, an r iHU'imirH mliostr. -i . - ur^ ^ 
are zero. Siiieo u with its lir.nt md 
evorywhor© coiitinuouH, w© may umiv^uo* i vh* *3 

of large radiuH /s drawn any i-r.? 1 

so as to enol()H(\ all ilm attnaiing .v^A 

Theorem in the form of [151 ) a Hinni*' it^v^ 
numerical value of the aurfiire jnit’iiral 

taken over tlie spheneal mittnw n** f-^rr.^isq !h,. 

of the surface (4 mulliplonl h) ll?,.- %\l 

u*D,:n has on the surfacf% or 

4 ir [Kreate^f^t valm’ <«f ^ u i '/^ « ; 

If, now, the radius of tin* mirfa*'*’ h'*' j,,. 

this expression approiichos thi^ haul 3 : ^,, 


x/V'*’ 


taken over all space hitis the viiliir /rf*« r 51,,, 
is made up of squares which ran uvwt Ur 
have at every point of sf w 




lii 


Thereforft. u J 




Diitributiotti. Kri'plug tin* ht>lnU«>n of IV, in tin* hmt articles 
let S lu* It Htirfa(‘c cqni|uitcnlial with rcHju'ct either to 

the joint neliuu of two (liHtrihntitum of inaUeis Mi iimida A' and 
nulHitle it, or (wlipu d/y i‘r|nnlH zero) to the action of a 
Hingle distribution withhi the nurface ; and h‘t Tj, I’’y, and V 
he tin* viilneH of the potential ftmclioUH due renpectively to 
ahaus to Mj aloms nntl to d/, and d/y exinting together. If a 
ijunntity *»f matter were c’omleUHecI on A* ho hh to give at every 

point a fiurfaee ileimity erjuid to ^ , the whole quantity of 

4 ?r 

inator on U»e aurfaee wouhl he 

rJ. ff)^v.ds, 

4 w 

luid iUuu by § ,11, in equal in lunount to J/p Let m atiidy tho 
ellcet of removing d/j from tlie amide of A* and Hjireading it in 
a ttupetileiid dintrllaUion d// over A', ho that the nurface denHity 

at evtn V |Hstnt nhidl he ^ * In what fulIowM, it la aHBiuned 

4 w 

that we have two dlHtrilmtioiH of matter, one hiHhU* the cIohikI 
*4urfaee and the f»iUer tnitMish*. It \n to he carefully uoUkL how- 
ever, that liy inittlng d/^ tHfunl to zero in our wj[tuitinna, all our 
re^uU» are a|n»liridile to the vmv where we have an tHndi>otantdal 
^urfiiee surrounding all the mattiT, which may Im all of one kind 
nr not. 

11m viihus lit any jaiint O, of the |iotentltd hinctlcm due to 
ilm joint of d/|mnl the surfime diiiUibulioiJ Jf/, would be 

4 T 

If 0 (« M mitelda iMthit, w« Imve, bv [158]* 

F« r, + F„ 

wtj timt tb» «l aiiv rKJbit onbiiebj nn ptiwltiotentlftl snrfftoe 


potential fuucUon (lu(‘ to tlu' >wnt uHtuu ui* V, awI nuy nuaiw 
(Jfjj) .'^tirfnro, 

If 0 iH an inside p(»iiil, we have, 

1 * 

which shows Ihlll the jtiillt edeet »»! M, aief i/ 3* Im /Ur Im uli 
l)()inLB witlliu anil upon tin* sinl’are fie- '^.ou* . .-tr.f iHtl ^.anr nf 
the potential funetion which points* up«‘n the >oisf.or i., f,.|r 
J/i was (lisphieed hj *1//* If, tlterefme. 1/ ‘Ori U » 
il/,, there is no force ul any point of ihr . u ’4a?! m X; 
or, ill other wortls, the fmvc due to 1// ;i!.»ia it ;iU p.*8au 
inside, equal and opposite to that «hir i»« 

If i)fi and J/y(‘Kist ^Yilhout d//* the *'m» P-’h 4 lu S 

general, a Held of force, ii» a Hrmai !<•> ^los'ld ttur 

within from tin* action of d/.. 

The SUrflUM* of d// in inplipotmtial lr^.prr! !*, ;ft|| lljr 

active mailer, HO that then* n«3 inuh tea m? fh« ^usifri 
posing tiu* siirfaciMlintrihut ion to lit rai3/r m -ua, liS 

manner upon X. 

Bhico i/i' exerts the anrnc forcf^ «*ii p.iriKh , 

X that /T/i did, and sinct* action and .u«' r jn;!.] .md 

opposite, evtny particle of d/^ cxertn an d// i.ar.- . fL.- irraih 
ant of which is ca|uul to tlic r«'*oiltisn! *4 ?!„«• n.i. , i wiiii 
which the sami' particle urged d/,. I !a> tr ailfvu? r?irr!, 
therefore, of the action of d/^ an If/ u thr -ruiM' .u^ ilir 
resultant efFta’t of its mdion on d/,, i) * 

of forces applied to the wtrfaci’ iln4u^aina.i II, and h% 
the repulsions for one another td iN n ff- -|U 5 i .ils’nl 

to a tension from without of 2 Wif ^ i|% n«'ft |u’i 
meter applied all over X, and Bin*-*’ flo’ in!ris..i! !.a.. r^j 
a system in equilibrium, the nmiUimi rifrr! .d II, 11 ^ 
is equal to the rcmulUnt idfert of tr $un*n o aa'-d 


jut' ii’vri (>1 i\i H poDiulliiai lUnCUplon, 

it \h t'UHy t.(j HtM' that a Hii|u*rli(’ial tlistrihution on of doiusity 
fr ^ Wijuhl aot un a partial^ without jS\ juHt a.s d/j 

thu‘H, miii that a aijuilur dintrihutiou on S,j would ac.t on parti- 
(don cMlt^^i^l•^ of *Sg as tlnon. Tho judJon of /1/i on /l/g i.s tin* 
Hanu* iiH tin* roHultant idTis’ttd tho touHion 2?rcr*‘*or (/>„ry\^ 7 f 
uojuddnri’d an urtiuK all ovrr *%, Tho Hurfatu^ inti'j^ral t>r 

/p>„r/4fr nxtinnhnl ovtw any idontMl HurfiLOo ban htuui tuillnd 
hy Maxvvid! tin* idontrio dinphuaurn'iit through tho Hurfai'o, 

50. Vaator«, Stokas’i Theorem, The Derivatives of Scalar 
Point Futtotlons. It in frnt|nc'ntly ronvcnirnt to dolluo a 
vootur hy gtvitig tho vulutss (touHorh) of its tannponontH paral** 
hd t«* tho fsiordinutt* axf'H ; and if for our prnatuit jitirpoHOH wt* 
rail ** iho rompunonlH of tln^ vootord’ no (uinrunion will 

iiriais ddn' r-xpioHnitui | y,) ilmnituH a vt*t’toi% (^>^ tln^ 

roinponontH of whndi puralhd to tlio axon of x, //, and ^ art^ 
rn.iporttvidy nptiil to and d'ho dirtH’tion roninoH (tf 

tho vootor an* tho rat ion of Ut I I 

I’hn IfUtor whirh ropioHoniH a vortor in oftnn \uumI in aoalar 
is|uations to tlruotn nn*r»dy tho ttuiHor. Sound iiuoH^ hcnvovovt 
tho hoavy faoo hdtor iQl in uaod Un thuiolo tin* votdtus whih^ 
itH tonsor 0 * rrproHfiiiiMl Ity tin* ^amo hdtor in ordinary typo. 
Any thrro rsoaiar point fujirtirniH oan ht* ftun-ddoroil tin* (’oni- 
pnniuitrt of ii vootor pi»int fuiioiion. Siudar and visdor point 
funoiioufn airo afiiiiidiinoa oallod dintrihiitod ’* arulara jind 
vindorii, \Vh**ro thoro is nt* dangor of any niimiuilonitanding 
a viador point fttJiriion may la* oallnl .simply a vootor. 

Tho s«sdar fiiindioii f ^ oallod tin* #/i/rr- 

of y, and if this i|tianiitv vaniMlnss nloniiraUy, V in said 
to \m a Vf’rtnf, Tilt* forro tlno to any liuiio tlintri 

hution of iiiailrr iiilmrtsng or rt*ptdling uwortling to Um ** laiw 
tif Natnro" ns ^johmonlal in rmpty spina*, d'ho imgativo of tho 
til vnrgonoo uf a vndnr Ja oidhal its mni'rfyfnrt*. 


is called .the of ami if Ui.-.m* . v.u.s-.h .a .n .-rv 


tlie v^ocor uui- uuw — ■ ’ t • 

' tribu1si(in of o-ttraotiug (Jr r(‘pi*llnHt ; 

tho (iintrilniUnJi. Hu' ‘ 
itself If twc^ vrcinr.i Imw ihr 

is a lanu'llar vcriur. 

^1^0 Him of a vector nw a i.miiU *•! mi 
passes through (^vcry jioint of aid * 

at every one of its poinls the hir<'o!iMH i4 
point. Tlio difrereutial (‘(|uatiojiri i»l fhr hn 
arc evidently r/x/V, V, V 


?h 


^hli^ 1»- 


If 

: ■ 'i.&O! 

i f- 

.1 

■ S'. .4 1 

:n:U' 

dip 

I UiiflL 

1 1 Vji 1 

* Kui 

» . 1 o ^ 

. 1- 

-1 j'j 

■ AUi»- r?a 1, ? 

L» ij 

, MU*" ' 


UlrU 

■!^ 

tl. h 

‘hr, 

^ *'. I. 

n .if 

1 L«' 

; mI th>' 

■i «-i-U 

*1 ij 


u! t-4| 

, H r 


have two (KxuatituiH of the fonii 
(Ix , 

-r '•■■ /A - ■> ■ 

(i^ *1 ^ 

whence we get, hy difTt^reutiutiiig, 


vi-^% -n 


(I^X 

‘III/ 

tix^ 


l*.4> 


t!x 


li.if) 4> i 


!•> 


./•■ 


/■> . 


and, by oliminutiiig y Iwiwi'ini l!i.* in?.! .os-i O.-.!-! . ;■>.*!!. .jri, 
and X biitwfon the si'cnml ntn! f..iir(li > .. « , 

of tlio second order liotwi-cii ond .m.} | . 

roapoctivoly. Tim iiili'Knils ..f (h.-w 1.^,1 , i . lu,- 

equations of tlm lines of the N*||.ir| Uiir '5 f'Ss' i ?iOlr rj 

may he anjmnitt'd at tlm sUirt, siml iSsrn i.n.- ». -Ji s : 
simplilind, Tlm liims of tiio vnijir « < v, '. . '(i ts. ? . ju.t 

tioim x]tif((/h/) I, ami llion.. i.j ih. . i , 

aJS + WS. si. tlm oniliih’iitis j- iHi I I I:..,--- I I 


i I glvm{jr^ y){H)H(A n)+^OA ^ 

I f <‘f*H «}-l '«)+ (t^s ]P^ 

anil thin in tM|ual lu the. vohum' uttegml (»f Uio 
(J taken IhrnuKk the B[nu*e witliiii A*. The integral tife^ij 
t*\te*riiir ntinual iMMu|Hini’Ut nf any atialytin HDlennitlul vect^ 
Uikvn t»vi’r lutv rhwiMl HurfatH', in /ern. 


An inijHirtaiit tlienrein ilue in Sir Clenrgn Uuhriel StnkoH 
may Ue ritiit»««l an fnllnwH ; 

77#e /i«e ui/e#;rii/ fukiflu urtaiml ft rhmd rwree of the tan^ 
eomponeui tf hu anoifitie eeetor point funetUm is 
^sptai (if tht^ Miir/ftre taken oeet nut/ mtefnee A, hounded 

htj the emree^ tf thp nnrmn! emnpnmmt of the curl (f the veetor^ 
the direethm of inirytufion at^tiund the euree foemintj a rigivt- 
hamied sereit* roimtion ntmiit the nomtals^ nr 


I I V,IH»!l(/. ») ! V, ») + V, C>0B(«, »)]</« 

i l *^**^‘ Wo) *'0 

H lKV. /'.V,)(H)hO/. m) 

litKUK 

Tn jiruvn ll>i». W(' iitn.v I'vahuiU' first «ti inunh of tli« double 

iaU’griil ii-n ifivi4vri« timi i^» 

{' ») »)3i/*s', 

the urea S iliviih^cl inin r|UiMlriktentJl nlnmimfci by 
nt e*|iiElly platiei jmriillel U> the pknei of 

atiil xt/ re»|i«’®etiv«4y8 iiiul etiniider eijHHually one of these 





j I I ■'■"M(». «|) f )](/.-(, r/x 

j j A 

If ^vi» prtfurn} tilt* iuti*^(mtic»i» with ri*H|>c‘nt to ^ij ami iotro- 
tlurr ihr IniiitH, it will a|i|»«Mr that thin iiilfgral uiriy bo rumid 
by |iriH'ot'»iin|» aroiuiil th*' riuibiur io tin* diroolion imlitaitoil 
ill thi* ami liotormiiiiuii tht^ liim iiiti*gral of 

‘ (^1 


wlif-ri'- ^in ifi an rh*mont of If wo troat in a nimilar mauimr 
thtmo jiMitmiiH *»f thi* doulilo iiitogml which involve ami 
the tliconmi W'sll be evident. 


Am»r«litm: it* tli** litdiiiition unctl in the jirccciling Hoctioim^ 
iht* niimersciil valm* of the titnvttflve of any acalar 

|»oini fnncfSMii i#, at any |H»iiit i\ in any lixcil tlirertioii l*Q\ 
iH fhc liitiil, nn iijt|irmu’hrH zero* of the ratio of to 

where ij \n a |M»int on the straight lim* between P 
ami y\ l*lse lirmiirni of the fnnetion n at /* in tin* tUri'c* 

tional derivative «if f# at /* taken in the direeibm in which 
e uirreaiie?! niiifit ni|*idly, 'riim direction h normal to Urn 
Jill r face uf e«*n?iiaiit u W'hich |iiwf4ea through i\ 

■ f ■ I, / f ■ I ( / 

*rhe ilirertioiial derivative of any scalar |ioini function 
III liny jM»in{. in any given direelion in evidently equal bi 
the |»rt*«lni‘t of the valiiei^ of the gradient and the eoHine of 
IIh* aiiKle Uqween the gsviui direction and that in wdiicli the 



value (tensor) of this v(‘{‘.tor at any juunt ih I hr Krathml of u 
at the point, according to somo wriUn’s ; nthrra tn.r - gnidirnt ’’ 
to represent the vector itHidf. 'Phr hur.^^ cd thr vrrtnr urn 
curves which c\rt orthogouiilly tln^ nt nm^tant «. that 

is, the family of HurraecH tin* iM|uaUuu id whirh « /% whrre 

is a parameter couHtaut for any ium hurtarr id lUr taiuily. 

is any sealuv puint rnnriton, any vrrtur func- 
tion the linos of wliich cut llm Hurfarrs id / mnnually 

must have coinponentH H* ti^j\ /»’■ wh»'ir li i« 

some function of o', //, and .r. Hio rur! thiH vndur \m 

components J /^A‘i 

J) Vx^MUv id \Uv au^lr hrtwinm 

the vector and its ctirl is '/ern, so that i In^nr t wu vrriiir.H urt* per- 
pendicular to each other. If a vt‘rt»ir \n%^ n vm\ w hudi in nut 
perpendicular to it at every puint, m* faiiHl) rd x*%\hIh 

the meinhcrs of whieh cut the Hium tii ilu^ vniMV urih»»giumUy 
at every point of spaci*. Kvery plane vwUiv pmut lunetiuii 
has for its curl a vector perpeutlnndar U* tin }dane, d'he 
vector (3 //^, ir;g, a*//) is mil lamellar, hut it m perpendieular to 
its curl: its lintm cut urthngunally ihv lan»dv id j^urfaers 
as do tlmliues (d‘ the lamellar vt'etm td x-tfi, 
each oomponent of whieh in ihr iMuenpiunling 

component of the lirat. 

If the ratios of the correnpumhug euinpuiieiiifii *4 I wu vector 
point fiiuctiuna are all ei[uiU to the ?mme neal.ir p«»uit titindnun 
the vectors liavc the same liucH. ’Pwo laimdlar vrrti»rH may 
have the same lincH, thuH : the lineM of ovny vretor «tf the 
form [/(*r)i 3, (),] arc parallel to the mtn of x, nnd rvi^ry luieh 
vector is lanicllar, whatever imalytie funriiMU / may repfeiiimt. 

We may de^Hne the numerical value id ilo« loo oio/ i/er#e#o 
tive at any point /* of a scalar point fuminui «, taken with 
respect to another scalar point funeiioii e, Im th«^ limit, 
PQ ai)m*oaohcs zero, of the ratio of « . i#.. Im s\. %Uiere 


It (1^, V) (i(nu)ti08 angh*, bc'.twtuni tlio diractiona in 'wmcli u 
and 0 in(!n*uHo inn.st rapidly, tho normal dorivatiivas of u with 
reaiJort Ut r, and of r with ri'Hpocd tt) may bo written 

//„-c(m(//, and //,, •ooh(/;, ?’)///„ 

roBpeetividy. If //„ dt'rivativ('H are ecjual. 

d'lu^ dc‘rival.iv(‘ oi »r//.r with r(‘Hpc‘('t to .r 4* // + ^ ban at the 
juunt (I, d) tlie valtin 11 /d. The dmnvative at the. Hamo 
point uT 4* t/ f ^ with renpeet to xf/x in 11 /49. 


61, Tha Attraotion of Ellipsoids, 
tu[uatit)n 


If 


+ + “ 


1 


we tranBfonu the 


to parallel axen^ itning a point //„, whioh lien on tho aurfaco 
and luiH tlie eoorilinateH ( ■ //y, — as origin, and them 

denote^ by & llie angles whieh any radiuH vendor drawn through 
Au makoH with the x axin, the tn|uation of the! Burface in polar 
tu)brdinatt*H taken the fesnu 


ti A**rt eoB G ?/„ Bin 6 etm ^ nin 6 nin 

.j. 


If were^ at that e^xtrennity, A, of tha a axis whieh him tha 
eabrelinatan ( er, 0, 0), the eepmtion would ki 


Vmn'^G mn^ Gtnm^^ 2 oo 


OOH G 


wa will denote the cuadlleiimt cjf It in thin aquation by 0(5, 

Let Ui eompare the jf eeun jamentn of the atfcraation at /L and 
at *d, clue to a htumigeneoim ellipsoid cjf density p lamndad by 
thii Burfime, If, with eiudi of thtma ppiiitn m origin, a Bat of 



divided into elementary cones iu two ways. The. V(*rti(U‘s 
of all tke cones of one system will l)(^ A, and tlu' vcrt,i(’t‘s of all 
the cones of the other system will l>i‘ Ao> 'I’o t‘Vt‘ry eom* of the 
first system corresponds a cone with paralhd axis ludoiij^iug 
to the second system, but wlim*(‘as every (tom* of tht‘ iirst 
S3"stem yields a positive contrilmtion to the j* eonijue 

nent at A, some of the corresponding comus of i]lc^ m'(‘.ond 
system yield negative compouents to tlu^ corn‘sponding form' 
component at Aq* 

We shall find it convenient to wrifc(^ iji par(*ntlies*‘H ufte^r A* 
and the value of ^ and ^ to whi(di they Isdoiig, and to note 

th0.t 7 r-|.f/)) ^ 

If the values of 0 and (f> whie.h correspond to a given eunt\ 
of the first system are niul (/}o, tht\ vahu'S of & and ^ whie.h 
belong to the corresponding cone of the secoiid system may 
be eitlier and or tt -- and tt + qb„. 'riu' {‘uutribution of 
any cone of the iirst system to the compomnit of tin' force ui 
A is 

cos ^ 

sin ddrdOdeji • — — 5= p sin 0 (‘os OdOd^, 


and the contribution of the correaponding com' tif the' necoud 
system to the x component of the force at At, ia either 


pr\c,,j,)^ineQOB0ddd<l, or pr\^^s^ ^ ^ $ mm 


as the case may be. 

If; now, WD group together two cone's of ilu' first system 
corresponding to <^y) and (^y, t + renjiec'tively, wr* 
may write the positive contrihiitiou coming from thi®i pair m 
the form 


P 






The values of 6 and for the correspomling eories of the 



Tho two valu(m of 0 and </> of either of tlu'.so pairs give oqnal 
and opposite valiu's to 

^ + SLiii ^U- i\ «, 

80 that tho poHitivo contribntious of this pair of cones of tho 
Hcutond systinn is 


f) sin 


i n cos*^ 


This oontrihution to tho u* conipontMit of tho forco at A^^ is to 
the (ujutribution of tho oorn\HpoiuUng oonos of tlu*. lirst sys- 
tom to thc^ tu)n*oH]K)nding (onu^ ooinpuiiout at A as to n, 
Thorofuro, tlu' a* ooiupcnunit at //„ of tho attraction dm to tho 
whole ollipsoid is ttj tho (‘orrospojuling component at A as 

t(i «. 

If, them, wt^ know tlio values ^i) of the attraction 

duo to a liomogtnuuniH olUpscnil butuidcd by tho sui^faco 


11^ 

,p, Iw. 1 


at points on tho surfuct* at tho nogativo oxtremitios of tho 
somiaxos o, c, wo may hnd the niunorical valutas of tho com- 
ponontH parallel U» tho cotirdinato axt's of tlio attrmditni at any 
point ( “ Xo, “ //a» ^o) surface from the oejuatiema 

x/ /Ai ^ i / '^0 " " /c, 

Tho attraction A\ at A can bo oiisily found’*’ by adding 
togothor the oontrilmtitms coming fnnn all tho olemiuitiiry 
cones with vorticos at A into which tho ellipsoid is divided, 
that is, 

f w/t 

sin 0 cos 0d0 i H^a, 4 >)diti, tir, since 



Xi = 8 ab^c^pj* ' sin 0 cos^ 

^ 

0 w + 'y cos^ (fi-i'iv sin^ 

J ^ao dip 

0 (u + v)i-{u-i-w) 


2 d4 

u-^-voos^cp + wsin^cp 


where ip = tan </>, 


2 '\/(u'hv)(u + u>) 

Hence, 

Xi = 4 ahOirp C ^ 

Jo VrZ.2 cos2<9H 


_ , , ^’r /2 sin^cos^^cZ^ 

Xi = 4 aboirp I — , :...— -: - ■ .. : - .. , . ' , 

Jo V (b^ cos^ ^ -1“ sin^ &) (c^ eos^ ^ sin^ 

or, if 5 tan^ 


and 

Xq = 2 abc Trp ^oj* 
= 2 abcyrpXoKo 
Yq^ 2a5c7r/)2/oJ^ 

= 2 aboirpyoLQ 

Zq = 2abc7rpZQ f 


(s + ay^^(s + by^^(s + 

•oo 

ds 

(s + a“) 

- 1 - A2y/2(s + g2y/2 

1 = a’o-STo', 


►oo 

ds 

(s + a^) 
- vM, 


•» 

ds 


Vo (5 4- ay'\s + b^y^\s + cy'^ 

2 abcTTp^oM^ = ^qMq^ 


At the positive ends of the axes of the ellipsoid the force 
components are — X^, — Fj, — If the ellipsoid were made 
of matter of density p, repelling according to the Law of 
Hature,^^ the force components at the positive ends of the 
axes would be + X^, + F^, + 



Tf (»^ii Vu “t) i» IHiint (in tlm tillipHniil ^,, + '>3+ "’3“ li 

(r 

A//n A-0 in u roi^rraponilinf/ [MUiit on tlio Hiiiiilar ollipHoid 
//^ 

^ ^ AV-* Htraight lino wliioli joins tlioso 

two point-H pasHOH through Uu^ origin. 

It is U» h(» lujtitMnl that A*,/, /V» tlio sanu\ valuos 

for all siniilar c*llipHuiilH, no matU'r what thoir actual tlinuui- 
sions may be, ami that tlu‘ c.onijioucnlH of the attnudion at 
C(»rrcspomling points <ui two similar hcunogcncouH ollipKoids 
(}f ('<iual dousity ar(‘ to cm*li other as tin* linear dimouHions of 
the cIlipMoid. 

Hinm^ tlio attraction of a luuuogoucous cllipHoidal honuooid is 
y,cro (Section 12) at all iuHide points, we may tlraw through any 
point P within a homogomMum (»l!i|>soid hounded by a Hurfacu* 
AV a Hurfaee A, etmeentrio with A,, and simihir and similarly 
placed, and idlirin that the nttractitm at P is eipial to the 
attracticjn td‘ so much of the wlnde cdlipstud an lies within A'. 
If OP cuts iHi di the attraction components at P are 

X 3 « 2 A'f,, Y i - • 2 o//eTfp//Ap, Z - 2 

or I ) 

therfdore, the restiltant attractiems at interrial points on any 
straight line tlrawn through the centre «jf a homogtuieouH ellip- 
stud are parallel in direelitun They are proportional in inten» 
«ity to the tlistanees of the points from the eeittre. 

The potential function F within a hointigtuieous elUpstnd 

*r^ ip 

of denidtv /* knunUsl by the surfaee ^ f 1 I is sucdi 

tfmt its tlerivatives with respect to x, //, and .tare respectivedy 
equal tti ■■ 2 ■■ 2 nin^wpifL^ ^2nlwvpx^f^^^ whem 

A\, A«, have tln^ same value« at every point of the soUch 
mi that 


The polar equation 01 an ('uipHouuu fHuruu-r (n nrinuiwH it, o, 
when the origin is at tlio ciMitre and 0 is i\w augh- wliitdi any 
radius vector through tlio origin Jiiakos with thr r/ axis, is 

irliV^ 

^ W oos '^ 0 + nV sin^ // t*o.s''^ j sin’’^ 0 siu’-^ 0 

w + V cos'** <t) j‘ IV sin‘‘^ ifi 

I rsin OtiOtitfuir 

I 


ii ••/ii // 

lotliod of rtulnid. 
the valii^ of Xj, wo learn that 




} rrns'^t/, i //•sin'*^^. 

Using the method of nulnetinn already eutjduyed ui iinding 


0 = r* - ~ 

“ Jo (n 4- + ^'■‘j 


‘{H I 


Oo is an elliptio iiitcgnil of the liffit kiinl, A„. /.,.. ntiil .l/„uri' 
elliptical integral!) of tin) .sc'i’!mii kintl. If •/ -A - <•, 


(.1 + «») > (.» + Ifi) > {X i <■’) ana A'., . . Jf... 

and, imloas s is zero, 


(s + a^)/(i! + (fi)<a^/tfi iml (^1 1 Ifi) (» 1 . /,> -,.3 

The equation for /'nmy lit* wriltim in tli.- f..riit 
a-.* , .fi 

fn - f' /; r /;, r ** 

A^aiwtrp if|i 

SO that the cquipotential surfun*s wdidn ii fdli|i 

soid are a set t»f elli|miiirlal Hurihei^fi uiih tht- i*i\rn 

ellipsoid and similar to i^ai’h mUht. TIh^ aM-. .up m ihv 
same order of hmgth as are those of the rlhirnad.d uuvr^ hut 
are monj nearly eqiml. I'lte outer i^nrlaep of flo- aifritpiuii? 


(ix/jtKn dn/tjL^ dzIxW^, 

so that iC tlio n(('.iiinic.iilH of A',,, A„. aro rc.proaoiitod by k, I, m, 

t---: ( V* (\iiK 


Tho two <'lli)iH(iicIal surfaccH 


vr- 





1 


arc <»(inf(K‘al if j A, h'^ |- A, I* A. W(' will 

aHHinno ftir ccmvt'niciH'i^ that. A ia jumitivt*. A ptiiiit I*' dii 
thn Hcctiiul HurTiun* S' ih aaiil U> rurrrHptunl U) a point /* uu 
tlit\ lirnt aurfaiM' A', if »r' : ,r a' ; r/, //' : // // : ; - S : c. 

If /\ and /\ arc any twr) pnintH cai S, and /\', /V tln' 
corrt'HpoiidinK^ pidtita nn S'^ tin* diHtancc I\I\‘ in <‘{jual to iht^ 
dintaiuM* [ Ivory 'h d'hcorcm ), an may lu^ Hccn by Hulmti™ 

tilting for it', h*, and S in the following mjuation their valncH 
in tmnim <d’ a, //, and (\ 






f* 


)■ 


'Fo the points on a chord A'/** of S, drawn parallel to tht< 
^ axii-i» corrc.HjiomI the ptdnta on a parallel chord hS F* of S\ 
"Fhi* ImiglliH of the.Hc two tdiorda art* uk tt to it*, d'o tin* ]»tdntH 
in a alemler priwni y. t»f ertiHH ^section within S, mie 

f*dge of which ia the line KF^ cHirri'Hptuoi the pointn in a 
^lentl(*r prinm of eroNH^Hcetion or ^ ’ FF / 

within *V^ and om* edge td’ thin ia tlie line PV F\ 

If y atnl 1/ are iiunle tif hoiiutgtmeoiiH matter of eipial tUne 
fiity, the x eom[Jonent of the aUraetitm at any pidiit i*\ on 


and the x component of tlie attraction tim^ to at the point 
P on /S corresponding to J"' is 

^ 1 1 \ 

' />o \r/^^ PF^J' 


The quantities in the paronthosc.s arc equal, bv Ivory'n T1 hm)«. 
rein, and the two attraction coinpomnits arc to each ot her uh 
hciI/cL If the whole space iiiHidn F’ is tilled witli lujiiuij'e- 
neons matter of density p, theV (‘onipoiuail at any point 
on S', of the attraction of so much of tin* muna aa lien within *S‘ 

is equal to the product of and tlu^ x (unnpouent of the 

attraction of the whole masH at tin* iusidt* point /’ which lit^n 

on S and correspondH to /*', Wi* have already ttnual an 

expression for tlio last-nanuMl fonu^ c’omponent. 

To find, then, the attraction at the rmlHidi' point ij\ .s'), 

duo to a hoinogenoouH ellipsoid of dennity p lunuuletl l»v tln^ 
^><1 

surface )S, or — + 75 + "a " 1 i we iiuihI. lirst ftml tin* imsitivi' 

„'3 . '■! 

value of X wliicli safcislit'H tlui ciiljic t , ; i " 1 

f A h‘ [ X » • f A 

and tlius dotormino the axes of tlio fUi|iHniihil xiniai-f S' 
through i" confocal with A If we cull tliin vuliu- tif A. A', the 


point on S whicli corrcHpondH to /“ 

, / ax' III/ rx' \ 

nates ( —r » , \ 

\ -h A' VA” 4- A' Vc" t AV 


on 4V' Inns thi' i-oordi^ 
» runi the f‘iimptment 


of the attraction at P due to an ellip«tn«l n{ deimily p iHuuidml 
by S' would bo 




If wo multiply this result by he/h’S, we Bhull gi-t U.o n-sult 
sought. If we substitute « + A for « in tlio intcgnil and 
remember that a: sa a ! «', wo itmy write the x i’(nmHtiii.nL 
of the attraction of the ellipsoid at the pt.int /' in ih.' form 





jvX 

2 (thnrpi/ L § wi/ L, 




f/s 


(.•? 4^ .4. ^j«/a 

— 2 ttfirTrfi:^^ jU J ///^''/IZ. 


Wo know thiii, if wo Hulmtitut(' in tlui (ujuatiou 


n^) 


1/^ 

f X + 4- \ X 


t - 0. 


tho oolivdinatoH of any paint in Bpano, tlio largont root of tlio 
(Hjuation norroHpontlH to an oUipHoitl panning tlirough tin* pcunti 
anti in nogalivo, znro, or pcmitivo according an Uu' poitit lien 
withiut tun t)!" witluHit S, KolUnving Uirichlct, let uh iniagintt 
a functitni u of the wpacc oo^nlinatcH, Nvliich nhall have thn 
value i^,cro at every point within or on *V, ami, at every point 
outHiilo (»f S, Hhall he etpuil to the jiunitivt' rtjut of tln^ etpui- 
tiau FQC^ whic.lt helongn to that poitit; ami let us con- 
sider tlm integral 

^ 

n f 
th 

which evidently vaniihes at infinity. For inside points where 
u is r.ero, F is identicml witli tlie value just found for tlm 
potential funetion within a honiogetienuH ellipsoid of density p. 

Since F involves x eocplicitly and alscj impluntly through 
ws have, in gcinaral, at any outside point, 

2wttlwpxJ'^ 


V ^ frnhrp I ( 1 


X'(’ 


« 4" « * 


ii,y^ 


(« 4- 4 + r«)'/s 


/ 


1 


X 




but, from the definition of the (•ot'flicioiit of /)^v vanislioB 
when ?6is positive, so tliat the inbc'fjfnil ulono nninuiiH uinl j4ivt‘H 
the value already found for the x (’.(iiupoiHuit of the attrjuM.inn 
at an outside point duo to a Iioiuo^^uuumuih i‘ilips(dti nf density 
p bounded by S. At )S\ JJ^. r is oontimuMts ; r jpvisH evi*ry« 
where, therotoo, the value of the potoiitial rtinelicui dm* tu a 
homogeneous ellipsoid of density p Ixuindod by S, 

If we note that 


J .9 + 1 


J s + 8 + (s -h (.9 \ ^ d « * f a 

o 

(.9 + a ^) ^ (.9 4 ' ^ (.9 4 ‘ r '**) * ’ 

and that the equation .FQi) — 0 yiedds 


Dm = • 


f- . . 


* f 1/)'^ 

(with similar values for J>^h aiul hh that 

£Zid4.ilZitl+ ... 

+ u //■* + u ('* -f- « 


for an ontsido point, and zoro for a pttiiit, williin ,s’, it i*. i-HHy 
to aoe that V satisiioH* l.a]iIa(u*’H K.|naliiiii witlonit .S' and 
Poisson’s Equation witliiu .S’, aw it Hliotild, 


52. logarithmic Potential Pnnotioni, When a dwlril.utiiKi 
of mattor attracting or r('|H'lliiig ntu'iirdiiig to iJn' •• l.aw of 
Natxire” is studi tliat liy a propi'r <-lioii'i. of axe-M of n>r.-rr».-i. 
for a set of orthogonal (JartoKian <'(iordinult<« tlm di'iniilv ran 
be made to depend on two of tlim' roonliiiatrH onh . llir .lia 
tribution evidently oxttmdH indidiiiitrly far in iH.th dir.-.-(ioit« 
parallel to the third axis. Hueh a iliHlrtltnlion »>. noui.'iiiiirn 
said to bo "columnar.” Any inliiiitrly long rvlind.-r ihr 
density of every filament of wliioh iw U... 'n 


may haves is a columnar diBtnbution. 1 1 

W(^ chooHC for z axin a Hun j)aralliH to tli(*Hn hlamtuitH, the 
coiiii>oiu‘ntH of thes fonu^ iaktui paralhd to th(‘, ir and f/ uxtm at 
any point involve x and // only, and thnn^ in no forn.o c.onipo- 
nnJit pjirallnl to tln^ axin of z» Sine.n tln^ (H)^)r({iuat(‘ will not 
appear in any of our nqualioiiH, wn may rt'pn‘H(‘nt a columnar 
dintrihutiem hy it.s t.rnc‘(‘ in tins xt/ ])lam‘, if wo k('op in mind 
tlm fact that tin* distribution itnedf oxtomls to infinity in both 
dinu’.tiouH pi’rpnndioular to this piano. 

It in ovithmt frtnn tin* work of S(*o.tiou 0 that a lino, hoino- 
gonotniH iilamont of (‘roH8“8uotitjn A/lu made of ropulliug matter 


Y 



of dotmity pi, urg('« a unit nuiHK at a jioint at a tHHtano(» r from 
the filannmt with a foroo of almuluto kiindit^ foroo 


r 

unitH. It followH that if the tnum of a t’fdumnar diHtributitin 
in tho *ry plain* in an ami Jj, tlm form* oomponontH at tlm 
point (jr, y, U paralhd to the axna tif x and // am 


J J i^% Uih !/ f' 


y ^ r r ^ 

J J (jf*j i O/i -t/f' 


whom Pi in the density at any point the x and // noOrdinati*H td 
which arc x^ and i/i ri’spcctivcly, ami where the integrals are 



extended over jt ih t-uiu'ii inuu u-. ■■ (.-,Mnniinio 

l)oteiitial functidii” lif!(mK»'K *" -‘nd 

.r. t />,r, r ? /-j. 

? 5 ; 


• rit|**at tu 

I ai flit* 

n.. fi.av 
l’n,i«ia9U 


In the gonnral (‘list* tin* j'nhtrusLH' »h htluifaoi tan f |i,i 
.sidomi 1.0 !)(' niadi' u|» partly «d hljja* n? > mI ,* 

and i)arl;ly of filainonl^nir la.tit' i, iL.d fh,* ifriis^ify 

is positivo for sonu‘ valti^'N m 1 ,r .md .nid lu- « 

ITudor thostu'irtMun.Hlaiirf.H d and ) t 

pouonts wliioli would aot. t»n a luuf m! 

concontrat.('d at ilu* point iJ\ //. * «. If ^w!! !.»• » 
dtnu)t(f tlio amount ol‘ mat tor itrrLnurd .ii.yl'iA 
unit ](Uigl.h of a ooliunnar dodul‘Ufi*'U 1/ 
that at ail inlinitiMlihiaiioo i m iIh* ^ l 
of a columnar diHlrilmtnui !ho Ini’.us! ^ 
l)e(U)mi‘rt inlinitc, unloHi .1/ ;riM, nlulo iIa- , 
vanish in any caso. 

It is oasy to provi* tliat, it 1/ ih I u . 
at infinity in tin* x// jdano ifiai. i( r 
fiuito point in tlio piano, rT and r'i* I *i« 

?• inoroascs iiirlolinitoh . If J/ I p. 

at inlluity in nnoh a wav iImi th*' , v i 

(r.V>,r- d-M/ur V /i, T i 1/4^..:. ..r. i f 

all approach tho limit W li» n r I wj-'i . ‘2,u«- j 

X, F, and T ar<» tinjii’ at cvrry |...u 4 lu if..- , 

OUtHidoof is cvidont ; llmt no-U«’ *4 !Kr.n 
point within dj can 1 m» pr«*vrd |») ii,«isHi»an«irsp iij,- 
which dcliim them to polar rot,rdiii;4f.v'^ n.v.np Hn^i^'rird 
point 118 origin. 

If n in the exterior m*rnMil of 

})]ano, and r the tiijitiiiioo frnm lo«’4 |w. 5 ui *» iljt-) |d;|j|*f 
tho Una integral of eoHfn, rp r l.iltrn 5 rs Ui 

mOi T, or 2w, lieroniuig m j?, f, 

hioin tlu8 it thill thiti I 


' » M'»in 4uy 
4 ou!'i 44 
njfinsfo 
4 ti 

I Jr /♦, i'l 
o;*.- 11,41 

v |»!-iit«‘i 

' a! iinv 


gkekn’b theorem. 


129 


to l-TT timoa tlio inaBB oX tlu^ unit lougtli of ho imxcli of the 
columnar diHtributiou as in HurvoiuuUul by tlu^ curvtn Wo 
may regard thia an CbuiHH'H Theorem apjdiod to columnar 
diHtril)ui,iuuH. 

If a ruiiction tt involves and y and do(‘H not involve no 
confuHion mit‘d bo (uinatul by demoting D/u + P/u by V'^n. 
llHing tliin tiolation, (h’tum’a Thoorom Tor ruiudiunH of the two 
variabloH x and // may bo writtem in the form 


2S3 J>^w ' ih — ^ J ' u • • dA 

^ ^ J>^u » ds — ^ j* in • • dAf 


wluua the liiu^ intogralH arc to bo oxtimdod around a cIohihI 
curve M in the xi/ phuus within and on wliitdi n and w with 
tlndr ilrnt dorivativoB arc contimunm, and the dcniblo inU'graln 
oxttmdotl over the area abut in by I f in thin oeiualion wo 
make u I atul w the logarithmic pe^tontial fuuctirm duo 
to a columnar dintributioin wo got 

f f vUuiA 


and tluH, ancctrding to the i^pacnal form ChuiHH’a TheHuom, 
juBt wtitUnl, in lapiid to 



rpdA, 


Hinco the farm of tha curves ^ may bo olnmon at ploamiro, it 
uumt \ns true that at every point F + 4 vp. It h doBirublo 

flitu irtlntiJi! Vlf til 


01 tl OUiUIlUUU: lunui I muummm 

positivo 11U18H would liJivi* f,dv(‘ii rist' to a )>nt.rnt.iul 

funofcion, and this iniKht liavo oansod cnnrusinn. 

If a portion oi' a c.olumuar (Ust.rihuiioii oon.NisIs nt a stirfaci' 
cliargoon a oylindric-al surraoc, \vi‘ may ocmvmiirnl 1\ fujiNtruct 
a small (puulnlato.ral in tiu* uo/ piano hy drawing t-wn utiianals 
across tlio ends of an (doniimlcd’ tln‘ triu'o td* tin* ovlindrioal 
surface and two very nt^ar (uirvos jiarallol to iln* traoo idonuml , 
one on ono sid(^ and thi^ otlun* on Uio otlmr. I \\ t Inoi, \vi* apply 
Gauas^s Theorem to this (inadrihtU'ral. wo shall h-.irn that at 
every point of tli(‘. trac.i^ tlu^ sum of tlio unnual tlorivalivos cd' 
V taken away from tlu\ curvt^ on ouoli sido \s d /ro. 

If a closed curv('. ,s’ \n\ drawn in tlu' x// piano on ns In 
iucliidc the trace of a portion of a mdumnur ili‘U rilmt ion tlio 
linos of wliicli are perpomlimilar to tliat piano nud to o\oIndi' 
tlie trace of anotlun* portioiu and if I) ami Jh roprosont tho 
parts of tho potential function r ludonging to ilavnt two 
portions of tho distribution, wo may apply lh’oi*uV» ddioornu 
to F and the logarithm of the distnnor from n ti\od point ti 
iu the plane. If ?i re^n'osents a normal pointing mitwanl inmi 
s, wo shall find that 


/ 


rM'.osC;/, r) 


(/S 


j ^ ‘ h»g r f/s 


is equal to the value at 0 of if is within ami to 

the value at 0 of — 2 tt if is without 

If s liappoMB to he a mirvo ou which T is oonstant, 



log r " 


is equal to tho value at 0 id' /V if f) in without or of f; j;, 
if 0 is within ft. The riuuhu' may I'ompun' iIioho ro^mltn with 
those given iu eijuatiouH [ Ifid j and | 157 |. 

If a function y‘(.r, //) hnn the value ‘/cro at o^m v pcont of 


If v/jl UIIU UJL 0 UU<UUU JLJL UiU U, liAiJU. 

point 0 in ilio piano ami prove that 


i “ ( -u ") '• • +/“ (~l^ ^ 


\vh(‘ro tlu^ nonnalH point outward on and inward on is 
iHjual to (h tht' valiu'. (d tit 0^ or (\ aoourdin^as () is without 
Hi, hotwotm and nr witliin .Vg. SurfacH^ oharg(*H, of donaity 
' I ^ ft* 

" " » ap[diod tt) and would, thoroforo, give riao to the 

•l TT 

])(»ti*nl.ial runction //• Ind-wiMm .Wi ami 

If u fum'Utin tr /(.r, y), hanuonio at all Ihute points, has 
tin' (’ouHtunt value v on a tdosinl (uirvo s in tlu^ xi/ plane and 
beeumoH iniiuitu at inllnity in this plane in Hueh a way that 

limit [in ii/ilogr) 0, tu’ limit (r h^g r • 7^.//’ //•) 0, 


where fi in a givcm ennstaid, then at all points witliout if n 
is an interior normal, 

and //' is the p(»tential fniieti(jn d\ie U) a ecdnnuuir distribution 
of Hupt»rru’iul tlemdiy m thn eyliudrieal surfaee 

of whieh ^ is tin’ right Heetitnu The amount of matter in the 
unit hmgth (d' this ('.ylimlrieal distribution is /a. 

If within tlm (’hmetl eurve a in the .r// plane, w /(jp, y) is 
harmcmie, we may apply (treen’s Theormn to a* and the logiv- 
rithin «d the di.Htanee r from a lixed point fh* within using 
as fiehl the region within ^ and without a small eireumferonee 
drawn anmntl I'liis yields 

2 ir«'„ „ ■ [[(/'• /). log r, -- log r, ■ /),w] th, 

where H hi the exterior murnal to m. If i« the distanee from 






' n V a/ ' 


or L ^ '» 

If 5 is a circuinferonfio of ratlins (t with otnitri'. at ( , aiul if 
Oi and O2 aro inverse points snc.h tluit 


then rx/7^2 constant all over 

J J>„wclii = J* j' VhriUth/ . I), 

and 2 0, ^ j '"K '*> l'^"- 


Moreover Vi ■ J>„ log ?*! ooh (i\, ti), i\ ■ />„ log r, ctm («,, n), 

= ((,'•* 4- cj* - 2 (//', cum (/•„ «), 

1 ^ = (t''* + 2 «/', coH (r,. «), 

\ 

and the value on a of i\/i\ is li/u^ ho that 



taken around the cirnuittfi'rencn. 

If we introduce polar cohrdinattm with origin at tho rontre 
of s and denote the codrtlinatcs of by /t and wo shall liavt^ 


2rj„ V + -’2«/, cVn«(.^ 4 >^) 

This is sometimes called ‘‘PaiHscudii IntcgraL** 

At the centre of the curtnunfercnce where ^ ^ 0 , 




EXAMPLES^ 

1, If the potential fiinotiari due a certiiin dintribntion of 
matter is riven eaiuil to sioro for nil ttt st matm 


WIL.IUU n, uluuu m lui uuiuuT wiLuuuTi Luero 18 a Biipernciai 
(lintribution of Hurfann deuBity 

[aw + (/>.<^)“ + 

upon hSj anti iho volumo dtuiKity of tlu^ luattor within S is 

[ThomHon and Tait,] 

2 , Bhow that* if w in cunistaut on tlio olonod surfane^ and 
Ih liarmoido within it in onnHiant in tho npatu^ cnudoHod by 
aS'; and that if IT vaniBhcH at iniinity and is tworywhoro bar- 
iuo!dt% it in ovcnywhoro (‘tjual to y.oro. 

ll If two fimctioim, /o, mul tOy, which without a c.loHtuI aur- 
faoo aV art^ hanucmin and vaninh at infinity, have on aS' valuoa 
which at ('Very point in the ratio of X to 1, X being a cum- 
atant, them cvtn’ywht'n^ t/'j ^ Xw^ 

4» Tlu» functitina u and c havci the conatant values ?/j anti i\ 
cm the chmctl Hurfacc iS\ and the constant values u.^ and Cg on 
the (duHtnl Htirfacu^ within aS\, Hctwium aV^ and *Sg, u and v 
are harmonic. Bhow that 

(H - • U^) (/', . ■ I-,) (/- - (>,) («s - - «,). 

5, Ouiaitlc a cltmtul Btirfact^ w^ and arc liannonio and 
have the same levtd Hurfaces. cCj vanislu'H at infinity, while 
has everywhere at infinity t4iu coimtant value (\ Assum- 
ing that a aeidar point fuiu'tion v in expressible in terms of 
antJtlier, w, if, ami only if, 
tiji 

show that iCg is of the form lhi\ 4 (\ 

Cl Bhow that then! cannot Im two tlifferent functions, ?r 
and IF', both {»f whicdi within the space aneltmad by a given 
surfiwu! *S' (i) satisfy laiiduce*^ Kt|uation, (2) are, togt^thor 


Y. DHOW Witll; yiVUll il rtt'U 4 . 

surfacGSj tlxero cannot bo two (Un(U’(‘nti ltin(‘.t>u)nH, // uiid ff \ 
wliich witliont tlieac snrrao(is (1) mitisly Laplaf('\s K^piatiou, 
(2) are, with their iirst space (huavativt^s, continuons, (ll) so 
vanish at infinity that rfJ] /"/>,, f/, wlnu’c r is 

the distance from dny linito iixtul point, havt* rmitc limltH, and 
whicli satisfy one of the followiiij^^ ludatiiois t ( 1 ) at inany 
point on the given surfaeos /F— ir\ (2) at (‘vtn’y point (»f 
every surface J\W — 

8, At every i)oint of a ])ortion (or tlu^ whole) <d' a chmed 
surface fSf (or of a set of (dos(ul Hurfa(U‘H) tln^ luiud.ions tr^ atnl 
W2 have equal values, and at every point of Mu' remaintlor cd' 
/S these functions have (‘.qual nornuil derivatives. Oulsitle 
and on aV both functions are harnnmus and tlu'y both vanisli 
at infinity in some, manner not mori‘ e.losely iltdiinsL ICaeh tjf 

the integrals t'vitleiitly tlu^ saline 

finite immurical value wlum takini ovi*r S or ov«»r any otlier 
surface wliich encloses /V. Show that //', and /a. am itlentieal. 

If the values of and iv.^ at a point I\ tin' eotmlinatcH 
of whicli refoiTod to any iixtul point as origin am (r, 0, 0), 
instead of approaching v:ero as r i.s iinuli' to inennise imhdi 
nitely, both approach tin*, limit /(^, (jb), / ludng a eontinuouH 
function, when, with any values of 0 and r is made infinite, 
Wy and ?Ca are id(uitical 

9. The given cIohihI surface 7>\ shuts in the given closed 

surface aS!j, The given runetiou w is hanmmit'^ betwe'eu A', 
and A-Sy. Show that no otli(*r funetiou than v\ harniouie he^ 
tween aV| and aS!j, has tlu^ saim\ value that w has at every point 
of Sy and the same value of the normal lierivative at every 
point of aSj. Show also that any sneh runetion whieh has the 
same value of the normal derivative' at evn'ry jaiint of A', and A’^ 
that the normal dtudvative of w has difft'rs from w at most by 
a constant. hTo other fnnc.tion than //*.. lanatoatin A. 


I urfci UUIUU-. MUM'UiUU Wiurilpm VilUlHUrM ill) limULUJ' 

that, if ris thn diHlantM* from any lixcnl Iinit(^ point, tho limits 
of r io and r^/>,.ir urn not in(init<s lias ati ojuni Z(*ro laved sur- 
faae^ an widl an a Hindi's of (doHi^d Invid Huriaiu's of wliiidi oni^ 
is Ay. Show that in thn ri'^don 7\ hotwnnn A'j and Ay, tr is 
thn potnntial funntion dm^ to surFann distrilmtions on A, and 
Ay dnfinnd by thn ('quation d Trir whnrn. n ])ointH out 

of 7\ Tht' wliidn (diargn on tlin two surFan.nH is /.i‘ro, 

11. Outsidn thn nltmnd surrann A\ upon whicdi its valun is 
givi'ii at nvnry point, thn rnnntion tn is hannonin. (‘xni*pt at 
nnrtain points, /*g, /t,, ntn., whnrn it hni’oinns iiiiinitt^ in 
HUidi a way that, if mpmsmits t)ii‘ distannn from I\, 

tr is harmonin at 

whnrc^ //q is a nonstant hnlonging i.o the' point /\, At inhnity 
ir vunisht'S liki* a Nnwionian potnutiul Fuiudion. Provn that 
//• is uniqnn. If ir is a Nt'Wtonian potential Funedion, what 
do you know ainiut thn dintidlmtion whiedi givi's risn to it ? 

Ili, dim {'uni’tionH T, li\ il with tladr lirst spunn dt'riva* 
iivt'H are* e’ontiiumUH. t'vnryvvlinrn without a givnii edo.snel Hur* 
fimn A, and Umy vanish at iteiiuity likn a Ni*wte>nian potnntial 
funedion thm to a hnitn dint rihiditni of nmUnr. ami iT have' 
thn satun vuliinH at nvnry ptjint of A, hat otUsidn A, f\ (-), aind 
Cl satisfy LHplann*H ICipudioti and IT dons not. 11m surfann 
intngrals of thn normal d«*rivative'H of (-) and U takim ovnr 
A arn nt|ual, Imt H has thn sanm valun all ovm’ A, and il a 
tanitiunuUHly variahln valun. Show that, if tlm inU'grations 
nnihritnn all spann ouisiiln A, 

.fj'f 

it * » * » ' 

i i i Si W 1“^ I i I ( li 


given surface S is least when tlie amingennnit is ('([uiiio- 
tential. 

13. Everywhere within the closed surfiie.c^ aS' tlie two scalar 

point functions Faiul V are eontiiuams with their first deriv- 
atives. Over a given portion of .s', (' and /'' liavi> eipial 
values, while over the roinainder of .S' both !>„ I' and are 

equal to zero. The veetors y and ./' have ttm eoiuptment.s 
XD^F, XDyV, XI>^V and XS>J-', ,\/)„ 1'', X/>. f' respectively, 
where X is a positive analytic scalar )ioint fnuetion. .Show 
that, if q is solenoidal and y' is not solenoidal, the integral 

JJJa [(/>, Vf + {!\\y -f ( /', r )••' j ,ir 

extended over the whole Hpaeo williiu H in Iobh than l\us inii'gral 

fff 

extended over the saino region. 

14. Gravitating matter of given uniform detmity in eonfimHl 
within a given dosed aurfaccu but its voluuu' is lesa than t hat 
endosed by the surface. Prove tlnvt, its poUmtial cnu’rgy in a 
maximum, if the matter fonus a shell of wliieh the givetv Hnr« 
face is the outer boundary, while the internal boundary in an 
equipotential surface. 

15. Let y) and //) be tw(j analytical 

functions of x and y sudi that the two familif'H of eurvtm 

//)^-- A- 

are orthogonal. Let V bo any function of x and // which, 
with its first space derivatives, is continunim, within and on a 
closed curve s, drawn in the e.oflrdinatc plane. Lot /i( ami A, 
be the positive roots of tho equations 

V = + i-iw, V » i^>^ny + u>,vy' 



over the area enelofied by ,«?, ia eqixal to tlio line integral taken 
^around a of KeoH(^, n), where n is an extcnnor normal and 
(^1 ^0 re[»reHentH tlu^ angh^ Ix'twemi n and the direction in 
whicdi ^ inereafl(‘d niont rapidly, 

Show that th(\ eorn'Hponding thoorem in threes dimensionB 
may be (^xpr(‘HH(nl by (.ht^ eiiuation 

■ "f >'r -ff r c«» (s, „) ,is. 

10. Th(' operator [(/V)® b applied to any of 

th(^ (piariititit^H jr d //:i: lx Vu, it/ w2 ± x^ ete,, yieldn zero : 
ifl c^very analytie fune.tion of any (me of theme (xiuuitititm 
hiirmouie. ? 

17. Thc^ produet of two harmoiut^ funationa, if, i% ia itnedf 
harmonie if, and only if, the level aurfa(um of u and v am 
orthogonal. Thc^ produet of three harmonica fuiutiona, if, /», v\ 
ia itnelf harmonic', if, and only if, the level aurfaeuB of if, a, 
and w are uuitually orthogonal. 

18. Th(^ funethm w of the two variahlea ’jt and y ia luir« 
monie in the jty plants everywhere mitaide of the mutually 
exelunive cdtmc'd eurvc'a and % Upon theme eurvea w has 
givtm e.onntant valuem. At infinity, te beromem infniitn in auedi 
a manner that, if r ia the diatanee from any fiuito point ia 
the xy plmie, 

Bhow that le ia the patrmtial funetinn without and due 
to auperiiidal lUatributiouH defined by the cx|uatiim 4 mt - 
upon the eylinclritml aurfiuam of which fCj and are the iriuam. 
In the formula Juit given the normal puintii outward at 
and 

lit The function w of the two variahlea x and y ia liiir« 



distance from the origin w so bec.oiiH^H inlioitt* that , 

^ , y; ^ ,) 

show that on either side of ,v, w may l»o ronaidrred as Mm 
logarithmic potential due (tj a (list riimtioii td* idtM’- 

/} 

tricity of density (r = -•" - ' on tin' infinite eyliiidrieal .stirCam' 

*1 TT 

of which s is a right section, and to dislrilmt ioim upon Hutm 
normal to the or// ])lan(‘ whi(‘.h cut tin' plane at so many of Uu' » 
F points as lie on tin*, ehostm sidi* of a, 

20. If the nornnil component of a V(‘etor is y.mai at t‘very 
point of a closed surfiuu* S, and if within and on A' tln^ veetor is 
everywlmiv*, sohmoidal and lanndlar, ilH ('oiuptmeuts art* t'qual 
to zero at t^vtuy point within A. If the normal eomponent td' 
a vector is given at (*.vm\y point of *V, ami if t*vt*ry wlo're within 
A'tho curl and the divtu’gtmct^ huvt* givtm values, the vtsdtir is 
dcteriuimHl. If </ and 7' are veetors tin* normal eompuneiits 
of wlihih vanish at ev(‘ry jinint of A', and if within S\ y is 
solonoidal with curl /r, whih^ y' is lanndlar with diverKmus* 

J), where k and J) arc given sealar point fnmdions^ y i y' js 
the uuiqim vector, the normal eomponent of whieh is /»*r(» at 
every point of A^ and wliic.h within A' han tin* eurl 4 ami Mu* 
divergence J). 

21. The normal derivatives of u with rt^speet (,*} r is 

(/^a • | /i^u • /^,e)/7qA 

22. If ni^xyz, a r ■ 2 .r + ?/ 4' Mm vultnm at (1, 1, l| (d 
DyU and are 2 /;5 and 4 /d. 

p. The gra(li(mtH of u ami c an* numeflcsdly (‘tpuil at overy 
point, though not in gmu'ral iu)incid(mt in dirertion, if. and 
only if, 'a 4- a and u ^0 are orthogomil funetiotm, If Mu* 

iTI'inO /I ■« 1 4* ri j-k f .1 1 ^ 1 . . 1 . . • 
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24. If thn ct)ini)onniitH pamllol to tlio axes of x and y of 
the Holenoiclal vi*c.tor (/^ /», 0), whioli luiH no tiomponeut ]mrallel 
to tlui z axin, arc^ iuth^ptnuhnit of a vcu'.tor, dinu'.Uul pavalhd 
to tlu^ z axis, whicdi huH for it.H int(*nHity any partial inte- 
gral of u with r(‘Hi)ec‘t to // wlu<di MatiHlu'H the (M)ntUtion 
‘i' vector i)ot«‘ntial func.tioti of tlu^ original 
vetdor. ThiiH: (0, 0, x’\i/ 4 // in a vt'eior potential fiuuv 
tion of (.r’-* I .4 //'^ Uvr"* 'dxjf, 0). Tlu^ value at the point 
(x^ y, z) of tin' dc'rivativi'. of iakcni in a direction jKU'ptni- 
dicnlar to the ri* hkIh and making an angh‘ a h 90® with the 
plants of x.i\ i.s •co.s(a | 1)0®) f 0^ 4 90®), or 

'^01 a, liV H c(m a h c nin and thin in the 

remdvcd part ul' tin' vu'ctor (//, e, 0) at tlu^ name point in a 

dirt'ctiou paralhd Oj tin' xt/ plant' ami making an angh* a 
with tin* ])lane tif .r.r. Wt* learn, tlu'refon*, that the numer- 

ical vahn* at any pi>int /* of tin* derivative of taken 

in any tliri'ction paniih*! Itj tin* xi/ plain*, in etpial to tlu^ 
comptmcnt of the Vi*t‘tor iu, /*, O) in a tlirt*c.tion parallel to 
tin* j\i/ plum* uinl p«*rp«*ndit‘iilar to h, Slanv tliat the iuti*r- 
aeetion td' any plum* purulh*! to the xi/ plane with a t‘ylin“ 
<h*r of the lamily Q, countant in a line of the veetor 
(//, e, 0). Sliow silmi t hat \ /V'^V, ( / V* 

tin* negative id* tin* eompnnent parallel to tln^ axin of the 
curl of (a, /*, Oh 

20 . A vecti»r piirullel to the x axiu of intensity iinlc'pentl- 
ent t»f and erpml to the negative of a partial integral of 
witli ri'Hpeet to y, and a veetor i»arallel to tin* y axjB of inten- 
sity imlepi‘mlt*ut of and etjual to a partial integral of tr 
with respect to Xt arc* vec‘tor potential funetionH of the vec*tar 
(0, 0, wh providi'd u* m imh'pendent of t. For example: the 
Vi'ctor.H ( y^ d .r^y f /(u*), 0, t) | and [t), 2jry 4 ^(y), 0] 



Wiiere V / * — — 

original vector. Is this original vector Hoh-iioitlal 

27. If tlio lines of a vector arc straight lines jiarallel to t.lic 
xy plane and emanating from tlm » axis, and if tlm iiiimisitv 
of the vector is a function /(r) of the distanee r I'rotn this 
axis,/(r) must be of the form e/r if the veid.or is snleimidal, 
A vector with such linos as these cannot he Boleuidihil if the 
intensity at every point is a given fuinition {if the angh' which 
the line of the vector through that point inalu<« witli the xs 
piano. 

28. Tlio lines of the vector ure 

straight linos pamllol to th('. v^i/ plant' anti t'luanalinK froni 
the z axis, and its eurl is of tlu^ form (0, 0, // • i>,f ,v • 

If / is expressible as a funetion of the angle tan ‘(///x), 
y-J)^f—x*I)yf is also expresHible an a function of thin 
angle, but if f is expressible as a fuueliou t»r r v/x'** i if, 
vanishes atul no vector of tlu' form 

can be a vector potential fiirietiou of the vector f t), t), ). 

If the ratio of y to x be dcnotctl by amt if f{fi) 

— tho vector [a*-/(/4), //-/(m)! tt vt'c'ior 

potential function of the vector [()» 0, ]• 

29. The lines of the vector [ - y\f\x, //), xj\x, //), 0] art' 

circles parallel to the xy ])huie with eentrcH on the ^ iikih, ami 
its curl is of the form (tb 0, 2/ +,!*' //* Hlmw 

that if / is expressible as a function of r, tli*' clistHiiiu' from 
the z axis, so is 2/+- + y ■ and that, if 

[-y-F(r), X'F(r), 0] Ih a ventor potential funethm nf tho 


til A wutwu ^ ll ' J VP/» 2 ^ V VVj 

vec.tor '(H)t.c‘uUal ruiu'Uon oT [0, 0, /(/x)J. 

no. IMio (liflon'iH'n bptwoou tiu* valiU'H at any two poiuiH 
A and // of any analytic, scalar jjoiiit {’unction T in (Hpial to 
bht^ liin^ inti'fjfral taken aloiiK any patli from A to />* of tho 
tangential comptmmit of tlic^ v(Kttor (/>^/", 

ni. Tiio only familitm of piano mirvcH which an\ at onc.o 
tha right Hcctiotm of txmHihla HyntaniH of equipotential cylin- 
drical aurfaccH in am])ty Hpaca due to columnar dintrihutions 
of matter whic.h attractn according to tlu^ “ Law of Natur«‘d^ 
and alno tin* generating eurven of poHnihle BystmuH of (‘(piipo- 
tcntial Hurfaiu'H of revohition dtie to diHtrilmtiouH of Kuch 
mattc'r Hymmetric.al about thc^ common a>ciB of thence HurfacoBj 
are faiuilicH of (umctmtrio csonicH. Munt ev(‘ry Hindi family of 
conicH be confocalV fAn/r. J/ff/A., 

32. If a vector in determined at every ptiint by mcauH of tha 
componentH (/i\ 0*), Ji) in the directionH in which the columnar 
codrdinatt‘B of tlie point inoreaHe numt rapidly* the divergence 
of the ve(‘Xor may be written + /i*/r + 

33. The eejuation 


F(X) 


n» + \ AM- X /'MX 


0 


repreHeutH, when n, /», and r are fUeil, a family 4if eonfocal t|iiad“ 
ric Hurfacew of whieh X in the parameter. If n >b>t*^ and if 
iT, y, luul ^ are tdnmim at pleimure, the cubic in X ban thrtai real 
rooti (iq e, w}\ one lictween - and h\ corrcHiHinding to 
a parted hyiH^rlKdoitl, one betwc3en and eorreapond- 
ing to an imparted bytH^rkdoid* and one Iwtween - anti oo, 
corre^pontUng t4i an elHpaoid, ho that thnmgh t^very |Hnnt of 
ipace threii nurfitcci of the family e4m be drawn* luicl it in 
cany to »ee that theiie cut each other orthogonally. 33n3 
direction ciwineH of a surface of aorwtant X have the valuei 


(uj V, w), and tlivec vanu\s ol n uc hiu>« 

stitute u, V, and w siicciosMivcly I'm- A in Mn' ••<|n:il inn /-’(A) 0. 

W 0 shall get three linear cciuations in A //■’. frinn whieli 
•we may obtain expressions for ;«■, .//, ~ in terms ol ii, r, «•. 

/i./ = _ 4 .p „) (/;a + „) ■ i- <0 1 / 1 {It r)(u »■ ) ), 

and V corresponding values wliieh, substituti-d in 




gives Laplace’s Eipiation in ierms tif tlu^ urtlingniutl eurvl» 
linear coordiiiate.H (//, v’, /r). Prove iliiil. if we jis.Huuie (hut. u 
solution of this ef|U{il.i()ii (‘xi.si.s wlii(‘h iuvolveH //• only ami 
vanishes when w is tlu^- I'quutinn whieh iletermiiu'H 

this solution tak(\s the form 



Hence, show that a set of eonfoeitl ellipsoidH un^ fHJHHihle 
oxtenial cqnipotcutial mirfue-eH, ami tliat if J/ h the iuunh of 
the corrospoiuling distribution the })oteiitial fumiiMn in given 
by the last equation, in wliitdn sint'e a vtn'j largt' vidtie of w 
corresponds to an ellipsoid litth' di(Tt‘nmt from a ^iphen^ of 
radius Vw;, C is to be d(‘termim'd by the etpiatitm 

limit ,)/. 

w - w • 

Find the density of a superficial distrilmtion oii a snrfui'e of 



«/•!, v/i tl nwiVJIlWlUil/i VUUUIIJL DUUli UUttU UJllU 

thr (‘0 fiuic.UtiUH wliic.h givi\ ilu^ Htroiigthn of its componouts 
paralU^l to tlu^ tuKhnlinaitj aK(»H Hatin fy Laplacu'.’a Kcpiatioii 
vaninlu'H* If tlu^ liium of a v(*(',toi' art^ all })arall(‘l to a plane, 
and tUt‘ v(‘etor lum the nanu^ valuta at all poiutH in any lino per- 
[)(‘n(li(nihir to tln^ plains tlu^ viudor in perpcnnlienlar to its eurl. 

;if). A. (U'riain viT.tor, the tiniHor of wlucdi is /(ur, y, ^), is at 
ev<Ty point (Ur(‘c*.U‘(l (‘xactly in tlu^ (Hn^ntiou of tlu‘. straight 
liin^ whieh joins th(^ origin with tlu^ i)oint in (luestion ; show 
that tin' vc'ctor is not Ji(*tu‘SHarily hunellar, but tluit it is per- 
pen(U(nilar U) its <'nrh If all the eompomnita of a veetor are 
functions cd' .r anti // only, or if all ju*e functions of x only, or 
if oiu^ coinpontuit vaninhca ami the otht^r conipomnits are 
lunctiouH of X, y, amt tlu^ vector may or may not be 
perpemlit’ular to its curl. 

IWu If VJ cninpouentH of a vector 

(Ai, /Aj, Cl) the ctirl compmumts, (Xu, yg, v^) tlio components 
t)f tlu' tmrl of thc» tairl of ami so tm, 

Xi />//. X, - IK (Div Q) - 

kg V%, ki -- ' and so oiu 

H(»w arc ihcst' t'tpmUtma cliangcd if ^ is a solcmoidal 
vtsd-tir ? 

♦ 17. If tin' hanmnih^ functitm /(^, //, x) rcpresentH the x 
etnnpomml tif a vt*t*tor wliich is both sulcnoidal and lamellar, 
the // and .i' componentH must lu^ of the form 

I ^ V'‘ ^ ^)* ^ '' f 

where z) m a solution of the equatinn 

:iK, A certain vectt»r {A\ )\ K) is not perpendicular to ite 

# ii.' i iiinn an*, ft* 


whicli added to the Imst ve(‘,tor kiv(‘h a new veeun- 
ular to its curl. Ls this etpuition always intc'grabli' ? 

39. A vector Q, with (*.()in|i()iH‘iitH CV V-h eontiinious 

except at a oertJiiu surfae.i' S, In each t»r tin* ri'Ki^nis sepa- 
rated hy S, J)A>, -- />//,, H.» that 

at every point within tlu'sii regions the eurl td‘ (J vanisln's, 
Iuvesti^^a.to the vahu' of tho e.iirl of e;/ A' when the nonnal 
(or a tangential) conii)ou(uit of is (Ust^ontinuouH there. 

40. Unless 0, a vector tlu^ x (uniqument of which is 

/(Xj z) cannot l)o both lamellar and HohnioithU. 

41. Matter sprmid unirormly in a HUptn’fieial distrihution 
on a circular portion of a plane fonns a ‘Mdreitlur Hurfuee 
distribution.” Two such distrilmtioiiH, ea(’h of rudius u* are 
placed parallel and op[)osite (»uch oilier at a distanee ^ apart. 
If tho density of one of tlu'Si^ he + rr and that of tlu^ other 
—• CT; and if 8 1)0 made to a})proaeh zero and tr ttj inc‘ri'asi^ in 
such a mannor that the product of tr and S is always vi\\ni\ to 
the constant /X, the resnlting value of the potential funetion 
is said toboduo to a “circular double layer ” of ratlius o, and 
density /x. Show that the limiting valiu'. of the ptiUuitiiii 
function at a point P on fclm axis of the doidde layer and at 
a distaiute x from its plane is ± tt/x ( I ‘x/ v tP i 4 *^}, wlu^re 
the positive sign is to be ustsl if /* is otr one side tjf the chiuhh^ 
layer, and the negative sign if /Ms on the othtm side. U i\w 
potential function discontimiouB at the double layer? Is the 
force discontinuoua ? 

42. Assuming the surface of the cwth as defined by i]m sm^ 

level to bo a spheroid of cdliptieity i, prove that the mmn of 
the earth in astronomical units is + c | m), where 

<70 is tlie force of gravity at the etpiator, tlu^ et|uatorial 
radius, and m the ratio of “centrifugal force*’ to trui^ gravity 
at the equator. 
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CHAPTER V. 

THE ELEMENTS OP THE MATHEMATICAL THEOET 
OF ELEOTKIOITY, 

I. KLK(!^rR()STATICa 

63. Introductory. Having considorod abstractly a fow of 
tlin oharacti'riHtic propt^rticH of what has bean called <‘tha New- 
tonian p(»tiMitial runetion,*' wa will devote this chapter to a very 
brief discUHsion of some geinnnd principloH of IClectrostaticH and 
EleotrokineticH. By ho denng we nhall incidentally leani liow 
to apply to the treatment of certain prcudical problems many of 
the theorems that we have proved in the preoeding chapters. 

In what follows, ilie rentier in siippoHcd to he familiar with 
Htich eleetroHtatlc jihencnnena as are deMcrihed in Uui llrsl few 
cluqders of treuliHi^s on Statical Electricity, and with the hyt^^^tl^- 
escH that are given to explain thcHc t»hemnnenu. 

Without exprcHHing any (Opinion with regard to the phyKit^al 
nature of what is called dtririjivatiaii^ we hIuiU here take for 
granletl that ivhether it in due to the iwesenee of stiiue sub- 
stanee, or is only the conHetpienee of a niotle of motion or tif a 
Btate of ptdari/avtum, we may, without errt^r in our rcHuUs, tine 
some of the language of the olti *‘'i'wo Fluid Theory of Klec- 
Iricity ** m the basm uf our mathematical work. 

The reader is retuinded that, aiiuing other things, this tlieory 
teac’hes that ; 

(1) Every particle of a hmly which is in its natuml Htatc con- 
tains, combhunl tiigether so as to cancel each t)theFH efTectH at 
all «ni(«itlc ladntii, ca|ual large quantiUes of two kinds (jf dre^ 
Ineittf with properties like theme of the positive and lu'gatlve 



charge is of posilivo y, the IkmIv is said to lu* posi 

tively oUu'trHicd ; if llu' (‘Imrgv is nrgalisr. iu-aii\rly t-hs’lrirn-d, 
JOither kind of cl(‘c(rici(y existing nneoinldneil with nu otpml 
quantity of Uic uthci' kind, is enlledyrM’ tdisUrioit v. 

(t*i) WluMi a cluirged body A is iu’onglil into tin- ii«*it»bborliootl 
of anotlun* ])ody H in its natural stair, \\\r two Kinds nf idts*« 
tricity ill every lairtiele of // Irinl to st‘]iaralr I'nmi raoh otiif-r, 
one liehig attniet-rd and tin' othrr rrpetird by J’srhnigr, nml 
to inovis in opposit.i^ diri’ctioiis. 

In general, a tinuhaiey to Hepanilion orrurs In all parts nf tin’ 
body, whether it is I'harged or not, wlan'r the vrHultant rlriMiir 
foree (the force due to all the free tdrrfririiy in vw^Ivwvk') is 
not /au’o, ddiia elTe(‘t is said to lir due to h{Anti,t*/i, 

III our work we shall assume all this to b«* trnr, and pmrrrd 
to apply the prineiph‘H staletl in Srrti»m 11 to thr tn*atinrnt nf 
prohlems involving distrilmlious of rlrr(ririi\ . \\ o -diuU tind it 

convenient to distinguish ludween whirh «»fTrr 

tioally no reHistaiuas to tla* passage id rlrrlririi v through thrir 
Bubstane.c, mil vounmtbii'iurti, whieli wrhhall rrgaiil us prevent- 
ing altogether aneli transfer of eleetriehy from puit to part. 

54. The Charges oa Conductors are Suparficial, Wlnm idee- 
tviinty is eonununieaied to a I'oudinior, n state of eipiilibiium in 
soon established. AfUn* (his Inis taken plaee, there ran be no 
resultant foree tinnling to move any porti^m of the rhnrge 
through the Hiihstmu’e of the eoiiduetor* fni% by HuppM^dtiotu tin* 
conductor does not prevmit the passage of (detii irit\ thiongh 
itself. 

Moreover, the ri’sultant eleelrie force must hr /no at all 
]>omts in the Hubstama* of a eondmdnr in eleelrie eqnilibiinmt 
for if the fore(‘ wauH’ not y,ero at any point, eleetiieity wonKl 
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tho Hul)8liiuco of imy Hinfijio conduc^tor in electric equilibrium, 
w lu'Uuu* or not tlu^ coiuluf.tor bn cliur^c'd, nnil wli(dlu‘r or not 
t,h(‘ri‘. lu‘ oUu*r (’h!irg(‘(l or uncluir^(‘(l coiubu^torH in the ncigh- 
borhoo<l, DilTiuH’Ut coiuluciors (^xiHlin^ to^(‘tlier will in general 
l)t‘ jit difl’ereiit poUnitialH, hut all tlie pointMS of any om*. of thene 
eonduciorH will at the. Hunu? poUnitial. 

Wlu'rever T in eoiintunt, and heinu*, by Poinnou^tJ 

iMfuation, /) : (b HO tbat tlu're (’ji.u bi* no fre(^ ehudrieity within 
till* HiibHlaiKM' of a eondu(‘tor in equilibrium, and llu^ >vhole 
eharg(^ uuint ]h» dtHtrilmUal upon tin* Hurfaee. F/Xpi‘rinu*nt 
hIkjwh thatwi‘ inunt rt'gard tbi* thiekncHH of ehargen Hpn'udupon 
(•(HiduetorH UH iinqipreeinble, and that it in beat to eonnider that 
in Hiuih eaneH we have to tlo wi(h nuilly HUp(*rlieinl di.slribuUonH 
of eleelrii'ily, in whieh tlu‘ eomliu'tor lauira a rough analogy to 
tlu* eavily emdoned by tlu', thin nhellH of repelling matter de« 
Herilied in the pria'eding chapter. 

'rhe Hurfata' deuHity at any point of a HUperlleial dintribution 
of eleetri(‘ity hIuiII bi* taken posilivu^ or iu*gative, according an 
tla‘ i*le(»trieity at that ptjint In positive or negative*, and tlu^ fort^e 
whie'h wtaihl act uptm a unit of positive electricity if it were 
(v)iu‘enlrati*d at a point P without diHturbing (‘xiHting distribu- 
tiouH shall be called ‘Mhe eb'clrh; fonu* ” or the strength of 
tlu^ tdta*trie lUdd at 

It is t'vidimt, frtun Siaditum In and •111, that thi*. electric force 
at a ptfuit just outsidi* a charged eomhudor, at a iduee wluu’e 
tlu^ Hurfuet* dimsity t)f tla^ ehargt* Is rr, is •iTrer, nial that this in 
dire<»ted outwards or inwards, aeeorditig ns tr is posilivt* ov negn-- 
livi*. 

In olht'r Words, lla* derivative of tlu» pt)ti*utiid funclum 

in the direelimi of the (‘Xterior normal, is eipud to — d uml 
vjtlm* nf tinhit /* hmt onlsidi* {lu‘ iMindiicltir Is 



surlYioc. Wo Hluill Hoon iium'I with chhch whrn* liu* turciricify 
on n. coiKhuttor’H Hurfuco is i\l soiur j>oin(s posilivi' ancl ii\ (iIIhth 
nogutivo, and with otlioi* wiu'n* llio sign t»f thr pntmiliul 

function insido und oil a couduotor Is of n|ijuihjti‘ niga to thw 
cluu’go. 

It is oyidcnt, from tho work of Soolion (7, that tin* rcHistanci' 
por unit of area wliicli Mu‘ iionoondufling iniMliimi aluiut a oon"- 
ductor has to oxort upon tin* oondiudi»r‘s oiuirgo to prt'Vimi it 
from Hying olf, is, at a part wlion* llio dtuisity is ir, 

55. General Principles which follow directly from the Tliaory 
of the Newtonian Potential Pimotion. If two diitVrmt illHirdiu^ 
tions of elect, ricat3% which have I la* huiuc Hyntmi of ia|uiputi'n- 
iial Hurfaces lliroughouL a certain region, Mtprruti^^tnl hu an tu 
exist together^ the new distriluilitm will have tlu‘ nnun* e«|in[iU’. 
tential Hurfaces in tliat regitui an eaeh of tlie eoinponrnt?*. For, 
if ]\ and Ti,, the potential fimctioim due to tht‘ two conipomnitH 
rcjHiieclively, ])e liolli eoUHtant (»ver ativ nurfacin their sum nill 
1)0 (louHtanli over the Haim* Hurfata*, 

Two diHlrihutioiiH of eh'elrieity, which have dciiHitii'N 
wlu! re equal in miigiiitude hut opjumilr in f^ign, Inue tin' HUim* 
system of e(iuli)oteu(inl Hurfnees, and, if Htjperpom-d, Imve no 
effect at any [)oint in Hpai’tn 

I wo disirihuLiouH of {*li*(*tricity, arrangtal HMcce'>«Hivt*lv on flu* 
same conductor so that at evi*ry point thi* {tensity of the oin* 
is m Unu*H tluit of the olh{*r, hnvi) tin* nume ayHlmn of ri|nipo« 
tontud surfuceH, ami the poU^tilinl ftimaion due to Un* tlrni \h 
everywhere m imwH as great an that dm* to tin* Mccotul. 

If Iho whole ()harg(' of a eomlnelor \\hi{’'h is ma e\po5^*i*tl t*> 
the action of any eleelrieity execpl its own is /.i-ru, thr Hups^r ^ 
llcial density muHt he y.ero Hi all polntn of the mirface, and the 
conductor is in its nnUival ntate, I'or if a U mU eMu vwhme 
zero, it mviwt In Mmnn t ‘ .i 


tlie conciucaor, vmiu'S jugiu'r ana lower tiian Ko, its value m me 
eondiu^tor ilHulf. Uul; thin would ueeeHHitate Hoinowliere in empty 
Hpa<‘i‘ a value of l.ho potential fuiicvtiou not lying between I o and 
0, the vahui at inllnity ; that is, a nuixinuiin in ('inpty spac^e if 
lo is positive, and a nnninmni if I’Ji is negative; whieli ia 
absurd. 

A systeni of eonduetors, on each of which the charge is indl, 
must he in the natural state if exposed to the action of no out- 
side electricity. For, by ap[)lying the reasoning just used to 
that condu(*tor in which the potential function is supiumeil to 
have the value most widely dilTerent from /.ero, we may show 
that the surfacu*, density all over the conductor is zero, so that 
no inllueiiee is cxereiHcd on outside bodies ; and then, suppos- 
ing this conduc-tor removed, we may pnxu'cd in the same wa^' 
with the system made up of tlu^ remaining eonduetors. 

If a charge d/ of ehu’.lrieity, when given to a conductor, ar- 
ranges itself in (upiilibriuin so as to give the surface density 

(r ?/, z) and to make the potential function an j 

constant within the c{)ndutd.or, a charge df, if arranged on the 
conduedor so as to give at every point tlm densii)' — erss — /(.r,y,2) 
wouhl he in etpiililirium, for It would give everywhere the pokm- 

tial fmudion ( I “I,, and this is constant wherever F# 

J r 

is constant. 

Only one distribution of tlm same quantltj’of eleetrleity M on 
the same eouduelor, reiuov(*d from the Influeuce of all other 
ehxdrieity, Is possible ; for, Hup[)OHe two differemt values of sur- 
fa(*c^ tlensily possible, and (.r, then 

-- ff,, //, 5) is a possible distribution c»f the eburge — d/. 

Superpose the dlslrlbutlot^ iipon the distribution erj so that 
the total cluirge shall be otjual to zero; then the surface density 
at every point is ffi— rr^, and this must be zero by wlmt wo have 





easy to 800 that if tlio whole ((nanlily of ('ha'lrioity an miy con- 
cluctorho chauj^vcl in a ^nvon ratio, tlu' dvix^Hy ni vuvh point 
will 1)0 oluiiigod in thi‘ Hnino ratio. 

56. Tubes of Force and their Propertios. Wr luu t‘ mnni (hat 
a unit of poHitivo olootrioity ooiiooiilratod ut a |uhut /' junl injt« 
side a condnclor would )»o iir^od a\va\ iVoin iln' oninluriur or 
drawn towards it, according as lhal point mrihocondtirtur winch 
is nearest P is positively or ticgnlivcly clccirillcii. If we regard 
linos of force drawn in an electric tiidd {w generated l»y [>ointH 
moving from places of liighcr potential ii* plaei’s tif haver pnten^' 
tiid, wo may say tluit a lint* of force proeecf/.^ /rtan every pinni 
of a condnoior whore tlu* Hurfaee dtamlty in p{ihiti\e» and that a 
lino of force enda (tt every point td a cundnctor where tlie mn- 
face deiisity is negatlvtn N«) line tif hirer idiiier leaven er 
enters a (conductor at a point where the hiirfare druHttv i-i xenu 
and no line of force can start alone point of u eondnetor where 
llio oloctrillcation is poHilivo and rehirn to tln^ Hame rondindor 
at a point where the uliadvillcntion Is ni’gntive. No line of force 
can proceed from one conductor ut a point eleetritleil lu m\\ way 
and (mtor another comhietor ut a point whtn'c the elef*ti i!lrntion 
lias the aumu name as at llie Hlarting»point , A line of fon’c 
never euts througha conductor so ns (o come out at the other 
side, for the. foree at every poit\l iiiside a eotulnetor in zero. 

Lines and tubes of ftiree are Hojueliines enlleil in eleetroMlaticH 
lines and tubes of indtudiim/' 

When a tube of foree joins two entnluetora, the ehnrgcH 
Qa of the portions N'y which ii ettls front the two nttrfnecH are 
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and cl()B('.d at tlio. ondn inHidt‘ ilio two oonduc-torH, the 
inU'.gnilor nornml fore.o ta,k(*n ovtT tlu'. box thus Idrmad is ziu’o, 
foi’ tho part outsidu tlio (a)udvK',tors ^-'uhds nothing, siiu’e the iv- 
Hultant fornn is tangcnithil to it, tuid tlnu’c is lU) resultant foi-co 
at any point insidi'. a condiuhor. It follows, from (lauss’s 
'Ilu^orinn, t.lint (he whole, quantity oT (‘b'ctriihly iuside 

t.h(‘ box uiusl. Ik‘ zero, or Mdiu‘h proves the tlu'orinn. 

If rr, and fr.j are the aviTag(‘ vahit'S of tlie Hiirfaco (hnisltieH of 
the eharg(‘H on aV, and n‘Hp(u^tiv(‘ly, we. have and 

rr^ A’a f/j, wlu'lKM* 



The inti'gral taken over any surfaci', elostMl or not, of the 
foret* normal to that surfaee is ealhal by sonn* wriliu's the Jhun 
(tf forro atn*osH tlu* Hurfaee in (|Ui‘Htion, and by ol.lu'rs llu‘ //nf/a’- 
tioii through this Hurfaee. 

If we apply (iauss’s Tb(‘ort‘m to a l)ox slmt in liy a tube 
of foret^ and Uh^ portions A'j, S.j whicdi it euls from any twt) 
e((uii)otentiul surfaees, W(^ shall havis if the box contains no 
eleetri(^i(.y, 

[Ida] 

where A\ and Ay an^ l.h(‘ av(n*agi‘ values, over and n‘spee- 
tively, of the normal ftn'et* taken in tht‘ wum‘ din‘etit>n (that in 
which I” diaTtaises) in ladli cast's. In othm* wtirds, (1 m‘ Ihnv of 
forci‘ m*rosH all t‘((nipoh*nlial sections of a (tdie t»f forci* con- 
taining no tdcetritdty is tlu* sami', or the avt'vage force over an 
<*(pii[)olential section of an (‘inpty tulu* <jf force is inverstdy prcj- 
[)ortional to the ar(*a of the seidion. 



ters a 
charge 
to zero 


coiuliH'lor large iMimigli (»> ehi.M* iN « rj.| a 

•ill, will he found on the onndueti>r jtn«i Nutllrimt tn riMhin* 
tlu5 How of force (/) thmu-di (uhe. ’1‘haf in, 
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Tt Is H(>int!tinH‘S conV(*nient lo rnUHitlrr an tdortrif Ihdd tu hn 
divided up by a Hysteni of tuht‘N i»f hh rhuHt-n thai fhr ijnw 

of force a(‘i*osH any i'quipotentinl Hurfarr nf r;u*h fuhr hIkiH lu* 
equal to -Itt. Hue.h lubes iinv ealleil tmif , * l»»r wherever 
one of them ahuts on a e«»nduetoi\ (here in uhunn (hr unit i|tmn» 
tityof elec I, r icily on that portion of the i’ondinUMrH Msifun' whteh 
the tube interee])tH» lu home ireatineH mo rlr. !u« th*' imoi 
lino of for(*e is uhim! to rejire>«ejjt a nnd fnh** Mf {m** **, uh 
wlum a conductor is said (o cut eerlain ntnohn Mi 'Miur^ of 
forced’ 

It is evident that m unit (uhe^ idml on u f^uifio r jn =( iMitnjdi* 
a conduetor charged with /a nntiH c»f eilhoi kmd »»f 
if the Hiiperfleial density tjf the ehai|.o’ leoi r\ ri % « Ir u* jhr n.imr 
sign. Tlu'He Inhes imiht lu' re^;5ird»d :ii (ho ruU' 

diKstor if 111 is poHilive, and anf so/fir/ thru, n ... s . tii -viiiu*. 
If a conductor in clinru:ed id sumr phn'o^. with elee^ 

tricity and at otlierH with negidive eh*e(iii*d^» ndu n of fun e 
will begin where the eleclrifiention |hmdive, nml will 

end whon\ the eloetnlieatiMn in nei'a.' 

tivc, 

It in evident that !iihe mC furi'i’ 
can return into rtiolf, 

67. Hollow Coadnetara. Whm the 
tioncoiidneiing 'dod in i»y a 

hollow eMndneh«r h i hhut -tl**, runliMiet 
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quantities- 01 eioctrioity (?;?-!, etc., or ^ w) distributed 

ill any way, but insulated from A", tliero is induced on the 
walls of tlie cavity a cdiargo of elcHitricity algebraically equal 
in quantity, but opposite in sign, to tlie algeliraic sum of the 
ele(*.tricities within the cavity. 

(’all the outside surface of the conductor A'o chargt* 

tlu^ boundary of the cavity aiul its c.hurgc and Hur- 
round the cavity by a closed surfm^e every point of which lies 
within the suhstance of the c.oadiu'tor, when^ the resultant force 
is zero. Now the surfai^e integral of normal force takim over 
N is zero, so tluit, according lo (buiss’s 'I'lnMumn, the ulgt‘l)rni(^ 
sum of the (juantities of ckadric.ity within the cavity and upon 
jS\ is zero. 'Phat is, 


Ml + in. I + Vh + +• 



[KM] 


and this Is onr tlieorem, which is true whuU‘Vi*r tlm cdmrge on 
is, and whatever distrihiition of free electricity tluvre may 
be outside /C If the distril)ntion of the ele(*tricity within the 
cavity be changed by moving etc*., to different positions, 

tht‘ (UHtribution of on will in general be ehangcHl, nlthongh 
its value remains unehnngcMl. 

If A’^bas reec^ived no electrieity frean witliout, its total charge 
must be zero ; that Is, 



If acjharge algebraically (‘({ual tc^ *1/ he given U) /i", 


M , « M Ml. 


The combined offend of 



the cdectric’ity witlun tlie cavity, 


and Mil tlie electricity on the walls of the cavity, is at all pedntH 
without ahsolntely null. For, if we apply to*V, any huv- 



butts' may I m drawn as mairly wwU a. u,* 

Ilencci our thoori'in, wlm-Ii shows dial, n»» far a*- dtr \ahn* tif |ju* 
potential fuunlioii in llio Huhstaiua* t»f do- t unduoiMf m- dutsith^ 
it, and ho far uh (1u‘ arniii^tunml of 1/., and nf M\ any fna* 

clcctruuty than* may ho (Jiitsiih* h\ an* oonn-niod. 1 /^ ain iV 

im) 

might 1)0 riMiiovod Ingi'dior without rhanoinfo an>rhiit«4. d'ho 
potential function at nil iunulH tnitMuh* N, is to In- dnuul by mm- 
sidering only J/„nml J/h 

If happens to he one of the j*tpii]M»len!iat Muiaros <>f N ( m) 

conaiden‘d hy itsi'lf, *l/< will he ai ranged in djr -.anie uay nn a 
charge, of tlu^ Haim* nmgnifitdi* would ananoo iinrlf uu n eon- 
diictor whose outsidi* siirfaei* uu.h of the shapr if 
from the action of nil other fri'c elretuni) . 

The iioteiitial hiiit*tion ( I* J due to mid in rorinfunt 
everywhere, within A'.d for if we apply | a siu faer .sy 

drawn within the Hnlmtunei* of the etinduiior nn lomr hh we 
like, wc shall have 

ly 

which proves the theori*nu 

The potential finndion widiin tlu* ra\dv in i jpijit to I* f 

where is the potential fumiion due io 1 /^ lUid"'^ t j, t >r thrm*, 

Fa is, as we have seein eonstanf flnom,»hont h and lUv nuitv 
(Sectional) which it em'lost-h, whdr l\ hr* dsilMrot snUivn ui 
diflertmt part^ of the cavity, am! /.riM widiui dsr ^sfd«sfnurr of 
the conclueior, 

Suppose now that, hy nieanH of nu vUn-Utrul m i. himr. ..Mim* 
of the two knitls of eleetrieily rvi^liie^ «'«iu&niiu 4 ?**;o-dirs ni n 
conductor within the cavity hr m pruafod, nu 4 i .pi d .piaiifidi ** 
((?) t)f iMu^h kind lie H(‘t fin* and tfHtni»os« d isi ail'll jioiuiht 


lflIvl«(!Tll()KTATiaK. 


155 


quantity of nuiltur in tlio c.avily ia nnc.lianpriHl, Ikhiijj; now, alge- 
braically coiiHiilered, 


'V { III ) +i/~ 



HO that Ml in unoliJinp;(‘tU nllliou^ii it may liavo ]k‘(‘u diina'cntlv 
arninp,'i'(l on in onU'r lo kiH'p tlu^ vahu* of T, viero within 
thn Hui)Kl.ant'n of tho coiulncl.or. If now a part of thn fian' 
nloctric.ity in l.lu* cavity l)c coina^yial to in Home way, tlu‘ nnh- 
Htaiuu'- of lh(‘ t'onduclor will Hlill remain at the Hami‘. pohmtial an 
bi‘fore. For, if / units of jaisitivi* idectricity and a iinils of 
negative eh‘elriei(y la‘ thus {ranHferrcal to the whoh* (|uanUty 

of free eUadrieity within tin* cavity will he ( m ) - ' / p a, ami 

Unit on Sf will be d/^ + / — : ])iit IIu^hc are numerically (‘(pud, 
hut (p)poHite in nign, ami the charge on if iiropcu’ly arrangiul, 
HUlliecH, without ilrawing on d/„ to rediua* to x.ero tlu' valiu* of 
in K. Since d/„ and J/' remain as ludons 1’“^ in unehange<l, 
and tlie conductor in at th(‘ name potimtial uh hclore. So long 
UH no electricity in introduced into the cavity from without A", 
no electrical cdiangcH within the cavity can have any elfeet out* 
Hide jS\. 

Mont ex])erimentH in elecdricity are carried on in roonm, wdnc’h 
we. can regard an ImllowH in a large coudmdor, the mirth. I’^g, 
th(‘ value of llu* ])otential funidion in the earth and the walla of 
Uie roojm in not changed hy anything that goen on iunide the 
room, where the potential funetion in f IV Sim»e we 

are generally eoncerned, notwitli the nhwolute value at the poUm- 
tiul fimetion, hut only with Iih variutiouH within tlu^ rcHun, and 
Hiiice ly rmnainn ahvayn connlunt, it is <jn{m couv<*nieiit to tlia- 
regard I *'y altogether, and to call I^, tin* value of the potential 


zero, and A i» hhuI to Inivn lavn put in r</r//i. 

58 . Induced Charge on a Conduotor which in put to Earth. 
Suppose tliat there are in a room a nmnber of rniidtictoiN, vi/. : 
Ai charged witli Mi units of eleetrioily, uiid .1,* ,1 . .1,. v\i\, 
connected with the wallH of the room, and tlnuTroro at tie* po« 
tontial of the earth, which we will lake ftn* our If the 

potential function lias tlm value iuHidc J,, t'viTv point in tlu» 
room outside the conduclors must have n valiu' of the potmitial 
function lying between pi and (K else the potential furndion namt 
have a niaxinuiin or a ininiinnm in empty apnee. Jf p^ in ptml« 
tive, there can he no positive eleetrieity <ni the other etmdiietorH ; 
for if there were, lines of force must sturt friun thene eoudnetorH 
and go to places of lower poteuUul ; hut there uvi^ no nneli pljun^H, 
since these conductors are at potential zenu and all otln^r points 
of the room at positive potcntialH. In a niinilar way we may 
prove that if pi is negative, the electricity indneeii tm the otla*r 
conductors is wholly [x^sitive. 

Now lot us u[)ply [151 J to a spherical siirfacis ilrawn so hh 
to include Ji and at least one of the other t'omlmdorH* hnt with 
radius a so small that some parts of the Hurfaee nhall lit* within 
the room. If wo take the point 0 at the centre of thin nurfuccs 
wo shall have 

4 T 7. « ’ fi), r- * + ’ f * 1 ’</*. [ 1 cr.] 

If JIf is the whole (pianlity of electricity within the i^pherica! 
surface, there must bo a quantity M uuUitle il)e ntn fare, eliluT 
on the walla of the rootn nv on comlnelom withm tlio nHum 
The value at 0 of the poUmtial function, due to the elce 

tricity without the sphere, is less in nlmtilule value limn 

a 

for it could only he as great m this if all the eUndrU-ity outride 
the snhere were, hroiurht mi to Murfnee. 


there fora, 


J Frt« = 4 7r«[7l/4-aFa3- 

Now, if Ml iH i)OHitive, the integnil in poBitivo, for all partw of 
the Hpherieal Hurfaee within the room yield pOHitivo dilTeiviitials, 
and all other partH zero, ho Unit the neeond Hide of th(‘. e(piati()u 
in poHitive* HntoJyiH of o[)[)OHij.(‘ sign to d/, and in U^hh in 
ahHolute Vidne ; hence, M in ponitive, and t.lu‘ total amount of 
negative eleetrl(’ity induced on the other condiud-orK within the 
Hplierletd Hiirfaee hy tlie charge on jli, is nmmnneally U‘hs than 
this charge, unlesH Home one of these (‘.onduetors Hurrounds Jj ; 
in which case tlie induced charge comes wholly on tluH conduc‘- 
tor, while the otlu'r conductorH, ami tl\e walls of the. room, are 
free. Some of the tulu's of force wliieh begin at Ax end on the 
walls of the room, provided these latter (am be nnudual from 
without passing through tlie suhstanee of nwy e.oudiuitor* 

69. Ooeffloieiits of Induction and Capacity, If a number of 
insulated eonduetors, etc,, are in a. room in tlie pres- 

eiu‘.e of a conductor A^ cbargcal with d/, unitH of electricity, the 
whole (timrge on ea.cli is ztu’o ; hut (a(ual amounts of positives and 
negative eUud.ricity are so arranged hy induetion on (‘ach, that 
tlie potential function is constant throughout the suhstanee of 
ev(‘ry one of the conductors. 

Let the values of the potential Ametioua in the system of (am- 
ductors be pj, Po <*te. Since (‘ach (amductor eK<*ept Ax is 

electrided, if at all, in some phuum with positive ele(»tricity, and 
in others with lU'gative electricity, some lines of force must 
Hlart from, and others end at, every sueh ideclrtlUal eonduetor, 
HO that tluwe must be points in tlu^ air about each conductor at 
lower and at higher potentials than the conductor itself. Hut 
tlie value of tlio potential fimotion in tlie walls of the rmm Is 
zero, and there can be no points of maximum or niinirnurn poten- 


ccpt ia loss than J/j. 

Lot Pa juafurial fuuftitiu iti a rtaalutMur 

(diiirgoil with a Hin)>:h* naif of i'hn-f rn-jf \ , an«l .Htnialinir in 
tho prosonoo of a ninnl^or t>f xMwv i‘i»n»hjrt»u>. all unt-hur^^cil 
luul insulatiHl. TIumi if pi*, /<,i. /»(,» vir., nit\ tjjMlt'i' (lirnr fjf* 
OUlUstiUUH'H, illt*. vahlOH of Ihr pDlrnlial tnurfiMir^ in tlia dtluT 
(•oiuluctors, -l.«„ *14, (hr puttaihal fuiirfinuH in fhrnr 

(Joiuluotors will hi‘ .l/i/zj., lA rtr,. if ,L 1 m- rhar^nal 

with Ml uiiilH of t'U‘t'lririty inhtrail uf uiJh inu* tihii, (‘his in 
ovi(l(‘nt, for wi‘ may HUpi‘rptmr a nniuhrr uf nhirh 

arn singly in ('(piiliiiriuin ii{*iui u srf ‘«f t-Mjahn iMt an4 •.»!•( u 
now (listrihulioii in iM[uilil»i‘iniu wlinr lUv ih'irnf^ in thr ’nini of 
tho (lonsitli'S of (hr (’oniponrnt ilisIrifarltMM o ao*! ihr \ nf 
tlio iv.Hulling potrnlinl fnnrtiim (hr ^uni of Ihr uf tlaaj* 

potential riiii(5tj(ms. 

If ho {liHcliargril ami in^nln(»’il, nu»l a rb-ugr I/, ha nivrn 
to tho vuluos of thr potriihal fnarfiMin. m Uir thlfrinif riin« 
(huftoi’H may ho written 

.ILp.-n .V;/!-, lA p I. rfi-. 

If now Wl‘ givo to ,Ij aUfl .A a( (hr -iiasur ftim- ihr t'iijir^»rw ,1/j 
and il/y rosportis'oly, ami kia-p Ihr Mfln i 1 Mtnlnrhii MiHt}|afrd« 
tllO roHlllt will lir 0(|nivulimt to Wtiju ihr n» r.*Md ilnhihu^ 

tion, whirlj wi^ havo jtml roimidrti'd, apMO Ihr Ih f. and llir ron* 
duotors will ho ri'Hp{»olh riy a! poiimtinho 

Ml P„ + J/y/ .1/,/.,, f .1/./. . »/,/, » »/ ,. , . t. , ii.:ri 

If idl tiu' oondtioiorH iirr ^imulfanrMiO’iL r|i!?iii«» fl uHfit|Hanfr 

tiOH M.^n, ,1/^, r(r,i^ nf rlrrtiu'ity impi rlnrU, Ihr \iihir 

of tho pol-ontinl (hnofitm tm J, will hr 

[' M,p,^ I -- I i |ir»sj 

Wiitlmr (his in thr form a. t 1/ i. . 


KI.KGTUOSTATIOH. 


ir)9 


the charge of rjiiseH the valiu*. of tlie potential function in 
it by unity. If we Holve the n. eciuatioim like [Ih^] for the 
eliargcH, we Hhall get a CMpuitiouH of the (brnii 

— Vi 7u+ ^ ^ n 7;ift + H I'VAa H + f « <Ink) 

where the. ffn are funetionn of the p’n. 

If all the coiuliu^torH except are eonmaiUMl with the earth, 
and in evidtndly tlu' charge which, under tlu‘Ke 
<‘ir(nnnHtanc(‘H, muHt lu^ given ’to ,.1^ in order to raint* the value 

of the potential func.tion in it by unity. It in to be noticed that 
i ( 

and are in general ditTerent. 

Vkk 

The charge which niUHt be given to a conductor when all the 
conductorH which Hurround it are in conmuini<‘Htion with the 
earth, in order to rainc^ tlie value of the potential fuiudion wdth- 
in that conductor from zc'ro to unity, Hhall be (*alh*d the 
capavlty of the (Conductor. It \h evident that (lu‘ (*a])acity of a 
cH)n<hictor tlum dediu’d dcptnulH upon itn nhapi* ami upori the 
nlnipe and poHition of the conducdorH in itn lunghborhood, 

60. Distribution of Electricity on a Spherical Conductor, 
('ouHidin'atiouH of Hynnnetry hIiow that if a charge* d/ be givi*n 
to a conducting H[)ht*re of radiUH r, removed from the inlluenc’e 
of fdl (’lectricity ext’ciit itn own, tin* charge will arrange itnt’lf 
uniformly over the ntirface, ho that the HniH*r(leiid deUMity Hhall 

be everywhere rr • 

The value, at the (*{*ntre of the Hphere, of the potential funclitju 

, M . 

due to the charge M on the Hurfaee in ' , amUHiuce the potential 

r 

fnnr'tinii iia r>nnHfnitf tUMidit fL nhitn/tHl r«ntidn(*ti)i‘. t)dt4 Um 


evidcni; from Urn discusHmii ol hniucrcmi.s m ( liaptrr I. ihui ^ 
cluirgo of cl(‘(‘l.rkuiy arningiMl (im a miidurlMn nt tin* rt»nn of 
a aliell, bounded by ellipsoidal MJrraer.H ^iulil^lr to rarh 
(and to the. surface of ihc cimdmUnrK uiul ^iiuilariv placed, 
would 1)0 in 0(|uilil)riuu) if the <’nadui’liU- wen* rntunctl frtim tin* 

action of all 1‘leclnt‘ity exei'pt its onn. \\ v uv,\\ uhi* tbi*^ prin- 

ci[)lo to ludp U 8 j.o Ihui the diMrihutiou of u ipMai chavuc un a 
conducting cllipHolil. 

Lot UB c.ouHider a Hhell of lautui^encMUH luattcv luunahMl by 
two Himilais Himilurly placeib and couccutiic clb[»HiMdul HiirfHceH, 
whoHC Honii-axeM hIuiH be n*H|u‘cfi\ el\ and t 1 I o)n, 

(!+a)/^ (l+a)e. If uuy litie be dnuui lium flc' « nlfi. uf 
the Hhcll HO as to cut botli surlhecH, {bt* fan-ent ptaui-^ fji these 
two Hurfacum at the [joints <d' intiUHrefiun mil !>»• puiaih’L and 
tho distance beUva'cn the [dniies is /m, ufirir in Uu- b*ngth 
oftim pei‘[)eiHlie.ulai* let fall fimu the crntic upon the neater t>f 
tho planoH, 

ICp is the voluuu‘ density t>f the niatter of ulneh rbe shell \n 
coin[)0H0(L tile tnass of the shell is J/ \ r. [ t I i uL 1 |/n 
and the rate at wliieli llu* matter is spread ujjnn ibr iinti ui' 
face is, at any point, a /eb where e is the ibn lun * s Ilf the 
Hhell meawm'ed on the lim’ of foree ulnrh pie»ses fbiMugb the 
point in (piesUon. Kliininnting p from these ei|iiaUon^, we have 

\ witln^ [it f ‘d 1 il I 

If, now, in accordance with (lie hypothesis that the tlnekne^^H of 
tho eloetrie. charge on a condnclor umt.pi»M nii»h , we make n 
Binaller and Hinaller, noticing llial a difVei s fimu ^.,4 }»\ nn intlni- 
tcHimal of an order higher limn the ilr«i, w«^ slmll have fora 
strictly Hurfuee distrlhution, 


and 



TIub IubI oxpreBBion hUowb that, aB o in nuulo amallor and 
Hinallor, <r appi’oacliCB more and move nearly the value 


M 


iTTUh \ i 


V 

d'‘ 


[ 1752 ] 


and tluH glvGB Bome Idea of the diBlribniion on a thin elliptitnil 
plate whoHe Hemi-axea are a and h. 

For a civeular plate, we may put a ^ b in the last oxpresBion, 
which gives 


M 

i Tra 



[173] 


for the surface density at a point r units distant from the centre 
of the plate, 

The charge ilf distributed aeeordiug to this law on both sides 
of a circular plate of radius a raiHcs the plate to potential 

dr ^7^ 

O. c/0 Met 

HO that the capacity of the plate is 

[174] 

62. Spherical Condensers. If a oonduoting sphere A of radius 
r (Fig. 43) be surrounded by a concentric spherical conducting 
Hhell B of radii r, and and cliarged with m units of elcHitricIty 
widle B is uncharged and inHulated, we sliall have 

(1) the charge m uniformly distributed upon the surface 



(3) a chargo +w. (hIiu'i’ tlu‘ total clmr^i’of H is zi'ro) uk* 
fonuly (liHtribuUul on A'„, tlu* ouU'r Hurfiuu’ of lU 



The value at the eeiitn' oniu' spluTe of flu* poteoiinl fmu'tion 

(hie to all these (list, ribut ions is IV f mid this is 

/* /•( 

tlui valiKs of I^ throiijj^hout. tlu' eondueliii»^ splHTi*. Tho vtdui* t»f 

tlie potential funetioii in !i is • 

If now a eharg’e M be eominunieulril to /h (hi.^ uill add itMt-lf 
to the eharjre vi already I'xislin^ on and the tdiamt' nn S, will 
be niulistiuhetb 'Plie values of Iht* poletdini ftmrtioiiH in the 
conductors uri' now 


I 


A 


VI Vi 

r i\ 


III \ M 

t and 1 fi 


m I d/ 


If now B be eonneeted with the earth ho uh to make 1'^ n, 
the cluirges oji *S’ and A’, will be undiHiurhed, Inil the eliari^c’ on 

will disap[)eur, ]\ is now lapial to 

r i\ 

If A iineharged, and H had the ehnrue d/» this idnirgi' 


It Ji wore put, t.() uarLit uy inuaiiH oi a iinu inHuini.ud wire 
paHHUi^ llirou^’h u, Uny liol(‘ in li, and if li wimv inHuhitnd and 
cluiP^H'd wit.li ;]/ unil.H of (diu^trinily, vvu should havn a (diarjjfu a; 
on N, a (•htir^‘t‘ — on and a cluir^n Ilf + .r on N„. To Ihid 

j', \vt'. lUHul only riMncinbi'r that I'l ^ 0, wluuuHi 

,v may lx* ohtaiiu'd. ^ 

ir li lx* pid. to (‘urlh, and A lx*. coinn'cU'd by nx'auH of tin* Ihn^ 
wii’t* just in(‘ntion{*d, with an (*h*('.tri('al machinn which kt*(*pH its 
prune cond\n‘tor constantly at potential I”,, -1 will receive a chavji;c 
1 / and w'ill bi* put at. pob’Ut.ial 'Po llnd //, It. Is to lx* noticed 
that t.lu*r(^ is a. cha,rji;’(* — ?/ on aV,, and no chur»(* on *v,, which is 

// V/ 

put to (xirtln wh(*n('{* // may be obtaiiU'tL 

If r D!) iuilllim*tt*rH ainl /v - lot) miiruni‘terH, //; !)l)()t) 

If a Hplu*r(*, (*(pnd in size to - I but ha,vinp: no sln*U about it, 
wcri^ connect(*d with the saine prinu* <'onducl.or, it t(X) woidd 
rt*ci*ive a char<i;e. z sullhricnt. to raise* it to pot(*utia.l and z 

woidd bi* (h*U*rniini*d by t.lu* ciiuaiion If we bavi* 

2 :^ '!)!) I'^i; h<‘nce we si'i* that when surrounded by 1$ at 
pot(*nt,ia.l zi'i’o, is able* to take* one hnndri'd tinu's ns puait a 
(’harixe* from a ^iv(‘n machine as itcoultl taki* if /I were ri*moV(‘<l. 
In otlu'v wonls, H incr(‘aHi‘H .Ts capacity one hundred fold. 
ji and li to^i'tluu’ c.ouHtituLe what is (‘ailed a eo/n/ca.se/’. 




Y.' . . . 


Fi, A and A' will now I'f al Hi.' i-amr tMtiriiinu j I mi.l ,| will 
liiwo llu‘ clmi'gv a"' '‘"‘I *•' ‘ 'ixiiiitity of 

cleiitnc'il.y <m A' ill. Ili’nl wiis /r,. il.nl 1 // -■ P,. nn.l 

t/ A' .»* .«* 

'■» ;• I- 

whonco and // may la* Inimd. 

Tho iHMulcr may Hlmly ftir tiiniHidf thr i lFrint Hl i’undiUiaj uf 

the dillertmt parlH nf two n|iml Hjihi virnl (Fin. 








of which Urn ontcr aurfncc uf tmv o% rMUHi i inl with m\ 
ti'ic madiiuc at (nilfiitinl tV ^1^** sn*^idr *4 tfir S\ b 

eoimoctcHl with tin* cniiln *i‘!ir twu i wlarh nn* hUp- 

[xmed to be mo far iumrl nn In Ur rninnrd imin nirh nthrra 
influence) illimtratc the cam^ of twu Urydrfi iitumgrd in 
oaaeadc. 

63 , Condemer* made of Two Pamlkl Cnnidnalitif Pkti^ 

SuppOMU two Intinitc tHinilorttiig 4 mol /I in Ur |iiimltrl 

lo each other at a iliiitiincr «i iifoirt ; rln^wr n *»f the 

piano A for orlgiru amt lake Ihr u\h nf iw-riM’ioliruliir In (he 
planoM) «o tlmt their capmthm^ tsUall i^r .r ii ?iiHi .p n. I.rnht* 
plancHbc charged loul krpt nl |»f4riiiir4U \\ iui4 !r^j|»«‘iiivrly. 
It 1 m ovldcnt frmn rondilernUnn'^ of ^symniris-^ ilrji tUr i^nimtlal 



ijapiace s iupuiuoii gives, tnon, 

whence 74F==^-, and F=(';.b + Z). 

If :i;=(), F= T'], ; mid if u! = a, V= Vi,\ ho that 

r= ( V„ - V, ) I + F, , and IK V = 

'I’he lines of fort^e are pa,nill(‘l belwetni tlie planes, and the 

Hurfaee denHitios of the charges on A and B are 

I*" ^ V 

- and ' ^ ^ reHpeetivelv* 

4 TT((- '1 7r(t 

If we take a portion of area aV out of the middle of each jiilute, 
there will be a quantity of eleeirithty on aS' j equal to ^ ^ 

•1 wit 

and an ecpial (juantity of the other kind of ehudricity on Sf,, 
The force of attraction between aiul A',/ will be t)r 

H w 

li A'/, be put to earth, the charge that umat be given to in 
order to raise it to potential unity is 

aV 

4 7ra 

In other words, the eapaeity of is hiversely proportional to 
the distance between tlu' plaU's. 

In the ease of two thin cotvdncting plnteH phunal parallel to and 
opposite each other, at a distanee huiuII compared with their 
anniH, the lines of force are pnictlcully lairallel except in tlie 
iniinedlate vicinity of the edges of the [dates and we may infer 



trorn the roBultH or thiH luai \ \\v capncify <»! a ooudnusor 

consisting of two parallel coiKltn-tiiig [jlatcn df nn‘n A, K«'j»aruU‘<l 
hy a layi?r of air of UiickiieHs o, when out' tvf ilM platen in pui. {(, 

earth is very a[)[jr()xiinately ftjr large vahu‘N uf 

*1 TTf/ tt 

64. Capacity of a Long Cylinder surrounded by a Concentric 
Cylindrical Shell. In the ease of an iiilluilts enialiieting eylimler 
of radius r,-, ke[)t at i)ot(Mi(ial Tf jind Hurmnnded l>y a etuieiMilrie 
conducting (‘ylintlrical slaOl t)f radii and r\ Ki‘pt at potential 
K, w'O have Hvniinetry ahont the avis of tin* Under. h{» that 
F= 0, and LaphuM^’H K{[iiatioii ri‘dueen to tin* form 

(U 

whence, for all points of tunply Hpa(‘e ladwi’cai tin* eylinder atid 

its shell, .jF* /i I /i ) 

ri-r4>/Mngr. 

Ih)t F= Vi when and T l\, when r ^ 

hcnco , 

icijj: 




4 TT^f log 


4 7rf\, log 


SO that tho (4iarg(^ on tlio unit of longtli of th(^ cylinder is 
V-‘-V 

— 1 and the c.harge on the c.orvc^Hpondiug ])orti()n of the 

' i 

inner Burfaee of the sliell is tlie negative of thin. We inny 
find tlie e.apae.ity of tlie unit length of the (‘.ylinder by putting 

— 0 and l\ — J, wheno(' eapae-ity — ! 

lilog'" 

r ,' 


If in tluH exjn’OHHion is made very larges the capacity of 
the cylinder will he very Hinall. 

In the e.aH(» of a fnn^ wire e.onin^eting two (u)ndiKd.orH, r, will 
h(^ vtuy Hinall, and tlnu'i* will la^ no e.ondue.ting Hhell innirer 
than the walls of tlu^ room, ho tliat tin'. e.a])at‘ity of sueh a 
wire is plainly m‘gligibh‘. 


65. Charge induced on a Sphere hy a Charge at an Outside 
Point, Tlu‘ vahu^ at any jioint /* of the poUnd.ial fune.tion due 
to mi units of positives eh‘(‘tri(vity eonemitraled at a point 
//i, and Wa units of negative electricity eoiuumtrabMl at a point 
//a, is 

V — where r, .ii/* and -4^** 

;S ra 

lb is easy to sei^ that if mj is greater than mg, ho tliut 

7/fi — Xni^ 

where X> 1, T will he eipial t(j zero all over a certain Hjdiere 
which Hurrounds /Ig. 

If (Fig, 4H) W(^ let /Ij/la - S,. ()I> r, 
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, 8.’ -- r r - ~ iV' 

and «= -• [176] 

If iV])iT.H('nis Uu* fnivrj] tiuf tn till* i*li*<*{riri( y n( .1,, ainl 
/^Q tiu* foirv.J', tlui* In Mii‘ i*li‘i'lrii’ily at ,1 , tin* liiu- nf ariiuii {»f 
fclio riiHuUanl. fona^ Z^’ (ropn'Hrnft'il li\ /*/,) must !l)n)ij«r}j 

the co.ntro of Uu‘, HpluuHs Hini’i* llu' hurfaia* nf lh<* hpluTt* in t*i|ui« 
potential. 





The triangloH AiPO nml A J*(^ an* mitlunlh ri|uiuia':uliir, fur 


they hiivo a conunuii .!|n/\ {ui«i (hr ^mIvh that 

anglo are proportiuiinl (r Ilrnri% iVniu thf tiiungh^H 

QPL and hy llu* 'riH'nn*ni uf Siurn, 

HitiU] hirnt,^ 

jiilU.i, — 11, j’ 

[ 177 ] 

: . 

sin fly Hint<i 

a 

Kill 

C 17 H 3 

whonoo 

'■» I'i i't‘ 

mXmi 

C 17 !'J 

Now, according to Sia'titm 4U. 

\\v iim\ 

npuit Iha 


KbKOTKOS^rA^riCS. 


IGO 


Uou of tho. interior normnl to tlu^ Hphi'.ro, wo. shull nocoinpliRh 
thin if wo inuko. tlu'. Hurfiu'o doiusity at ovory point (‘(pial to cr, 
wluu'o 

4 v<r = "■ ; [ 1 HO] 

Ti rr{ 

and if wo now take away tlu? o.hargc'. at ^k., tho valuo of tlu^ po- 
tontial fiuuttion tliroughout tln‘, Hpao.o oaolosi'd ]»y our HpluM’ical 
Hiirfaoo,and ii[)ou tlio Hnrfa(*.o ItHolf, will ho zoro. If tlu‘ npliori- 
o.al Hurfaoo wore nnido oonduotiiifj;, and wto’o o.onnootod with tho 
oarth l)y n, (Ino wiro, tlu'ro would l)(‘, no in tin* ohar|i:t‘ of 

tlu^ Hphovo, and Wis luivi* disoov(*iH^d tho ainomit aiul tin* distri- 
bution of tlio olo(!trio.ity indiUHMl u[)on a H[)horo of ra<liu.s r, (*on- 
lUK^tod witli tho oarth by a lino wiro and oxpoH(‘d to Mn* notion 
of n, oliarg'o of va., unitH of positive*. oU*o(,rh‘ity (‘onoi'iitraU'd iit a 
point at a dislanoo Si from tlio oontre^ of tlu^ Hplu*ro. 

If now wo l)re*ak tho (M)nno(‘tion with tlu* (‘urth, and distrUjUlo 
a oharj>;o vi, uniformly ovi‘r the*. H[)he*re* in aehlition to the* prt'Me*nt 
distriliutioiu tlio potontini funotion will let* oonstant {nllhouf»:h 
no lonj‘;e*r /uu*o) williin (lu^ H})h(‘re‘, and we* have* a case* ol’ t*c[ui- 
lihriiim, for we* have* Hn[)e‘rpe)se*il one* oase* of e'ejuilihrium (wlu*r(‘ 
the'n* is a \inife)rm ('lia)‘|ji;e* on the* sphere* anel none* at Jj) upon 
anotlu*!'. ^riio wlu)le‘. oharj^'e* e>n tho s[>he’re* is now 

Af Vi - - Hi , 

and tho vahio of tho pote'iitial funotion within it and upon the 
Hurfaco, 

tr M , HI] in 

\ tXZ -.p S:-: 

r h] r 

If the^ oondueding H[)lu‘r(* we*re‘ at the* be*ginnin^ iUHuhile'tl and 
inu^liarifod* we* shotdel have* Jiiiel flu*ri*rc)ri» 


density 



(8|- /•-)«/ A 

<V' )' 


I 


It is oasy to H(‘(^ ilin.t iho spln*n‘ ami its fhoi'Ko will hi* 
attracted toward .Ij witJi t>lu\ Inrec 


8t rf / 


llSdl 


andthoHtudciit Hlaaihl notin' that , undrr eorlain oinnunslanoos, 
tills exprovssimi will hi* nrtjittirr and tlio loroM rf|»ul.*d vo. 

If the surface of /(*ro jintiMitial ia an nidnih* plane, 

and our (‘([uatituis give us tlu' charge iuducctl im a cnndiuUiug 
plains by a cliargc^ at a, point outsidt' tin* plane. 

The luetliod id’ this section enables us {n tunl alsn tin* 
capacity of a c.oiidenst'r composed of two ennduet ing <’y lindrieal 
surfaces, ]>anilbd to ('iieh uthi'r, imt eeei'ntrie; {nr a wlnde set. 
of tin? 0 (piip()t(‘iitial suidaees thii* In two [laralhd, iuliniit* 
steiight liiu'S, c.harged uniformly willi eipml tpmntities per 
unit of length of opposiU* kinds nf tdeelrieiJy. am f'rnmilrie 
cyliiHlri(^a.l surfac.(\s surrounding oin* of tin* lines, . 1 ,, ainl leav 
ing the other liiu‘, /li, outsidt', We may Iherehiv*- elnuiHO two 
of these surfatu'.M, distribute tin* tdiarge tif . 1 ^ nti the outer nf 
these, and the e.liavgt* of .(.j on tin* inmn*. In tlie aid of the 
priuci[)l(*,s laid down iu Section It), so as In b*a\e the valtn*s 
of the ])otential fuimtion on thest* surfares the Name as beltire. 
These distributions thus fouml will n-uiain nimbanged if tin* 
eqnipotcmtial siirfaees a,r(‘ matb* eomluetiiig. 

•The readm* who wishes to stmly this metlnnl nmre at length 
should consult, under the head of Kleetrit* Image.n, (he (r*-atises 
of Cummiug, Maxwt'll, Mnseart, 'rarleUm, ami WatHon and 
Burlmry, as well as original papers on the subjeet by Murphy 
in the I^hiloHophlnit ISdd, ]>. dHt), and by Sir 


r.!ip;unty (J, vouiovchI from the action of nil (ileotricity extu^.pt itB 
own, 1)0 ohnrgocl wiili Mi unitn of (‘loctricity, ho that it is a.t 
M 

polcntiiil lli(‘ amount of work nujuirod to bring up to 

the <H)n(hictor, little by little, from the walln of the room, tlu‘ 
additional e,harge AM, Ih A lb, which in grtaiter than I*"! * Ad/ or 

■ A,ir, and loHH than ( I', + A,,/F)- Ail/ or ±^.AM. 


II’ Mill nliarjfo ho inoroaHod from M\ to Mj ))y a (“ouHtant flow, 
tiu' lunount of work ro(iiiirod iw ovidonlly 


M ?- a 

.V, ""c" ar; '"2 




I'liowork rocinirod to In’ing np tho oharfj:o ,V to tins oonductor 
at (li'Ht iiuohnrgod in tlioii 


MV 

2C' ' '2" T ' 


Ci«''53 


IduB iR evidently (‘(jnal to the })olenl.ial energy of the (‘liarged 
conductor, a.nd thin Ih independent of the method by which the 
conductor Iuih been charged. 

If, now, we luive a HcricH of condiudorH - I,, Jo, yt|, etc., in the 
piH'Ht'Ucc* of (‘nch other at poUmtlalH \\s I'a-* ini <d(‘., and luiving 
r(*Hpi»ctively llu‘ cliargCH d/j, d/^^, d/.,, (dc*, and if wi‘ changi^ nil 
the (diarg(*H in the ratio of x to I, Hhall have a new ntati* of 
(•{luilibrium in whicli the cluirgen are a* d/i, .j* d4, ►rd/,, etc. ; and 
llu' vahicH of the potential funetiouH within tlu‘ condiictorH art* 
«r I I . X I »r I ;j, (* Ic, Tlu' work (A IK) najuired to incriMiHc tlit» 
chargcH in the ratio iuHlead of in llu' ratio x la greater 

than 


or 


( Ml 6.x) [x Vi) + {M,6x) (X V,) + ( M,6x)ix I \) + etc., 
Aat[d/, Vi + d/y ]\ + d/a r, + etc,], 


jjr, - TFi - n + r, t ,!/» /; I Hr. ]. [ 1K(!] 

If hi this equation wo put 0*1 ^ ■ 0 and (, wt' Htr the 
work required to (diarf^o the eundnetuvH I'rom Iht' uoutral 
to potentials Vi, Faj K) 

W = ilM'iVi + il'/sT^a + • * • J d/ I )» ( IHT J 

a particular ease of the general fornwila sUiUnl in SoeUuu 27. 

The work required to make any (nnnhinaiion td‘ iduingon td 
charge on any syatmu of iixed eonduettJrH in evidtniily etjual 
to the difference between tlie intrliiHie (mergh'M of Uu^ syntem 
in its original ami final states. If l\, I"/ nqn’enent the* initial 
and final potentials on the A'th eomhietor, anti rj^ ami e/ the 
original and final charges^ 



Since the final energy is imhqiemhmt of the matiner in whieli 
the changes arc ]u*odueed, we may a\ipptm(» that the idiangeH 
take place gradually and at tht\ satne relative rait' for all tht\ 
oouduetore, so that at any instant tlm (diarge of each eondiudor 
has received the same fraction of its whoh' inerenient or 
decrement that every other cemduetor has reef*iveil, it ludng 
understood that in the general ease Home tdiurge.H will he im 
creased and others dammsed. At tin* instant wlnm tin* change 
accomplished is to the whole change as : 1* the charge of the 
/cth conductor is and the valin* of the pcjtcm 

tial function in this conductor is + r( F/ f\). In artier 
to increase x by Ax, the charge niunt he inmniHed hy the 
amount Ax(a^' — a^), and to bring this up fnnn infiiuty im 
amount of work equal approximately to 


work is ^ work 

reqnirnd to bring about tbo wbolo oliango, this expression 
must be integrated with i‘esi)ect to x between the limits 0 
and 1. This process yields 

]s< ~ 1C ^ + y>!) («^-' ~ «*)» 

and by eomj)aring this with the result stated above wo learn 
that we may also write 


r,)(V + «*•)• 

Wo loaru iiicidoti tally tliat ^ 't' ^ ^ V’ 

that if all but two (Ai, A^) of any systeiu of couduetors are 
either iuit to earth or are insulaticKl and witdicnit (tharge, 


If 

V, 


0. 


1, = 
/^v - 


{), fV- r/, and if ^ t, 

), /V U f*[' — ^a» HO that a unit charge given 
to Jiy while Aq is uncharged aiul insulated, raist^a Aq t(i the 
same potemtial that Ai would have if it were uncdiarged and 
insulattal whiles Ag had a unit charge ; and the aaine rpuuitity 
of electricity ia induced on Ag wlien it is put to earth, while 
Ai ia oliarged to ijotential unity as would be induced on Ai if 
it were put to earth and Ag ohargcHl to ijotential unity. Haing 
the notation of Hcction 59, this hIiows tliat and that 

f/rk ^ Yir ; may write, tlierafore, 




k r JF t* 




i + /'aiV + Fsaea* + • • 
+ 1" 


• • + Pvif'tf'i + V4 + 


Sbaiii), we iiuiy iiuiu - - 

if all tli« cliarKO« liut 'V in’'^ t’l’iislaiil. /'<. luid if 

tliG values of the iiot.iuitiiil funetiim in all luil. nm- of Uic 
couduotors (tlio /rth) ai'(' uni'luuiKi’il i\- 

If tlio aysfeiu cliiiuKus its conliinu'atinu, ( ho /I'a uinl i/‘s are 
ill gouoral cluuiged, and wo louru that, if tin' idiai’f'o.s aro koid 
constant during tlio eliango, 

A'A' - ' 

k I 

but that if by suitablo oluingoH in the ohaegoM tlio jint.ont iuls 
are iincliangod, 

A"/';. 


A(o, 7 »,j) 0 , so 




A r.,nr 


In the latter ease, A l\, Dr'S A(e, /z,jt) 0, that ^ ^lA l\,nr 

JmmuJt JktmmJ 

or 11 A'A' I b* A''A' I il. 

Ils tlien^fons (j) is any {'oordiuuU*, which ilchncs the ctue 
figuration, 


limit f AVA 


limit /a*7';\ 
% At/» y ’ 



A system of eeiKhtctors with cnnstutit chargen wtuni left 


to itself bentls to olu'y the urKingH of tin* rtM'ipruenl furccs 
between its luivts, autl therefore (o ttiminish its inirunhc 


energy. If, in tliis ease, (.Ih* single cojjrtlinate tf» is free to 
ciliange ami is iiiertMiseil hy A<^, the tmiTgy alter the ehiuig<’ 
is A’ + A'/i-’, where A'/'/ is really negative. *rhe meeluinieal 
work (loiuj by tln^ fom^s in If, imw, if* hemi 

elianged as Imfon* hy tlu^ sanu' Himill ineremmit, A</n while the 
potentials were kept eonstant l>y liriaging \ui to each com 


A"/!? IS really positive. TJio energy Jias tlioreforc inoreased 
by an amount prjietie^ally ecpial to tlie fornuu’ loss, ib'ac.ti- 
(jally tlio same ainotiut of moclianie.al work has bium done as 
boforo, and <'n()ugh energy lias l)e(m iutrodu(*.ed from witliout 
to do this work and to add an (Mpiivalcut amount b(>sid('s this 
to the ])otimtial (mergy of the system. Tlu'. eontrihut.ion, 
therefore, from outside source's is about 2 ''riu^sc'. staUs 

ments n,j)|)li(‘(l to a snuM e.hangc^ in art', basiul on llu^ exaet 
(Kpiation ])roV(‘d above. 


67. Tf a series of eonduetors /ij, etc., art^ far enough 

apart not to be expostnl to induetive ludion from one anotlu'i*, 
and luive enpataties f/.,, et(^, and (‘hnrges J/j. d/.j, tde., 

HO as to be s,l })oientialH rn, T.,, ele., when* d/j: 
d/y =: fVlI'i d/.| f/;t I',, et('., we nmy eonneet tliem togetlit'r by 
nu'ans of (Ine wirt's wliost* (•ai)aeitit‘H wt^ may neglect, and Urns 
obtain a Bingle eoiulmdor of en,[)ji(*ity 


shall have 


The charge on this eompoKitc^ condnetor is evidently 

and if we call tlu^ vahu* of the potential IVmcUon within it wo 

wlunuui r=a PHH ) 

a formula obtained, it in to hi^ noticed, on the aHHimiption that 
the condnetorH do not iidluence each ntlu*r. 

The energy of the sepanvte charged e<ntdu(‘Un‘H lH*fiin*, being 
eonuected togi'tlier was 


-J- (i)/i + ■+• /J/a + • ‘ •) (/ 'i ^ I I ^9^5 I fa/a i ■ • ■) 

^ " “ ri + fVl f'at--- 

_i^+iIf9 + ^/a +••■)* } 

~ (\ + (h + (-'» + ■■• 

which is always less than A’, the Hejniraie ecnulnetnrH 

were all at the saiuo poti'utial in the hi'Kinning. 

68. Specific Inductive Capacity, tn all mir wtn*k tip tn 
this time wc have anppnsatl (annUu"t<u‘H in ht» nejiurati'il Tihuu 
each other by electrically imlHTinMMit mmlia, which ^iniply 
prevent the passage of t'leciricity from tmt* tnnahictur to 
another. We have no rtniHou to hoHcvts howevtWt that audi 
media exist in nature, ICxpcrimcnt ahown* fur inataiin', that 
the capacity of a given Hplun’ical cunihniHcr dopciulH caaoutially 
upon the kind of insulating material nsrtl tii Ht'parate tlu^ 
aphoro from its shelh ao that this materiaU without t’tiuiluct» 
ing electricity, niodihes the action of the t’hurgos on thi' com 
ducturs. Inanlators, when couHitlcreil as tmuHmiitiug eh'etric 
action, arc sometimeB ealUal ({leiettrim. 

Given two comlenHcrB of any shape, ginuiu‘trieally alike 
in all respects, with jdates separated in ilu* oiu^ ease Uy a 
lioiaogeneouB dieleetrie, /I, and in the tether cast^ liy nuother 
homogeneous dielectric, /f, the ratio of ilu^ eapaeititm is 
found to be the same whatever the shape iir diiueimioim of 
the condemaers when these same two tlieUa^trics tun' tiHcih If 
this ratio is unity, the dielectrics saitl to have the same 
electrical nuhicUtnty or the same apccijlc imluvttw mpm Un, 
If tlie ratio of the eapaeities of the first suul second cun- 
donsers is ?i, J is said to have an inductivity u tiini^s im great 
as that of J/. The electrical inthtctivttt# nf niv* thn 



poaiLjLVfcj q^imubibius wniuu iii case oi any one specimen, 
though somewhat dependent upon conditions of temperature 
and pressure, may be considered independent of the electrical 
stress to which the substance may bo exposed. The lettei' /x 
is often used to represent tlio inductivity of a medium. It is 
generally assumed, for the sake of delinitenoss, that outside all 
the material media upon which wo can experiment, the ether 
extends indefinitely in all directions and the inductivity of 
the other is assumed to be sensibly the same as that of air 
under standard conditions. We c.annot expect that a non- 
homog(meuuH dielectric will have the same induotivity through- 
out, HO tliat in the general case we must assume that /x is a 
function of the space ({ohrdinates, The vector formed by 

multiplying the force by the scalar quantity f' is somc'times 

4- TT 

called the dinplarem 6)it The force is occasionally called 
the eloMviml iuttmsUi/f or the ekviromotioa intemiti/. 

We may bi^st sum up tlie results of expe^riments ui)on the 
behavior of dielectrics in electric iields by stating some gen- 
eral expiations whicli may be used in solving any problem. 
We shall find it convenient to write down first, for the sake 
of comparison, the simplified forms of these equations which 
we have shown to be characteristic of the electric field about 
any distribution of electricity wlien air is the only dielectric. 

If Jif y, Z are the force components parallel to the axes, 
and if V is the potential fiinetion, so that 

we know that when /tx =» 1, 

( 1 ) /J,X+ l),r+I),Z^+47rp, 

except at surfaces where p is disoontinuous. 

(2) The surface integral of the normal (outward) com- 
ponent of tlie force taken over any closed iurfaee is equal 



the forc(MmM}(,mtmu(HiH, hia uu‘ nonnju rtnninnwuhn iiro (iia- 
oontiimous in the iiumuor indicaiiMl by ih<^ 

jVi + A'a ! -1 rrtr, 

where Nt and iVi r(‘])r{'.s(‘ut Uu' ntirnuU foriM* pomiuniiMilH taken 
away from tiio aurlmu* ou both nidoH. If tho idiar^iMl mirfiuie 
is not oquipohmtial, the lines of loivt* whieh cvosh it art' in 
general reiraetiul ; for, if <|>^ in tin'. uiiKh* whieh u lim' of lonm 
in reaching the aurfact' \t\aki'K with its tnnnuab </>« tin' atiglu 
which the name lino inakos with tin* nonnul tni loaviiiK tln^ 
surface on the other aide, amh il‘ 'A tjinK«*ntial 

components of tht^ fovtu*, 7'i ,\\ tan c/»|» A.^ tan 4»tf 

and snice A\Uu\ch I A\ ta!M/,| 0, tn% nineo the 

normal component is distuiulinuouM, 

(4 TTcr AV) bin 1 A*i tan i/bj il 

(4) V so vanislu'H at infinity that rT utul have 

finite limits. 

If we now introduee a new veottir (eulloil the tmiuHion) 
equal to the product of the scalar point fnnetitni ft. utnl the 

force, we may write down a set of ec|uatious, very likt' Unmt' 

which we have just emimeratc'd and of[uivalt'nt to thoni wln'U 
^ wJiicdi will give tln^ force eomponeutH and the |H>li‘ntial 
function in terms of tln^ cliarges when /i is ditTerent from 
unity and (in the gc'ueral east') determined by dilTeri'Ut 
analytic functions of the space eofinlinaU'S in dilTorent por- 
tions of space. 

Ill general, 

(1) .D,(/.A') + Y) + l\ (,,Z) f 4 yri, f 1 iU ] 

at every jxiint in space, except at Hurfm'es wln*re either p or p 
is disGontiuuoua. Hiuce in all cases A* fiV, T 

,g » ^ 
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In a dieloctric of unironu indiuitivity it becomes 

4 7rp. 

(2) Tho iiit(‘mn‘a,l, talcum ovcu* any clostul surface, of the out- 
ward uovnial c.oiu|HHU‘nt of tlu'. iuduc.Uou is (‘(i[ual to 4 tt times 
the amount of matten* wii.liiii tlm surfatii'., or 

[Um] 

*(2) If the Hurfac-o of sopa-va-tion bctwtH'.n two difbu’ont dielct*.- 
tries vvhi(di ari‘ in c.onl.ac.t with (‘a.(?h otlnu’ has a cliarf^o of 
stipcriic.ial density, (r, all tlu^ force' (jompoiunits tangent to tin' 
Hiirrae'.o are c.ontiinious. If and ju-a \iw. the iiuluetivities of 
the two nunlia., tlu^ normal ('.ompommt of thie induction is dis- 
contiuuouH in tho manmu’ indieaiteul by tlu^ equation 

-I ' /Aa^'Vi * ' + 4 Trcr, 

or fXi I ' I Us />„^ / ' ■ ^ ■ 4 TTcr. [1 'J'l ] 

If this Kurfac.e has no cJiargi', er -■ 0, and tlu^ normal c.omponent 
ed’ the induction is (umtinuous, though the normal l\)rce com- 
pomuit is (liHc.ontimious: (wuh'utly, t]u^ hiw of refraedion of 
th(^ lin(^s of fona* is, in this ('.ast*, tan : /a, tan ^ Ms* 
VVlu'.Uuu* or not (f is '/(*.ro, tan 1 .Vatan<}ba' 0, At a 
(diarged surfact*. where thi^ dii'h'e.trie. is eontimujim, 

/A ( Xi “ h A a) - ^ 4 TTcr. 

(4) /"is ('verywh(‘i‘(^ contiiiiiouH, and it so vanishes at infin- 
ity that /'/'and f' havi^ Unite limits. lirst derivatives 
of F art^ (ua'rvwhi'n^ continuous, (^xct'pl at ehargi'd surfaces 
and Hurfac.(\s whert'. tlu^ indind.ivity is disc-ontinuouH : here' the 

f.M 1 1 « » I t M 1 ri \/MU I*' ti t*n otwl ilni tuiiMftml 


problems. 

It is easy to prove with tin* ht^lp of [ I'll)] a of tlion- 

reins coneoruiiig the potential fiuu’tiuu analugtiUH in thtme 
already found for tlie (!as(^ where /4 I. For iiintanee : if the 
closed surface aS\ shuts in tlu' closed surfaeo ,Sy, iIuum* ts’inuot 
be two different functions, r and which ( 1 ) iu'twi'en *S'i and 
Sq satisfy the eqixatiou 

where /a is a given, everywhen' positivts analytii‘> ftuietion of 
the space cotolinatcB, (ii) ari‘ eontinuous in that region with 
their first derivatives, and (d) art' ispml at I'very point of 
and S^. Assuming, for tlu' sake of argument* that two nueh 
funcstions exist, we may call their diilVrence u and noti» that 
96 and its first derivatives are contimums Ind ween A\ anti Ag, 
and that u vauislu^s at every point of tlu*st* Htirfaces. Since 
u satisfies the eqmitiou 

(/^ ^VO + 0 

between Si and A\, we may eonVeuiently make A /t, T T ? u 
in [149], for both integrals in thesiHaunl inetnlaw tjf the ispui.- 
tiou vanish, and we learn that 

when extoiulocl over tlie rcgicni in ejiu'Htiim. Hini'i' in iiumI" 
tive, and the intogminl nan never he negative, 

/>ji - /i,H -a /),u a 0, 

and w is a oonstant. But u 0 im .S', and lu-iuu' T and V 
are identical. 

If, while satisfying oonditions (1) and (‘J). r and f ** are 

' . 1 j I « » . 
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With given valiu'.s of tlie voluino density in given regions 
of spa(‘.e, and witli givcni valiu's of the s\i[)er(i(dal dcnisity on 
givcni Hurhuu'H, tlu‘- force*, c()in])onen(;s ami tin*, potc^ntial 1‘unc- 
tion are, in gt’iH'ral, diffe.n'iit when /x — 1 and wlu'u (x is dif- 
fmH'nt .from I, and, if tlu^ diideMdrie. is lud.en’ogmu'ous witli 
surface's of diseuml-iiiiiity in /x, m)t ee|ui])e)teMitial surfaeu's, the 
forms of the limis of fe)re‘,n arc*, viuy different in the^ two cases. 
If the^ elie‘lt*e'.tric of a givc'u e'e>iiele‘nH(U', the plate's of which 
are the^ surfaeu's A', ami is air, a, ml if tliese platens leaver given 
diarge's, F must satisfy La,pla(uds Eepiation l)e*tw(u‘u aS', anel 
while at every pjirt of tlu^ comlemseu’ plate — A mr. If, 

ne)W, a homogenieenis eliedectrie of indue, tivity /x he^ substituted 
for the air, the now poteuitial fxiuetiou satisiles Tjaplactds 
lCcj[iuition b(itw(5on and (simte /x is constant and ^is 55(U’o), 

and at ewery poiijt of or xSy, >low r//x 

satisfioH all theses last e'.ouditious, ami simu^ two funotians 
whicli do so can at most diffe'.r by a constant, wo may write 

V/fx+ a 

The foroe in any dirtudion atf einy point in the dielectric is 

1 //X as great in the seu'.ond case as in the iirst, If xV, atui xSg, 

instead of having given charges, had heum kept at the given 
potentials P\ and Fg, the demsity of the eduivgti at any point 
of either plate would liave bec'ii /x times as great in tlm second 
case as in the first, whih^ tlu^ potential funetion (and the 
force) woidd luive had the same value at every point, which- 
ever dielectri(», was uhchI. TIu^ capaedty of the condeuear is, 
in this ease, equal to 


+ />,./' ‘Vv [ /V/‘« W| 

+ (./>, r* I>,M />,/'• I>,r I PJ'. /^,/r) 
(/>,/(.. I /^,/t- />,'• i /V/^ • 

+ (A,r*/V 1^ ^ ^V'‘i 


(i>„fL‘ lijf 1 n,ii • n^r \ /#..;i . 4 Tffu 

If ji is a func.tiou of dik^ (jf thr {ui(‘>rilina(rN. //» ttniy, tlu' 
family of surfactus on whirli u in romslant an* iioHNilih^ »M|Ub 
potoiitial surfiKU's duo t.o a disirihttl.iou of olootaioity in UiiH 
dioloobno, ])i'ovi(l(*d t.lu' spooial fninii td* .tlo* o«|tnHtiou jii.sl. 
stated, obtained by pnttiiifjf 

7 ^,./x — />„./4 •• />,. /" ^ /V I* fi 
tliat is, provided l.lie (upiation 



involvos only if. Now in, by hypothoai.H, a rntieUim 

of u only, so that tiu'. e<mdition is that Uio ndm iif to /ij 
sliall [h\ indepeudeut of e and /e, and thm is tho camtiitiou 
(He(dion »in) tliab must b(' Hatisfu'd wlnm I lie diolo«n rit* i,s nir» 
in order tluit tlu^ surfaeoH u|h>ji wlii(di // \h o(nr»laiil nmy Im 
possibles (Kpiipotential Hurruo.i‘H, 

It is easy to see that if thi» sprua^ liotwt'foi t wn ia|nipotiMi 
tial surfaeoH in air about a tUstribnlinn uf idootriod y i»o bllod 
with a dieh'c.trie. tlu^ iuduflivity of wliirh hi ritbor onu?nant 

r .J *. ../• . !• * t ■ t 


aiatriuuijiuu ujl lurA-.urujiuyj iuiu ,u. vvu jiuikd a = jU,, wt? inay appaj 
tlio equation to n,ll Hpaeo al'tcn’ w<*. have (nuhoHiul by pairH of n<nv 
surfaces all surfacu^s of diseoiitinuity of /a, or />„ F, and 
learn that the intrinsic energy of the distribution is (npial to 

hf +(^\fy +(i>yy]d^'i!/d^ 

extended oven* all sj)aco. 

When the potential fuiudion, duo to a given distribution 
(p, (r) of eliudrie.ity with any given set of dielt‘e.tri(\s has been 
found, W(i may ask wliat distribution (/>', ir') of tdee.trieity 
would liav(^ givt'.u tins sanu^ potmitial fune.tiou if all the 
dieleetrics had becui disphuu'.d by lioniogeneous air. ''riie dis- 
tribution (^p\ ir') is ealltul the appiornt rhanp*. to distinguish 
it from tlu^ distribution (p, rr) whie.li is sometimi*s <Ndle<l the 
rejil or tlu^ mfruiala vhartj(\ Krom thi^ a])pn,r(Uit (diargt* wlum 
found, V might bo cahuilatiul by nutans of tht‘ familiar int(*gralB 



When F is given, tin*, ([uantity p^ is d(U.erniin(‘(l at all poitits 
wluu'o the (Hpiatioi^ has \i (hdinitc^ mt‘aning by V'M" ' 4 tt^' 

and the (inantity at all surface's wlu're th(‘ normal <h‘rivative 
of F is (liHc.ontinuous by tlu^ tupiation jVi ; 4 mr'. 

Now />,(/a/>.f')+ />,(/W\)’)+ />«(/./>,;•)■ ■ 4rr,>, 

or /xV''* F + (/^,^. /”• I' * + ' d 7 r^, 

or -4 7rpLp'+(nj'^ />,/xd />,/'* A/'. /Kfi) : dTrp.flihl] 

and this defhu'.s /j'. In eviu’y rc'gion when' /x is constant// p/p* 
In tlu^ most g(meral cast^ of ii surface wluu’c* tlu' munnal 
derivatives of is diH(U>ntinuouH, tliert? is a di.scontinuity in /x 
at tlie surfaec^ and a (diarg<s (r, on the HurfatM* so that 

... M .1 v^ -- .1 V j. A 


no discoutimuty in tho diolt'ctric., in wlufli i'ust* tr' or 

there may be diseonti unity in the dieh'etrie with !u> rt'ul 
surface charge, iu whitth eiiHi^ 

cr' — TT/ia Agt/it I yr/ij. 

The difrer(ni(*,(^ (// (r' <r) Im'Iavimui the apparent ehargt' 

and tlio iutrinsin (diargu is snuieliimss ealh’d tin* Inthurtl 
ohar(/e. 


The solving of onc^ or two Kiuipli' jirohhnuH will Huilifo to 
ilhistrato the use of the general enuatious whieh deienniut' 
the potential fuueiion wlww the, dieleetrie is imt homont’tu'ous. 

T. “A coiideuHer ('onsistH of twtv eonetmivie eoiHlueting 
spherical surfaeca of ratlii n ami separated hy a ilieliM’trie^ 
the inductivity of whieh at a diatanee, from lim eominon 

centre, 0, of the spherical surfaen'K in ^ ^ ^ • Hie inner platt*, 

of radius a, has a tdiargt^ a; The outer pluh* ia u( poieiitial 
55ero, The ]}ot(ml;ial function iti the dielei*lrii’ in evidi-ntly a 
function of r only ; what is its valm* 7’* 

Since the iudm^tiou thnuigli any closed miriaet* is inpml Ui 
4:7r times the ititriimic c.harge within, we may imagim* a 
spherical aurfacci drawn iu tin* ditdeetrie wnli I’eiitre at ;unl 
radius equal to r ami then assert that, if /*’ in the inree, 


A', 

r 


4 IT A’ 80 that F 


iK r 


and 7^-1 -log 


* 


rv' I 


c r{it + f) 


1'ho cupatnty of ilw eomlenaer m 


? -h log ^ "I'hc appareiit stirface ilennily on thi* inner 


date is a-' ^ J(J/[-i7ra{a + e)J, the intrinsic Hurhiee liensity in 
and the density of the eharge imlneeil ut the inner 
urface of the diclnf hvifi .... AV / f’.l 


I ..ei 


^ 2 , -^n, OX dielecitrio ol thicknoss a, aiul c respoctivoly, and of 
inductivity 1, /x, and 1. What is the eapaeity o£ the cun- 
donsor per \uiit area of one of its phitos 

Take the axis of x ])er})endicular to the faec*s of the phites 
with the origin iu the first plate, whic,h shall \k) kojit at 
potential zco'o. It is cvidtjiit that the potential fuiudion is a 
fiuietion of x only, so tliat 0 in eac.h slab of dicdeetrio 

and F must be of the forni Lx+AI, Denote the runetious 
which give the potential iu the threat slabs by 

When a: 0, P\ ^ 0, When cr ^ J)^, V, + ^ }\ ^ 0, 

and Vi — Ka. When tr » (^4 + /-<), — ^1)J\ + ^ 

Fa — Ffl. Wo liavc, therefore, P\ hiXj 

Fa — /“n (x + e/x — a) //x, Fa — (/xx + /j ^ hfx) //x. 

When X ^ 0, F — — 4 ttot ss and, if Fb — 1 when 


X « a + ^ + 0 , wo get cr : 


4 TT (/X a + /XC + /;) 


and this is the cai)acity per unit area of the first plate. 


69 . Polarized Distributions. Imagine two homogeneous 
bodies, P and iV, of equal but opposite densities, p and — p, 
of the same dimensions, and occu- 
pying at the same time the same 
space, in wliich, of course, the 
resultant (lansity is zero, If P be 
moved without rotation through 
a small distance A, in some direc- 
tion, there will be a space of no 
density common to P and W, a 
space of density p where P extends Fm. 40, 

beyond W, and a space of density 



be imaginod to inoveast* wiilintU. liiuit. sn as t«i (hi* pnuliu’t 
p?i always ocxiuil to a given eonstiint /, 

/fl-l'J) //), 

and wo have in tlu^ limit meri’lj a Huiiorlioial disiriUntiun, of 
density <r — / e.os (//, ?/), on thi* lioiimlary of Dm* spaoo originally 
ocgui)UhI in e.ommou by I* uml .V. Sinoo tho direct ion td' // i.s 
fixed in spaee, and n is an t^Hlorior nunnaU tho disi ribntion 
consists iiartly of negative mattm* ainl partly of ponit ivi* uiatior 
in e(pial amounts. .surbu^e donsil.y is ispial to /orn at 

points of contact of tluMlistrilmtiim with taiijpmtH paratUd U\ 
the dircK’.tion of Ih 

If this distribution la* dividisl up inb> lilamouls parallel in 
h, it is cbnir that the ehargos on tlo^ ends of ovrry lilamont 
are ecpial and opposite* and that, eueii is ispiat in anuntnt to 
qTj wliero </ is tln^ t‘roHS»seeiion of tlio Ithtiiirnt in tpiostion. 
It is easy to see rroin this that if the dial riluit ion were 
placed in a unUbvui field (d‘ forei^ id' intinndty /•'. tluM tieUl 
Avonld ex(u*t upon any sueh filament ni buigth / a t'onpb* id' 
moment /'')•(///, and upon ito^ wludr- distribution a 

couple of moment /'’•.sin(//, /»')•/ times the Vidnm«' td* the 
space en(dos(‘d by the ilistrUmtion. i i:g lUeretnre* nunuM-i^ 
cally ocpial to the mouicmt td* Hit' eimple* per unit id' Vidunu', 
per unit Held piu'pmnlieulur to tlu* tlireelion oi A. 'fin' dis 
trilmticm just described is suiti iti be a i/ioVbrw/#/ p»*inn\xni 
distribution, I is called tin* hift nsUt/ of thr xntnai. 

If, for instaiKu*, r is a sphere td' railius *i with emtre at 
and if .r^ f d rA the ]>oti*utial {'lUietiMin J (,f\ //. .;)» 
due to its own mass, has* as we kmnv, the vabn* ’J \ ri) 

at inside iioints, and tlu' vului' -I d e ut outhiile ptdnlH. 
After P has hmm di.Hplaei'il tlir<mgh a tli^tanet' // purnllel 

flm 'M nvitl flwl I I >1 1 (*41 <l.t4 I. it. >4.4*. ....4t4* II .4 44 . « 


Nj tliG vahio is 2 ira^ph (2 x A ) /2 The limits of these 
expressions (f\ 7rlx/l\ and ATra^^Ix /2 give the values of the 
potential Ainetiou witliiu and without a sjduu-e uniformly 
polari7.ed to int(maity I p;ira,lh‘,l to the x axis. Within the 
S})here the oqui[K)tential surfaees are ])lanes ])er|)(uidieular to 
the X axis, the fu'ld is uniform, and sim'(‘ .V--' - the 

linos of forcHuuH* |)a.rulh*l 
to the negati ve dinudion 
of tlnnr axis. ( ^onsidcvr- 
ations of sy m inetry sliow 
that tlie liu(*s of foreo 
without th(' are 

eurv(‘s lying in |)lani‘s 
through tlie axis of .r. 

From th(^ expn^ssion for 
V at ouLsuh' ])t)ints \vi‘ 
l(‘aru that if 0 is tlu^ 
angle wliicdi the radius 
vector drawn from the 
origin to any jjoint 
makt‘B with tlie x axis, 
the (upiipottmtia.! sur- 
faces of n^volution with- 
out tlie Hjduu’O may bo 
considered, as generat(‘d 
hy planer curves which 
belong to ilH"i family 
008 0 / r® - « (\ Ourvea of 
tliis family lying in a Vm. mi. 

plane ar(i out orthogo- 
nally hy eurvt'H in the same plane which have the equa* 
tion /r-sin^^, a,ml this evidently gives tlu' lines of force*. 
Kig, /)0 shows the forms of thesis lines and dirtudion of tin' 




explamod, y-a a uttlo Hinipii* (•(uupuial.HJU win nluww hy (Jn 
■fact that at any suporllcial distrihutiou of dt'usit y u vwv) 
tangential coiiipouent of the fortM' Is ecinl inutni.s, hut iJa 
normal e.omponent Ih (liHe.tmtiuuouH hv 4 wir. 

Tlio potential fniud.ion belonging to a unilni'm ilrhi of forer 
of intensity -V„, the liiU'S of which are juiralh*! tu fht^ ,v n\\H, in 
— X„ic, and if into Hueli a I'ndd u .Hpliere of radius n, iiuirnrmlv 
polarized to intensity / parallel to the j* an is, is Itnuight, and 
if wo cli‘line tho constant ^ hy tin* eijuation Am i tr/^ ,'1, the 



Fi.a ti\, 

potential function, referred to tlu^ centre of the jijdiert' us 
oi'igin, will liave the value *1 w/.r^l II at pointH within 

the sphere, and tlu^ value -I \ 

at outside pointH, fhdd within the sphere la in»w a uni^ 

fornyheldof iuteimity 4 7r/(x 1)/H direeted purullet to the 

X axis: \[ this force vunislieH. The erpupnteiitinl Hur« 

faoos of revolution without tin* sphere could he generuted hy 
the revolution about tin* x axis (jf a family of eurven the 
equation of which in tin* xt/ plane in 4 wfx ) e, 

wlicrc r® :.H The eipiaUtm of the huuily of eurvcH 


and this ro])r(^Honts tho linos of foroo. Thoso linos may 1)0 
easily plotted for any value of hy assuming in suocmssion a 
series of valiums of r amd eomputing the eorvospondiiig vahuvs of 
y. Figs, ill and d2 slunv two oliavacdoristic. forma whioJi 
tlio linos may liavo. In the first x ^ soo.ond 

Some sliglit thoor(^ti(!al int(U‘(ist atta^^llos to tlie 
oa8(^ for wliioh and tlu^ n^iidor may earn to jjlot 

for hiniHcdC tin*, ex^rresponding ourvos. Jl(^ should iudioate 
the diriH'.tion of tlie fc),v(‘.e at various ])ointB hy arrows. 

The value, at inside ])ointH, of the', potential funetiou hue 
to a homogeneous ellipsoid of density p, with axes eoim'.ident 



with the eohrdinate axes, is given on page 12L If wo eall 
tliis p • 0 ( 0 ’, ;y, 4;), we may write 

il (ir, //, a;) ab(*7r(Gi) Ai//® 

where Oq^ 74, Lq, ilfo have the same viilues at all points of the 
mass. If, now, we consider an ellipsoidal diatrilnition, uni- 
formly polarized to intensity /, in a direction .v, it is easy to see 
that the value of the potential function within the distrihutian is 

f^D^Q • cos (at, a) • cum (//, «) + • cos (x, s)] 

or 2 aiiCirllKa^^ • cos (a^, a) + /vo|/ • cos (y, h) + * cum (x, ^)], 

and that, if wa regard the polarization as a vector atul denote 
its components by //, and the forcu' cuntiijonents are 
- 2 t^ahcAK^,, - 2 Tra/^r ///.„, 2 TrahcCM^. 

The field within tlie distribution is. then'forf'. uniform, and 


really a Kpliovo), or unlt‘ss tin* ilirortinii i»l‘ jn»l;n'i/atic>H cfiin- 
cicles with that of ono of tin' priiioipa) axon nf thp 
In certain ca8(xs tlu' 1 ‘lliptie iiitcKJ'Jii 


a;, 




da 




and tlie corrcHpondinj; intt'^rraLs ami J/^, oan hn {‘UHily 
evaluated. Jf^ for iuHtaiuas (i h t\ thoM* i|u;mtitioH evi- 
dently have the eounuon value '2^ lUd. 

If the ellipsoid is a ilgure revedution, we may fiml the 
values of /Co, Ay, J/o witli tlu^ ludp td tin* inteKnUa 


S (ft + l^)(ft 


jh 


or 


/ 


t w'l'-'j t (,«» 

_ - ( e* ^ 


(h 


f(s 
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7 (/I + /• ,/s \ 

“V ^ + (« I /'i{* i /«■*)' '7 
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/ 






(« , 4 , iifijUl J (s i I 

In tho case of ii iirolatn oUiitxiiitl wlii-rn h ~ /,, I, and 

f == s/ a* ti*>it, 


and tlie foroo conipononts witlnu thn (dlipaoid are 


<I TT/l 


(1 - / 1 


1 + e 




- 1 , 


o /H ^ 1 ^ 1 ^ ^ 


\7r(- 


' I, + / 


'A' 4-.* C 

li 1 -I- ,• 


Tf, while h is ('.oMHl-aiil, (( bn iuorcMisod without limits v 
approa(di('H tlu* limit unity, (1 ■ r'-*) • h)g[(l + /*)/(! r) \ 

the limit zt'.ro, and tin* (dlipsoid bt'cumes an inlhiitidy loni^ 
eylimhu* td‘ iMWtdutiou, for which the fonu^ componmits are 
0 , * -^Trrt 

In tiu' caH('. of an oblate ellipHoid wluu'c a < />, h — c, and 
0^ > 


/b, - 


2 / 1 



//(, 




I / siir b’ 
V c 


Vi 



ami the forc.c^ eomponimts within the tdlipsoid are 


' •Hill '(t). 


If, wliilo 1) ami arc (uniHlaiit, n in imult' to approach zero, « 
approachcH the limit xinity, the limiting vahie.s of the force 


density tliroughout, luul eonsisliMl <d' two Iunnn)^n'n»M)UH por- 
tions of densities p, nnd p.j, to tlie Ic'ft uud lo the rij^dit of 
tli( 3 iv surface of sc^paratioiii Ah il t.he density (d A’ had lu»en 
at every point (‘(pial and opposih' to that (d“ /\ aiul if the 
limits of pji- and pJi had been tiu' eoustants and the 
resulting surface distributitm, on tin* hnmnlary id' t he space 
occu])iod originally hy .V and P (’onjnintly, would have luul 
the density cr — /j (a)S (//, ^/) to tin* lelt id* the original posi- 
tion of and tin* d(>iisity cr ^ ^ /., eos(A, /n over the rest of 
the surface. There wo\dd have hi*en on A a Hurfaee ih'nsity 
or= /|Cos(A, '/^i) d‘ /y eos(7g n.j), w]n*n’ //j and tfj repre.s(*nt 
exterior normals to the regions in wliieh /* had the densi- 
tiOvS pj and rt*spee,tively. This ili.strihul ion is tht*rer()re 
cciiiivaleut to two distrihutious nnifonuly ptdari/ed in the 
direction of li, and laid together so ns to have tin* eonunon 
surfaocj S, 

If, again, the di'usity of P liad hmni given hy the eH[>reHsicHi 
f> - fh /A -). 

where po is a coustai^t and / an lumlvtie ftunetion »d' the spaee 
C()ordinat(3S, th(*n, if P luul been disphieed parallel to Du* x 
axis, thev(3 would liave heein (1) a region eonunon to /' utnl 
TV" in which the (h*nsifcy would have het'u 

po[/(a3 - //, //, /(.r, y, ] uv pjt HJ \ 

where 6 is an iu(initt*sinud of thi^ saun* maler us /i, \*J\ a region 
of density pofix - //, y, x) where f* exteinlefl In^ytmd Ah ainl 
(3) a region of density /A -) where A’ extended hehind 

P* If the lijuit (jf p^f/^ had hei'ii the ennsiant *l|„ untl if 
A*/0^j Vi had been deuotml hy A, the resulting dintri- 
butiou wcadd have luul a HiuTact* th'imily tr A t*oHf.r» n) over 
the boundary of the space originally m’enpied liy X and P 
and a volume density p — P^A itmide this boundat^y. This 
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surface iiitogml of J cos (.r, ?i) tak(in over any clos(‘d surfacte 
is cuiual to the volume integral of + taken through the 
space hounded by the surfacts so that the whole amount 
of matter, algebraically considered, in the distribution just 
discussed is s^ero. 

If such a distribution as this were plac.ed in a uniform field 
of force of intensity /f] perpeudicmlar to the x axis, it would 
encounter a couple of moment 


s= x-yl • COM (x, «) (IS —■ F j' fl** • 


Here, again, the volume integral of the intensity of the polar- 
ization is a measure of the moment of the couple whic.h 
would be exerted upon the cliatributicm, if it were placed in a 
uniform field of unit strength perpendicular to the x .axis, 
The intensity of the polarization at any iioint in a polariztul 
distribution has been called the viomvnt jmr vult vain nhio^ tlie 
distribution at the point. If a distribution j)olariz(‘d in the 
manner just desoriliexl parallel to the x axis vviu’o platuul 
in a uniform field (Xo, i^o), not perpendicular to tlu^ x 
axis, it would experience a couple the components of whic.h 
would be 
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wliere eis au infinites i in al of tlu^ sani(‘ nrdfr an h. As // is 
decreased and so iiuu'oast‘d tluit /)„// ahvavN rf|ual to 
the 2')otential rvinction at (.r, //, r:) due to tlu‘ rosultiuK distii- 
bution becomes — 'finis, if /' is a .splien' ni radiua 

the density of wliich is proportional to tin* distaiua* imm its 
oentrcj wo have p — p,,/’, — Trpofi /),. d if r* <i, and 

V— iii r> (L The i)olari^’iUou in tlu' rosidtiiif,'' 
distribution is wliere is a eonsliuit to be elmseii at 
pleasure; the potential rnnt*.tion lias the valiu' rrJ,pv* within 
the polarized sphere, a.ntl 7rJ,/rU’/r“ without it ; the inoineut 
of the splu‘,ro is 

Imagine six coiiundent bodies, /V ‘^e of 

densities po./Ka*, //, r:), -'Pu/i(*^N /A '"h //* -h 

P(),/ij O^j y/j (‘^1 y/i ri'Spei’ti \ el \ . Iiuagine / ii / yi / u 

displaeed tlirough distaina^s // parallel, rt'speetivtdy, tt» Mie axes 
of Xi ;//, and then imagiiu'. // to di‘ereaH!» and p„ to inerease 
in ancli a way that p„A is always ecjual to a eoiudant J/. If 
Mfi(Xyy,z)j l//aOr, //, ^), ilZ/ibr, //, .v) lu‘ deiud.eil by d, /♦, and 
C respectively, the resulting distribution has a surfai’e dmisity 
0* = yl cos (ir, -|- // cos (//, //)'!* r^eoH(.r, //) on the lionndary 
of the space originally oe.e.upied hy the six bodies, aiul u vtdnine 
density p=: — (/>j.d 4 * \ PJ') ll^** I’egion enehwetl by 

this bovindavy, d, />, (' an^ usually eonsiilered to \n^ tlu' 
componouts taken jiarallel to the tuairdinatt' axes of a vet‘ 
tor, 7 , HO that (r — / eos(;/, I) and p (Uivergenee nf / ). 
The whole amount of matter in tin* dintrilmtijin is /vviu / is 
called the polavkntlon^ and tli<» iIin*etion of / at jiny point 
is the divocfioii at that jioint af f/ic pn/tt rixuf Ittfi, Tlo' lini's 
of the vector / are deliiu'd hy the iMpmtions 

(lx /A n - tlx 



2 iOi(vriz(iT.L()n, i pxotuic.T] or oroHH-aoctioii ox a vor}- 
Hlond(n: tubo of polarization at any point, and the vahui 
at that point of in Hoinetinuus ealled tln^ titroiujth of tin* 
tube. Tht^ matter in a shuuh'r tnhe of polarizn-tion eon- 
stitntoH a polarizrd Jiltmont. If tln^ vtu'.tor ./ in aohnioidiil, 
thc5 distribiil.ion in wholly Hiipcn’lichd, and the atomgth 
of ev(n*y ttibe of ]){)larizati()n in constant throughout its 
length. Uniform polarization in a sjx'c.ial cas(^ of solcnoidal 
polarizn-tion. 

II; is (wi(l(‘nt that tlu^ gc'inn’ally pola.riz(‘d distribution just 
mcntioiu'd may be* lu^ganhsl a-s fornual by the stiperposition 
of t)ir(‘,e distributions pohirizt’d parallel to the axes of cr, //, 
and z r(‘spee.tiv(dy, and it is (’asy to s('-e that a uniformly 
polariz<‘d distribution in a. uniform held (.V,,, I*;,, will b(‘ 
aet(Hl on by a couple tln^ e.onipommts of wliich are tlu^ prod- 
ucts of the volunu^ of tln^ distribtition and the cpiantities 

nz, . f/ 1;, (/a; ■ Az,, A r„ //a;. 


A short, extremely shnuhu’, right prism, uniformly pohu^- 
ized in th(‘ diiaadhm of its length, forms a simple kind of 
rfnnrnt. If hV is tlu^ 'hmgth of such an element, q 
its eroHH-S(’{d.ion, a.nd / tlu'. inbmsity of its polarization, 2y// 
may be calUnl Uu‘ maincuf of tlu* elenumt, for it v(‘preHeuta the 
moment of tlu^ e.ouph* whiedi would act tpKJU tin* (dmnent if it 
W(*rt‘ ])lae(‘d p(‘rp(»ndi(nilarly acu’oss tlu^ lint*H of a unit Ihdd. 
Tins i)rt)dui*t of thi> volvnne of tin* elemeiit and / we may 
(hmot(' by Al, know that tin* liedd (d’ force due to tlui 

tdtunent is mathematieuily a{‘e,(JunU‘d for by a superheial 
m‘gativt^ charges qJ, on tnu* end of tlu* })risni and an etpial 
positive chargi^ on tlu^ otluu* end. Ltd. V \n\ any point distant 
e, from the nt'gativi^ tmtl and r.j from tht*. positive end of the 
axis of the prism, and r from its eentn*. Let (;% /) bt^ tlu^ 

einirlt, 1 «i,t link # 1 1 nr 1 r it » mP I w il *1 V f .t Ml 1 ttllil 'l.lin lltlit lll’JLWll 


tiie value at Q of tlio potcuitial func.tioi) due to the olemviit 
is >\) or 

2 /(ri“ - r/) /?V 3 (V| + Vu) or 11 rJ/- coH (r. 1 ) / (■ /•„) 


The limit, i)/-(io.s(r, ./)/r“, ol' ilm 
called the potential I'uuotiou dui^ 



ll'm, r.!l, 


(‘XpresHinn just ToiuhI in 
to a unifonulv 
virmi'ut^ or to a Hfnivr 
(imthlrf. It will iippoar 
froiu tho work whi(‘h I'kI* 
lowH that a niinilar roHult 
nhghi luLVi^ boon tihtaiiual 
from Uh* UH4’ of a ^non’r- 
ally p(»luriy.i‘(l ('h'lmmt of 
any form* I'ln* liium of 
for(H4 tliu^ to a p<jlarr/.(*d 
(‘lommit an* hIuiwu in 
Kig* 53 ; thoy am tlui 
Hann* an tin* t‘Ktt*riuil linoH 
t)f fore.o in Fig* 50. 

Bofort* wo aitotnpl to 
liinl an (‘XproMnion ftjr tlm 
))oti‘ntial riun‘ti(m tlno 
to a gtnn'rally polari/ocl 
fiuitt' (Uatriljution» it in 
woll it) Ui»tii’o Umt if 
tho voctor / in tlinotni* 
thuumH at any Hurfafn*H» 
tho (Imtrihuthju may Im 
conHitloroil m nnult^ tip 
of a munbor of (umtirn 


nously ])olari5sed portioiiH abutting at tlmno HurfaooH : wo 
may oon&io our attontion, thoroftiru, to (umtimioimly polar- 
ized diBtributioiiH. If a Ldvon distribution of thiM kintl Ima 





where r is t\w distaiui(>. from- the point (.r', z') in the volume 

or surface ele.iiumt to tluj point (ir, //, rS). If /'is the value 
of the i)o]arizatiou at (x’, y\ and if wo substitute the 
values of jukI or* hi terms of ./' and its components yl', (/', 
^ wo have 


' 008 n 


.) + CQH (//', u) + Cy eos (z', 




Since 

we may write 


-/// 

"XrJ r 






dr' 


with similar expresHions for the other terms of the triple inte- 
gral, all the double integrals are cannelled, and we liave 


SlMl 


-dr' 


(//;- !/') + O' . 

r) + ■)•) + C'ci 08 (»', r) ^ , 
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is, as wo have just seen, the jjoi.c'ntiul luu(*iinn thio to aii 
element at (;x\ //', rJ), in which the pnlari/atinu is /^ 

If tlu3 polari/.ation is solonoiilal, t>hc vchituu' iuti^^ral tvf p' 
is eciual to zero and a surraeo inlc^ral ahnir nnuainH. 


Wo ])avo scon that a polari/t'd lUstrihuUnn in 
doiluod when the forni ol* its houndary* S, a ml t.lu' vahios (d 
the c()in])()nonts of th (3 vtshior / within it arc known, ami that 
its poh'iitial liinotiou lias tln‘ same value (ai. least at outside 
points) avS that dui^ to an ordinary distrihution td’ iimt fer nuuh* 
lip of a eevtaiu volume, distrilmtitui within *s' and a eertaiu 
suporheial distrihution on S, What wi' \mually wxW a polar- 
ized distrilaitiou is suppostsl to he quiU' dilTereuI, howt*ver, 
in its pll3^si('.al luiturt^ rroiii this orilinury tlislrilittl ion, whieh 
may be said to ho uiaihomatieully tspu valent to it. A simple 
illustration will makt' tlu^ e.hanudtu’ of this dilTenuiee elear, 

Ti! a numlu'.r (d' small oulu'S, all tmilonuly polari/ed parallel 
to ono od|j[o, with connuon intensity /, wen' plaeetl {oipdlnn’, 
with tlioir dir(Hdi( >118 of p(dari/.alion paralhd. to t<»nn a larger 
cube, I\ sui)Or(i<ual diHtril)utionH t)\' (Sjual ami opposite den« 
siti(*s woidd e.oim^ in (a)utnet, and the rt'snllinjLt ilistrihutiou 
would appear to lionsist only of a positive ehartre niiii'orndy 
spread on ono fac.o of tlu‘ larK«‘r (udie and uu equal lU'^ative 
charge spread uuifonuly m the (qq smite faee. That is, the 
]H)toutial iunetion, at ontsiile ]U)ints, dut^ to /\ wouhl he the 
same as that (lu (3 to an imlilTerent htuly, of tin* sauitt 
dimensions as I\ e.liarged witli a Huptudadal disfrihutitm of 
density + / on one fa(U 3 and a supiulieial distrihutitui of that- 
sity **-' / on tin*, opposite face, If, however, we didim* tin' foret' 
at a point witliin a distribution to hc^ the whieh would 

iirir/v n. innf. numu wkhO tttO .><] iK.. .... i .. i’. ' i t 
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tho cavity, whiles if an excavation wcu’o made in F by roinov- 
ing one of tlu^ very small nnirormly ])olariz(‘(l eubos of wliioli 
it is ana(l(‘. up, tho surhuu'. (hmrgt's on tln^ adja-cumt cubes would 
a[)p(uu*, and, how{*v(U’ snuill the cavity might !)(', the.S(‘ would 
bt‘. found to modil'y tlni ror(‘,e v(‘.vy ap))i’(u;iably. We must 
regard siudi. polarized divstributious as occur in uatairtx as made 
up of i>ol(tn::r(l viohrulrH^ so that if any portion 1)(\ broktm off, 
ac’.rovss the. liiu's of polavi'/atiou, from a body in whit*.li the 
pohu’izatiion is d(‘(ined by th(‘. viudor /, ('ac.h portion is a 
polarized distribution dellned by tlu'. sa.me. veedor as Ind’ori^ at 
(V(‘ry i)oint, so that a suidlnu^ distribution ap])cars on (‘a(di of 
the nciw fa(U‘H formed by tin' fraidiure. ICvuuy magnet appears 
to b(^ a polarizi'tl distribution of magnetic, matter, tund prob« 
lems in ma.giu'tism, as tlu^ reader who has stmu^ kn’owleilge 
of nuignetie. }>henom('na will S(U‘, can be convimieutly atta(*Jked 
by the analysis of this see.tion. 


If into a fudd of ehadric forc(\ a condnetor or a mass of 
di(‘h‘ctrie, diff(*rent in natun'. from that whi(di it displatu's be 
introdutHul, th(\ (iidd Ix'comes e.hang(Ml in maniu'r e.om[)h‘tely 
explainable, on th(‘ {iHsnni])tion that tin* condnetor, or tlu‘ 
dudee.tvie, has Ixmouu^ (dt‘(drieally polariz<*d, and that the 
surrounding di(‘h‘ctrie.H now and W(‘r(‘. polarized. Iiahnsl, 
resxdts of exp(‘vimeut compel us to assunu'. that spurt' which 
seems to b(‘ (unpty of ])ondcrabh* nuiti.cr is st.ill occuph'd hy 
a medium, the t‘tlu*r, e.u,]m,hl(H of trausuiittiug tdeetrieal forces. 
We must ‘assume, also, that i*very medium with which w(* art^ 
aetjuainted, wlietluw it la* stdid, litpuil, gast'ous, tm cUu*r(‘al, is 
HUH( 5 eptihl{^ t(» (‘h*(‘,trical unci to niagntd.itc forcu's, so that if a 

‘ . j • 1* .... 1 .. .1.. .. c.o.i ..r ..1 


including that which belongs to tlu'. iK.lan/.ation ol tlu^ 
medium itself. The ratio ol' ilH‘, inUmsit.y of tlio i>nlan'/;i» 
tion induced at any point of a imMliuui l)y tin* resultant innu' 
at the point is called the of tlu‘ metlimu at tlu^ 

point under the given (dirmnstaiifes. Kvi*ry medium has 
both an electrical susceptibility and a magneUe .suset.ptdulity, 
and these may be represtmted by Y<’ry dillertuit numbers. 
The susceptibility of a nuHlium to mainirth' iuiluem’es often 
depends upon the intensity (d' tlie imlueing feure; we may 
considon, how6V(U‘, that, if a medium is lunnogeiuMms, its eAv- 
tric(d sxisceptibility (A) has tlu'. same vahu* thruuglunit. A 
medium in a liehl of forcu^ may have an htfrinah pniKriitftlntt 
as well as the polavizatic)!! imliiccsl in it by tlu^ tield. A Hiisd 
magnet in tlie earth’s iield illustrab's this i»nsHibiUty. 

A given region may be at oue.i* a (h*ld of muguel.ie ftu'cs* and 
a field of electric force, so tliat any nuMliunu when plaeed in 
this region, bocomoH both magnetit%'dly and elect ideally pedar-* 
ized. Since the two polarizations art* similar, wj’ ni’ed speak 
ill wliat follows only of one, if we krs'p in mind the fuel 
that two quite iiuhqHuubmt polavi'/atiouH may We 

shall ropresemt susceptibility l»y A and imluetiviiy by /u witli 
the umlerstauding that dilTmamt muuerieal values mmd. lu* 
assigned in general to these {puuitities {usairdiug as wi' an‘ 
dealing with electrical or magmd it'. )ihenomemu 

In the most general c.usti of either eleetrieal tu' mUKUetic 
polarization we may imagine ilnit an imd.ropie metlium 1ms 
(t) an iutriuflic volume charge of dcuHity whert* is a 
scalar point function, (li) superlieial iutriusir* elmrK*’s f>vt‘r 
certain surfaces, and (d) an intrinsic jiolari/atiou /,„ with 
components winch may or may m»t bt* c*verywhere 

continuous. In addition to this it has (4) an iudue<*il ptdar'^ 
ization which, as we have st'cn, has tlie dire<aion ef the 
resultant force coming from all the apparent ehargt's in 



of tho raedmm, but uot upon tbe intensity of tlio resultant 
force (A, y, Z), The whole apparent volume density, accord- 
ing to the statements just made, is, in the general case, 

and this is equal, accsording to Poisson's Ecpiatiou, to 

-- r/4 TT, or to (T>,X + Y + J)J.) /4 tt. 

If we denote 1 -^-Airh by /x, this equation may he written in 
several interesting forms, and may be regarded as a genoral- 
xj^od Poisson's Equation. 

j;,CAtX) + i),(/.y) + A(^ir) 

- 4 7r[po - {Dj, + + ./>/;)]. 

’p ^1’ “I” ^ n) '5^Po> 

r),ix+4.w(kx+ y/o)] + ./>,[;r + 4 7r(/^,F+ /y] 

+ ./>, [;^ + 4 ,r (kZ +r„)] 4 Trp,. 

The vector, the comjaments of which are (/jl A' + *1 tt / ft,), 
(/xF + 4 7r/^„), (/x.^ + 4 TT Tt,), or, what is the same tiling, 
(X + 4 ttA), ( l’^ + 4 TT /:?), (Z + 4 TT f-), wlu^n^ vf, /h f/ are the 
components, (/i*A"+ /f„), (/i.’F4- /^o)) f n)ior Uu*. resultant 

polarimtion arising from the sxiperposition of tlu^ intrinsic 
and tlie induced polari^^ationa, is called tlie (jntovaih.vd indue- 
ti())h At a charged surface, the sinxi of the normal eoinpo- 
uonts of the generalized induction, pointing away from the 
surface on both sides, is evidcnitly erpuil to 4 Wo. The sunt 
of the normal components of the force, jminting jiway from 
the surface on both sides, is equal to 4 Trcr, while every tan- 
gential component of the force is continuous at the surface. 

If in a homogeneous medium incajiable of being polarized 
inductively, where there is an intrinsic polarization /„ (with 
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force clue to all tlic^ active* niattrr in cxistcuen, incluilin^^ the 
polarization maBSos, aiul it the inieiisitii'H of the pnlari/aiioii 
and force have evcry\vh(U*(* tin* eonsianl nil in A, I In* divtMa^enn' 
of tlio ])olarization is eviihniMy et|ual In A tinn-N tin* divea*** 
genco of tlu*. lorco, and Poissnifs K<juat i<m hreunina 

J>,z ‘iTrAt/h.V I /t, r j i>z\, 

so that the force and ihi' |)ohu‘izali«»n must, in* anleiinidah 
Th(^ convorsc of tliis tln'oriMu is evidently net. Irm*. 

Tmluctivi^ bodies which an* ineajiahle ul heiiig ini rinsieally 
polarmul arc sometimes said to hi* elf‘eirieall\ tn* mainndi 
cally .sv;//. Most isotropic suhslanccH seem in he elrciid. 
cally soft. Bodies which can lie inlrinsitMll) piduri/tMi, hut 
whi(di av(i assumed to lu* ineapahle t»r hping pidari/cd hy 
induction, are sonu‘.timt*s said to he elei’irieally nr magnet i 
cally httnL No ahsolulidy havtl media are km»\vu fn eKi.st, 
hut the ]iiagn(*i.ic. suH(‘e)»tihilitii*H of smae pennanmit iuagneta 
arc com]){irativ(‘,ly small. 

The generaliz(‘d Poisson's Kipialinn heenmes 
) d- I {^kZ\ I /f/f„ 

in tlic case of a body which has no iutrinsie pnhiri/al inn, 
and the gem‘raliz(*d imlnetion hct'omi's the :.unph‘ vc’ctnr 
(/xX, /xl", discussed in the last His*tinn. dliis \eetnrcnin 
cidas in direction with the rcsiiltunt fnree at every pniut. 
At a charged Burfaci^ which also separatcH iwn media of 
different indue.tivities, the tangential enmpnnent.H nf tlm 
force are contitmous, hut the produel td* the laiigmdial 
cninpoiumt of tlio force and the inductivity is eh-arly uni 
continuous. Tlic normal comjioncnt cd’ the furee i--* iliMcnn 
tiiuious by 4 7r tinu’s the annan'Ul density of lie* eharue im 



induction coincide witli ca(‘,li other close to the surface on 
hoth sidt^s oT it. 

ir k is iii(h‘j)i^n(U‘nt of tlu^ inte.nsity of tlu^ nssultant foTce, 
tlu^ volunio (h'lisity, • * ) "1“ I>f,f^ky)-\- .I>^{kZ)‘^^ diu^ to 

th(^ in(lii('.(‘(l |)ol{U'iza.tion in a. hoiiingvneoKs nicdiujii, Jiiay Ik^ 
wriUen A* or k>V^l\ and this vau- 

iHlu‘.s at all isiini-s wlu'ri^ thcr(‘ art‘, no intrinsic, body chargi‘s. 
W(^ nnisi., l-lnnud’orc'., c.onsidi'r honiofj^cau'ous iliclc.c.tric.s about 
chargiHl bodii'S to be. sol{‘noi(la.lly iiola.rizcd. 

U' n mass, J)/^ of a soft lioiuogen(‘ous nnuliiun of iinhut- 
tivity /4,, be introdiuuul into a given ii{‘ld of fore.e in {lu 
indcliuitidy (‘xbnnbul lionioginic.ous mcaliuiu of indiud.ivity 
wbieli c.onta,ins no (diargi'S a.t a dnib'. distauco from 

Afj tlio two media, la'c.onn^ solmioidally pt)lariz(uh th(‘.ve is an 
^‘appanmt” chargis r\ at tin* surfac.i*. *V, of d/, and tln^ poten- 
tial rnmtion r is now tlie. sum of tin* giv('n potmiUal fumt- 
tion whi(di dellned tln^ Held wlnm iln^ plae.t^ oee.upi(*d by 
71/ was filled with nnuliiun of indu(*.tivity /a.j, and the pobmtial 
runetion whi(di might b(^ e,oniputi‘d from the ex])ression 
Limit sima* it is etpuil to tin*. pot(*ntial luue.tion in a 

medium of unit inductivity diK* to a, r(‘al (dnirgt*, If //j and 
7/.J are normals to A' drawn ri‘spt*ctiv(‘ly into and out of J/, we 
hav(' at evtjry point of /V, 

Ml • r I Ma • r 0. />,„ ;; -f- />„, r„ = o, 

aiul, if \ ■ . /i, /fLj, 

in which X is ptiHitivc, ami, since l'„ is Kivim, tlic last, term of 
the first mcuihcr is a K'ivcn functinii, /(,r, //. ,r). I" is con- 
timums at .S', it is harintniic wibliin ami without .S', ami it van- 
islicH cammically at inlinity ; it is I'lisy to show Mmt all tlicsc 
(lomlitioiiH (Ictcrmiim I'' 6111(1. tliovefori. nninuidiv tf 


Equation witnin and wii-uoui; v a, /xj ■ / r /% ♦ / - u. 
If, now, wo apply [M->] 1'*^ oHooHin^^ for X of that t^tpiation 
the value /xi iu tlio Hpao.o within S aiul ilio valuo in the Hjnioe 
without Si it is ovidont that u miust hiivi^ ovory wlu‘ro tlu\ 
value zero. It is to be notetl tluit eluuiKeH in /q and /Xy, wliieh 
did not affeet tlieir ratio, would not alTe(‘t 

If the strength of tln^ given fudil hatl luuni greater iu the 
constant ratio than it was, tin', potential funt^tion /‘^ tliu^ to 
the apparent ehargo on A', would havi’ bt'en largtu* in the naine 
ratio, for [Hi)] shows that; tlie diffenuita* Ind.wm'n tlu^ two 
functions K" and ?// /"' (both of wliieh vunislt eunonieally at 
iniiiiity, are continuous at are harinonie within and without 
Sf and at S satisfy an t'(piatitm of the fonn 

X . A, F'' + IK, tji - 0), 

is identically zero. 

If, when a hard body, Ms nohnioidally polarizcal intrinni'^ 
cally, is placed in a liehl of ftiree in a hunuigenerma stifl 
nvediuui of inductivity unity, the tlirectiouH of the pt)lari‘/a' 
tiou and of the resultant force aia^ found to eoimnde within 
Mi and, if the ratio of the iuteusities of these veetora i« etpud 
at every point of /)/ to tln^ (Mmstant A% the potential function 
within and witliout At is the sauH* m if M were a !touicigane« 
ous, ])erfectly soft nuMliiun of susceptibility k and indqc- 
tivity l-h4 7r/r, polarized inductively by the original Helcb 
To ])rovo this we Jiavc only to compare the profM^rties of tln^ 
potential functions iu tlu^ two caHcs. Let A’ be the iMiunding 
surface of il/, let and ti, represent respectively interior ami 
exterior normals to A, and let r„ be the potential function 
due to the original held; tlien Fj, is harmonic within A, and 
on A, vtrhere F,, is eontiniums, I\ + /)^F« « 0. Let P 1^ 
the polarization iu the havtl body M and F the t»olarization 


(lirnction at any point within S are renpec.tively ccpial to 
— k tim(‘a tlie derivatives, at the ])oiiit, in tla^ ^iven diiU'c.- 
tioii, of /o + F' ami /■;, + The density <r' of tlu'. i‘(‘al 
charge of A' in tlie ease of tlie hard body is — /' • <‘.os (//,, /') 
or /r • />„j ( Fo + F') and the density o*'' of the ediargi' wliieh 
would he, induced on A', if M were diai)lue(Hl hy tlu^ soft 
inediaiu, is — I” • cos /") or k • J),,^ ( F,, + / '"). ( )n A, 

A , ( n + n + + F') - 4 TT/r . A, ( r, + V% 

and (1 + 4 tt/c) . ./>„ ( V, + F") + ( F, + F") - 0, 

or ( 1 + 4 nrk) . 7>,, F' + F' - 4 ttA*. • /;, 

and (1 + 4 irk) • F" + F" - 4 irh > />„ V,, 

Tf, now, V F' F", is liarmonio within and without A, 
it vanisheB canonically at infinity, and it is eontinnous on aV, 
where (1 + 4 irk) • -H ™ ^‘asy to prove, with 

the lielp of [149], that under theses eireuni stance’s n nuiat bt* 
identically equal to zero, so that F' and F'' a.r(^ idmitieally 
equal. 

We know from work done earlier in this section that when 
a uniformly polarized sphere is placed in a uni form field of 
force of intensity so that the direction of the polarization 
and this field coincide, the resnltant field within the, Hj>h(’re is 
a uniform field of intensity - 4 7r//d in tln^ direction of 
the polarization, and that the ratio of tlie polarization and the 
force is the constant k — 3 / / (3 X„ - 4 tt/), or 3 /4 ir(x - 1 )i 
,sc) that /= 3Xt,[(l + 47r/0 ^ ^r/r) T 2]. We 

infer from this that if a sphere of soft uumHuiu of inductivity 
/A were placed in a unifonn field of force of intensity Xq in 
a soft medium of unit inductivity, the sphere would be<!ome 
uniformly polarized to intensity 3 Xo(/a ^ l)/4 9r(/A T 2) and 
that the uniform field inside the sphere wonhl have the 



that, if a soft sphere of m(luel.ivity /i, pla(u‘a lu a 

uniform field of intensity .A*;, in a soft nn‘diuin of inductivity 
the sphere would hec.oni(‘ nnilormly polarizcul to intensity 

3 a; (/Xj / " 1 ) /d TT (/Aj //Au I 3) , 

or 3 (/Xi — /Xjj) /d TT (/Xt •'h - /Ay), 

and that the intensity of tlio tiniform n‘H\tltant ii<dd within 
the sphere would bo 3T„/(/xi//xy + H) or 3/xyA„/(/ti I !i/i.;). 
That part,^\;(/x, + bVj), of tlic (icld wilhin tljc 
sphei'e whiedt is duo to the j>ol{U’i/ation alone, is ncf^at-ivin if 
/x, > fX 2 , and is then calh'd tlu^ sri/~flr/mf(tr!r:lnt/ Force, 

If we note that in tlio analysis ac.eomp{inyiiu.r ol and 

52, ^ was defined by tlu^ (»(juation A'„ ^Tr/^/d atnl that 

consecpiently x /O^i/z^a may apply to 

our present subjoed all the work thciu* dom*. TIu*hc ii^in*(‘s 
represent the linos of foret^ for tlit' cusi*K /A|//Ay v: and 
^i //x 2 — i rospootiv(dy ; tht^ first eorn^spomlH t.o a perfect 
conductor in a uniform el{'('.tri(‘. field, or (nppniximalcly ) U) a 
sphere of very soft iron in a uniform muKUctie lield iti air. 
The theory of the ])olari/.ation by induction of a ned't nplicrc 
in a uniform field was first f^iv(‘U by hord K<dvtm and this 
theory, with diajjframs for 2.H and /Ai//ta may 

be found in his af lUtjirra on JCIrfirosfttftrH and 

untinm.. Very interestinj^^ liKiiri^s, drawn f(jr ecpml iuttn’vals 
of the function m and corrt‘Spf)ndiug to /x, //x^ 3, /x, /^a oc, 

are given on pages 373 and 374 in Proft'SHor Widmlcr's Thronj 
of EleGtrlcity and Matineiknu 

If an ellipsoid, made of iudue.tividy bard material and uni- 
formly polarized [/ (.4, //, r/)], In* jdmnal in a unilnrtii fiedd 

of force (A^'n, V^^, /^„), the resultant field within the tdlipstfid 
will evidently bo uniform and its coruptnamtH will be 

Xo — 2 TrahcAIiQ) F(, 2 tra hr - 2 ^nhr(*M ^^ ; 


J^jAjWUTltUb'l'ATKJS. 




A = ( 1 . + 2 iruhckK^^j 

Ji zrs k 4 ” TTitbcklj^^j 

C^kZ,/(l ^-2mtheUQ, 

whores k Ls any cuniHtaut. II' tlu', intriiiHi(‘, j)()larimtion of the 
elUimoid satiHlies those oouditious, the ratio oE tho iutcnisitic'.s 
of tho polarization and th(‘. I’ndd is /r. VV"{^ iuf(‘.r from tins 

that if a homogcnuanis ollipsoid of induc.tividy soft luattadal 
of siiHo.optihility /•* ho ])lao(‘d in a uniform iiohl of foroo in a 
modium of unit induotivity, tho (dli])soid will hi'ooiuo uni- 
formly polavizAMl and that th(^ ooinpnuonts of tho polarization 
will hn-vi^ till' valuoH just givon. Tho rosultant lUdd within 
tlio idliiiHoid will liavo tho oompommts 

A;/(1 + 2^ithvklQ, YJ{i-V2ir<thrkL,), ZJ(\ + 2 
and tho Holf-dojiolarizing foroo tlio oompononts 

2 TTdhf ' " 2 TT^z/^o/y,,//, ^ 2 irdhriMA^^ 

ddioRo rosults may ho (‘xjirossi'd in tonus of tho induotivity n. 
of tho olli])Hoid by writing (fx - 1 ') /-I- tt for /r, and if, thou, 
tho ratio ho suhstitutod for /x, tho formulas will oorro- 

Hjumd to tho oaso of a soft homogonoous olliimoid of iuduo- 
tivity fii in a hold of foroo in a liomogonoous medium of 
induotivity /x.^. * 

If wo romomhor tho exproHsion already found for the 
moinout of tho oou[)lo wliidi a uniform hold oxorts upon a 
uniformly polarizod distribution in it, wo sliall soo that in 
tho proHout oaso tho oompononts of this oouplo aro 

4 ,rahv(nz, - a 4 rrtthr.{(JX, AZ,) / 3 , 
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xnd it is to be noted tluit, a('.e()nUii.L^ to tlu'. riMiHonini^ (»(' pajj^e 
1.22, if a> I) > ./v„ < < /)/„. H* the Uuoh of tlu‘. ilcdd in 

bhe air ma-ke an a(uit{^ witli tlio plane nf .nv and arcs 

per])en(lie.ular to tlic'. r: axis, = 0 aiul .V„juid )*„:ir(‘ positive, 
tlio axis of tlie ei>\i,[)lc? is tlu‘ axis of .v, the mcuiunit. is posii.ivcs 
(oven for such ne^^ativcs values of k as oe.csur in nature), and 
the ellipsoid tends to turn so that its long axis sliall have' 
the direction of tins liuhh 

For porfcsctly liard, intrinsicuilly polari^c’cl hodies tlu‘ gene 
eralized Poisson’s Ecpiation Ixn'.ojmm 

4,7ry/„) + ./>^( F+ ^1 ?r/^„) f" i *!’«'<'',) ^ 4 tt/),,, 

and if ==: 0, as in tlu^ (uise of a hard magnet, tin* iiuluetlon 

(X + 4 TT /liii V 'h 4 tt //,„ ^ I 4 tt ^ '„) 

is sokmoidaL IJuless the intrinsic jcolari/.aticiu Impijcnm to 
liave the same dirocctiou as thci resultant fcUH'e, or vaniHlu's, 
the linos of force and the litn^s of indnc4ic)n do imt (U)iniddi\ 
In aonio casos, the directions of the force and of tlu^ polari'/a- 
tiou are exactly opposed, and the liiu^s of ftn’cni and of indue- 
tion are opposite in direc’.tion, OutHide a hard magni*t, 
the intriusic polavizatiuu is mhhing, i\n\ lines t»f force luul td’ 
induction are identicjal, At^tlu^ surfaen (4 the iuagu(*i, wlnuu^ 
there is no intrinsic charge except that whicdi IndtuigH to the 
polarization, the normal compoiumt of tht^ force is discMintin- 
uouH, while the normal component of tln^ indmd.iou is eon- 
tin uoiis. It is convenient, therefore, to rc'ganl tin' liiu'H of 
induction as closed ourvtm. The lines iji Fig* oO reprt'sent 
both lines of force and lines of induction, Imt it is to lie 



tangenuai compononus oi tiie loree are contiuuoxis at tue sur- 
face of a magnet, tlioso of the induction diacontimious. The 
normal component of the induction just within t]ic surfaco is 

(A!" + 4 Tpylo) cos (xj + ( F + 4 TT cos (?/, 91 ) 

+ (Z + 4: TV Cq) cos n)j 

or the normal component of the force plus 4 it times the 
density on the surface bcQonging to the intrinsic polarization. 

If we make a small cavity inside a generally polarized hard 
body, the force at any point of the cavity is the original value 
of #(that is, the negative of the gradient of the potential funt‘.- 
tiou at the point), minus the contribution due to tlie volumes 
charge removed, plus the force dw to the new surface chargers 
wliich appear on the walls of the cavity. If the volume of 
the cavity be made aimillor and smaller, the contribution due 
to the volximn charge removed can be made as small iis we 
like, while tlie elTe(*.t of tlui surfacui charges may remain finite. 
Let the cavity be of the form of a piuee of a Hleuthn* lube of 
polarization lying beiwetm tvs^o n(*ar orthogonal surfacuus. In 
this ease tlnu’C will be surfact^ charges on the ends of the 
cavity, bub noiu^ on the sich^ walls. These eharges, of density 
± /, will be such as to drive a i)art;ic.le of positive mattei* in 
the centre of the cavity to that end of the cavity towards 
which the polarization is directed. If we retle(d. that a Hurfaee 
distribution of finite sice, which has at the point P the dmisity 
cr, repels a unit point cliarge itcfinitely near P with a fort*(^ of 
2ir(r, but that an element of thd surfac^a at P, infinit4*lv small 
with respect to the distance of a point (4iarge from f\ has no 
perceptible ('(feet upon tins point cOxarge, it will be easy to 
see that, if the ('ross-seextion of the c.avity is infiniUdy small 
cunnpared with its length, the Portxe due to the surfat'e charge's 
on the ends approaches zero as the whole cavity is made 
smaller, and the for(?e at the centre of the cavity is F. If, 
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tlio al'riilu' jjoiiit. l)('lun‘ l.lu‘ ravily was cut. If the 

iiillnitGly .small cavity wen^ spliciacul, the tnri'i* at ii.s ccnliv 
•would bo F-V i^rrL 

Mi is to 1h‘. ca-iadiilly nnlicisl that, we base iu» uasuis (»(’ 
dct(uauiniii[( a.n absolute indiu'livils b»r au\ mediuiu, but. <iiily 
the. ratio oF tli(‘ inductivity oT the inebium (n ll»e iuduel is ii\ 
somo otluu’ medium taken as a stanilavib 'Pin* unit <iuanlity 
o;l! c'kH'.tricity is (Icliiieil (.«» be lhal' «jtiant ily wliirli c<»ucent ral eil 
at a iioint a.t a distauci* ef om* i*en timet re (V<im an eipia! 
quantity would repel it with a Force oF t»ne tisne, trin n thr 
dio(v(-irlr h the r/liri\ In any i>lhcr Inunogenenus dielectric 
of inductivity /a times that id* the (‘ihcr, r ol' ihcM* units oF 
elee.trieity eoneiari.rattsl at each oF two point s dir.tant r i't'Hli 
nicrti‘(’S From ctich ol.hcr wauild repel {»aeh (dher uilh a {brt (’ 
of c^/fxr'^ dynes, so llnii, IF this iia‘dituu had bet*n tisi*d as a 
standard, tlu^ unit oF elect rieily wjudd have U-en larger in tin* 
ratio oF V/a to 1 than it now is. IF a eharm'd rondnetor i.s 
ouvidopi'd by tin inliniie, homogencott.s d ieleel i ie, w e may as.snme 
th(‘ a,ppa.rcnt cliai’Ke on it to he its real chnifu’ nnd nej^deet the 
polari/.at.ion oF t.lu‘ dicdectric (ami we do this when the dielce^ 
trie, is tlio st.iuahinl sidislancc which wc n.sstune to have nnit 
indiud.ivity, and hcnci* no sii.s»-epti!ulity ) ; or wi* may .suppiise 
the. ditd(ud.ri(^ to lu* polari/eib and iMumider the apjiunait 
e.liarf.?(^ to l)(‘ {.Ins jil^u'brait* .sum oF the real t‘hai>»c on the 
eondue.tor and tlu‘ (dnir^e litdontdiiic t<* tin* ]H»luri/ut iotj iiubtecd 
on tlio di(dt‘etrie. I’hi.s w«‘ do when Ilje dielei-tiie \h not the 
standard sal )s buns', assiqniuK to it a .HUHceptibihis laineil on 
that of the HtiUKhird snh.stanci' which is tin* /cm »d‘ mir scale. 
A siniplo ilht.stnttion will t<md In make the rathiu* conijdeH 
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from tlio HO(*(m(‘lj imd lilu^ scukhkI from third, aro, h and 

0 r(‘.si)(U‘.i.iv(^ly, a.ml tla^ iiidiHd.ivitios of tlu‘. dit‘li‘c.tri(^H, rivIoiTtul 
to soiiHi sta.ii(la,r(l substamu*., an‘, /a,, a-iid /i.,, or 1 +l 7 r/-i, 

1 + 'I 7 r/*o, a.ii(l I + •! tt/’.j. ir \v{\ a,p|)ly (ia.uss’s ^riu'ort'.ju hoc.- 

(H*s.siv(‘.ly to spht'rir.a.l siirrac.oH (‘oiuM'ui.rio. with ('.onduo.tor 
a.ud lyiuf^ in ilu' llrsl., si'cond, aaid iliii'd imulia, \v<'. l<‘a,rn that 
l,h(‘ foi'ca*. ( /t- /") Jit' Ji (1 iH(.a,n('.(^ r fi’oin i.ln*. rtmtrc*. luiH, in tb<‘- 

thr(‘i‘. nic'dia., tin*. vaJims 

du(‘tor anls a. im‘dinm of inliniU*. snsr-('j)l.ibili(.y. Tlu^ 
indiUM'd polari/.at.ioms in l,h(‘. thri'o m(‘dia. iwv, dircuvl.od radia.lly 
oiil.ward, and iludr ini.misi|.i(‘s a.ia*. kih'/i^r\ /x\JC/iur% /•., /';///.„ r't 
Tin*. d(*nHil.i('H of (.lu‘ a.[)pa,r(‘nt charf^n's at l-iu*. Hurfac(‘ A^i of tlu^ 
(•ondiud.or and at Mu^ aurrari^s of st^pa.ration A'.., A'., of tlio 
diul(‘c.l.ri(‘H, rcganh^d an nmnilValations of tin* jxdari/ations, aro 

{r\ ■ /v’/'l 7T(f‘^ h'lN / ^ - IC / A on A\, 

‘ h\E j ii^lr ' ' / y A/ : - A/(/aj: • 7r//*/Ai/w.a on Ay, 

iLiid - ■* /«’•» Ay/ /iyf" • /I’j, A’//A;ir'^ ^ Ay(/x.y ' /'t'a)/d 7rr‘‘^/Xy/A.{ on A'j. 

tMii'So Haini‘ donsil-ioM ini^dd. a.lso Ix^ fonnd by ih(^ aid of l.ho. 
ordinary (‘haracU'riHl.if. o(piatitin of tlu' poU‘nl.ia.l rinu'tiou al 
an upparontly charged Hnrra(‘is T -f ' •’ t wt 

ir inslxMid of iisiiiK l’h(' old standard wo mak(‘ tin* ouU‘r 
dit‘l(‘o(<rio. of tliis probloin l.ln^ slamhird, tin*, unit <»!' t‘h‘(^l,rioa.l 
qiiant.ity will larj^nn* in t.lu^ ratio oT sZ/t;, ii) I i.han it was 
bofons and l-lu'. olil oharg(‘ on th(‘ ooudimsor will bt* A’/V/tj, 
(‘.xprosHod in tin* now uni Is. Tin* strtxiKt.h of a lio]<I at. any 
point, lunuj^ t.ho I’oroo in dyiu'S whioh would lu‘ oxporiouotHl 
by a tinit. of positive' mat.tor piaoesl at. tho point., l.bo nuinln'r 
whiob (‘Xpi'o.ssoH t.lu' HtriMif^M.li of agivem (add in tho now unita 
in \Zu„ tinioH tho nmnlun* widoh e‘XproHS(‘S tin* strirngth of tbo 



iC V /X|j / A’ V ^Xjj //Aa^*'*^} /'>’ V lh \/ i 
tlie iiitoiiHitioH of tho pulai'i'/aiit'UH art' 

./6^(/Xi — ^jj^/'i-TT “n//U.<| " ^w) / ^ \ 

and tlio aj)i)ann)t oliargi'.s on Ay, A„ havo I lu' di'n.sit.ioH 
./i!/ V^8/‘)-7rreVl» 

and h\) Tr('%fiA- 

Tlio 81 UU of l.ho a])]uivoiit cluirgi'K on AV A',^, A'jj in now A'/v/ftai 
the real oharf^ni on tln^ (^ondiui.or (*x[»rt^s8oil in tlu' now unitH, 
and iiho huui of tlio iiuluc.od fhargos in vxn'tK In llu' ouho Hast 
timtod, wlicro lilio ontuu' nnsliiun wan HU|)|Jo.stsl to bo jjoluri/.ablo, 
the 81 UII of t.lio apparoiit o.1uu'{=^i'h on AV A^ *% wan h\ and 
tliis, l)oing o.xpmsHod in Un^ old nnitn, in tsjuivabMit to A’/ v'^/iia 
ill tho now. The auni of tho iudiussl olmrf^oH was iho ttin’onniou 
botwGon AY/xa and A or A(1 - fin )/ oaats ln»wt‘vor, 
wo nuLsfc inuigino tho ouhn' Hiirfuci' “at inlinily ’* of tin' onttn* 
inedium tt) Uavo an indiussl cluirgo in tnlal amount tsjual 
to tho intogral of tho nornial oomptjmmt cd* tlu' |H»!ariy:ati{»n 
(/r.aAY/xjjr=^) ovor the Hurbioo, or d tt/oiA’/za.,, and Huh in oqual 
to /C(fxn — 1)//Ajs, HO tluit lion‘, again, tlu‘ winder amount td' tho 
indu('.(Hl (diarge in, of couvHts zoro. It is to 1 h* uolod that thin 
iinito ohavgo at iiilinity doo.s not alTiud, tlm tdootrioal Hold in 
any way. We have noon that whou tho outAU’ luodiutn in 
taken as a standard tho innor niodinm liaH a HUHot^ld.ibility 
(fix — /x.ii)/47r/X|„ and thin in HonudmaoH oalhsl tho HUHooptibiUty 
of a niodiuiu of indnotivity /xj with r(‘H|H’ot to a naMliuin of 
indiKitivity /xg. No inodinin IniH ytdi boon fonml to bo Iohh 
olec.trioally HUHoojitiblo than tlu^ other. Honns bodii'H aro b*,HH 
niaguetioally HUHCoptihlo tluin ila^ other, ho that their HUHoepti- 
bilitiea are negative on tlie iiHual mnile. Thtme biHlieii am 


surfat'.o of wluoU is fio far rcvinovcnl from tlio place of ohRorva- 
tion t.liat t.lie ai)])ar(nit’. c-luirgt'. on it c.ontributas little to the 
•li(‘l(l of fonu'., Uit'. I’ac.t that the oiilu',r jiuHliuni iw I’cnily polari/t'd 
may be lo.st .sighL oi’; ami iT wi‘, attribute the aj)])ar(‘ut charges 
on S wholly to tluj polarization of tlie inner niedium^ instead 
of r(^ga.r(ling it as tlu'. difreremu^ between tlu‘. ehargt*. of one 
sign duo to i-lii'. polarization of the inner nu'dium, and the 
charges of tlun op])osit(‘. sign dm^ to tin*. ])olarizutiou of tlu^ 
out(n‘ iiKulium, the a.])]!)arent suset‘.ptibility of tliis aiualiiun 
will be I f /t-ta gnuiter than /xi, this will be 

negative and the inner medium will seem to lu^ polarized in 
a divee.tion oppositci to that of the force. 


If in any given ea.He the diretdlon of tin' vcad.or / is (‘very- 
wh(‘r(' p(n’p(‘ndi(uda]‘ to the direction of its (‘url, it is possible 
to cut a pohiriz(Ml distribution by a set of surfaca^s, u — c, 
eveuy wh(U‘e normal to tlu\ line of polarization. If Hurfac.es of 
this family 1 k\ drawn for siuall constant diffeiauuH’S, A//, of the 
He.a.lar point func.tiou a, Iho. distribution will lu^ divided into 
sludls, each of wlbudi is pedarized normally to its surfaci*.. If 
Av is the thic.kness (»f oni* (d* thest^ shells at a given ])oiut and 
/„ tluH average intisisity of ])ohirizaiion on a line of polavizai- 
tion drawn through the sludl at the point, A, Am is called the 
of thi‘, sludl at the point. Sin(‘e I>,‘U — //„, the vedaie 
of Ui(' gradi(‘nt of //, tlie strength of a shell of inrniitt‘Hinuil 
thitOciuiss can he writtim hdu/h^^, A sludl is said to ha 
shujifr. if ///?„ has the sanu^ numerical value all over it; 
otlierwisc^ tlu^ sludl is said t(J bt' vomplcjt. 

If d, //, f' are tlu' inteiisiti(‘s (d' tlu^ components of the 
veetor /, tlu* find, iduit the lines of I coincide with the nor- 
mals to the Hurfaci? ii — c gives the scalur iMpiationH 

Dji/Il. nn^ r//- iKu/h.x 


214 ICLKCn'UOHTATK’H, 

wliicli IB tlio (uivl (>r /, uiay Ih‘ writiiai in tin* lunu 

/V‘ /^(///^.). 

v* !• 

If, now, tio Bi'iilar tpranlil.y / 7/„ has Uu» sauu’ u\um'rii'iil 
valuo ()Vi‘r iw(‘ry suri’iuu* of oniislaiit. //. il iinisl lu\ il’ iu»t 
eviuywlu‘i ’0 conBtaiit, a riuirtioii <»(' if tuilu st* lli;it 

and if tlioHO vi^lalioiis iu‘(‘ salisluMl, tin* r{i{iipniH'uts nf tht* fitrl 
of / vauisli, a-nd iho. pnlari/.al inn is laiuflhu*. Ihan lanit‘h 
larly polarized dwtrihuUnu may lu- <h\idrd up iuln siniplu 



l)olariztul HludlH; if Lli(‘ piilari/alhni is i\tt\ lami‘ll;n% Inil if iht^ 
diri‘(*.ii()nH of iliin va’td.or uial iln furl uro r\i‘ryuiH'ro p«a‘p<‘U' 
ilioulav to (uu'.h olhv\\ tho dint rihuliou, us \v«‘ Unw msou tuuy 
1)0 (liviclod uj) into Hindis, hut ihoso will md ho Hiiuph*. 

Tho ])ot('ntitiI fiuiolion dtio Iti a pidari/od idiniimt nf luoniont 
AI luLH at a, point, /\ {li.slaiit r iVmu iho idonnMtf, tho uihio 
M coHa//*'^ wIkm’O a is tin* Hnn:lo whirl) a Ihu* rlntwu Innn tlu' 


poiKnitial fimc.tioii ('hio. to tli(‘. Hluill Iuih at any i)()int, the value 
limit (‘()s(r^ 7/) AAy-r''^ <^a), wlu‘.i*o o) i« the .solid angle 

Hul)tend(‘.d at /* by tli(‘. boundary of the sludl. Tlii.s value*, is 
])Ositiv(^ if, in looking out IVom the*. vc‘.ri(‘x r within the*, (‘.onio.al 
surfa.(‘.(‘. which passe'S through tin*, bouiuhiry of the. shell, one^ 
s(‘.(^s tlu^ positive* siele*. oT the*, she^ll. If, while*, tlu^ stre'ugth of 
the hIk^II is une^luuige'd and the^ bouiidjiry lixe^l, the*, shcdl itse'lf 
be inuigi]H‘d dcronuesl in a,ny way, the valuer at /Nd the* potem- 
tial runed.iou due^ i.o the^ shidl will be^ une.ha,ng(‘d so long a,s I* 
is on tlu^ Hamt‘.sid(\ of tlie sludb The*. ])e»t(uitial runetiou due^ te) 
a e.loseul simpU^ sliedl of any Form is /(S’o at e^ve'ry outside*, point 
and :h47r<l> at i'.ve*ry insider point, wheua^ the*, positive*, sign is to 
be^ UHe*d IF the ])ositive‘ sieh* eiF the* slie*!! is tnrne*el inwarels. 

IF /Mind /‘Mire* twe) poinl.H edose*. t.e) (MU'h e>the*r e)n oppejsite*. 
siele's oF a simple*, V(*ry thin shedl, A', e)F Htre‘ngth <l>, a.nel if 
F/. anel F/m are* ther value's e>F the^ pe)tential Funetieni at /Minel /‘', 
due*, te) A', we* may imagine* the she*ll eleiseil by a.n adelitie)nal 
shedl alse) e)f stre'Ugth <l> whiedi shall aelel to tlie^ pe)te*ntial Fune*- 
tie)us at (‘.aedi e)F the) near pe)ints /* and /*' {.he epiantity r. IF 
P is within the) eloseel shell, /" will be*, outside*, se) that 

V 'h 0, r' 4 ± 'I 7rd>, e)r F' ^ P ^ ± 4 ttcK 

The ]K)te)ni.ial Fune'.tie)n due to an in(inite*ly thin, e)pe‘n or e*le)He*el, 
simj)Ie* pe)hi.ri/,ed she‘II is, the‘reFore*, eHseontinuous eit the shell 
by :l:d tt tiiue*s the* Htr(*ngth eiF the she*!!. 

ddie pote'utial energy e)F a magm'tie north ])e)lt* of stre'Ugth m 
at a, pe)int., /\ nea.r a simple*, iinite nuignetie s1ie*ll is 4: //olnu, 
ami if /‘ is on the pe)Nitive siele*. of the) shell, ergs will be 
denie by the iielel on the* })e)le if it be e’arrii*(l to inlinity by any 
path, IF t-lu* ])e)le be earrit*el arounel thee*elge*or theslu*!! From 
a pe)int vt*ry !u*a,r the shell on the*, lumitive* side to a])oiut V(*ry 
near the lirst but em the) iu‘gative) side*, the weu'k dean* on the 
Doh) bv the lie'ld* will be 4 rrtti<P (‘re/s. 
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wliero ris tlio distanoo /mm- dS io I\ n\u\ a is tht‘ iiovintil to 
the shell on the positivo sido. U‘ tlu' ilinud-imis of hoUi r and 
n were eonsiderod roverned, the valun of Uio iutPK'i'd wimld Im 
uncliangod, but it would tlu'U luon^ cdnurly ri'pvosoul- Uit' mir- 
face integral, taken over the nhelh of the uunuul euiu]H>nent 
towards the negative aide of the shtdl of tlii^ i'orei' dui* to mag- 
netic polo at 7\ If, instead of a singh* pole at /*, there m any 
collection of poles at dilT(*r(‘ni jjoints or» imhn^ih any magnetie 
distribution, il/i the nuitnal potential em*ruy of the .shell and 
this distribution is ecpial to^ tiinen ihi^ ilux of mugneiie, force 
due to ilf in the 7 ie^atlna dirtudiou through the nheU, 

A simple magnidh‘ slu-ll in n magnet ie held. //„» dne it) 
matter outHulo the hIu' 11 timds to mt>ve .so as to lierreuse tlie 



mutual potential eiu‘rgy of tin' shell and tin* fielth amt this 
quaidity, as we have just. m*en, is erpial to the firifttfirr of the 
product of the strength of the shell and tin* ntinilH*!* A’ of 
lines (unit tuln's) of force dui' (o the field whieh ctosh the 
shell in i\w. poHifliu^ dina’tiotn 1'he shelh tln*refiire, teinls In 
move so as to make /V m great ns possihle. If the ahell he 
displaced jitmillel to itstdf tln'ongh a vr’ry short disinuecs ?///, 
in any direction, the limit, cd' the ratio c»f the tom of energy 
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generated by the sludl, ro tliat tlio integral of the normal emt- 
ward (H)mponent of 7/„ taken over tln^ Hurfac.e of tlio c.ylindca* 
will be zero. The shell in its initial and iinal positions forms 
the ends of the eylinder, iind tlu',s(^ together e.oiitribuh^ (IN 
to the surfaces integral, so that ihe e.onvex siirfaee nuist con- 
tribiite — dN Jf dn is an (dcmieut, nu'asnred in the ])ositiv(^ 
dinudiion about the shcdl, of th(‘< (uirve whie.h bounds tlu'. slu'.ll 
in its original jjosition, and if dS is the element of the eon vex 
surface of the eylimUu! gmuu'ati^d by 

dH SS3 ds • r/// • sin (^///., dd) j 

the magnetie. indue.tion through this tdement duo to the 
inagnetie mattcu’ outside the sludl is 

7/,, • <um (^/, 7/(,) • sin (r/vr, dd) • (ht • thj 

and this iiUegrated with respeet to .v is equal to — or 
to — (fdu/<b. Therefore, 

(J <l> J^7/,i • e.os (//, //„) • sin (r/?/, dd) • (h^ 

and the eomponent in any direetion {u) of the whole force on 
the shell may Ix' expressed as alim^ inU'gral talam around ilu'. 
curve which boimds tlu^ shell. Thc^ integrand vanislu’s at any 
point wluu’e u is paralhd to //„ or io hut if at any ])oint // 
happens to he perpendicular to the plains of //„ and r/s, the 
integrand lu'e-omes 74, sin(//„, (h)y the eomponent of tin* field 
perpendieular to dn. If, with this fad. in mind, we ehoost* ut 
every point on tlie curve a direetion, ])er])(*mlieular to the 
plane of 74, mid f/s, so that 

eos(p, f/s) — 0 and eoH(jr;, //n)=0, 
and remember that e()H(w, f/s) 0, cos 0, we may 



to tlio GloiTioriv., l\y a unnu* n\niH‘ru‘iuiy rijuai in uu^ piMHiui't 
of the IgukUi of t.lu'- rli'iiiiMil, llu’ stivn^th »»!' thr* shrll, ami 
tlio iumii)oiiont })av}u'nilir\iljir in tin* nlnumui nt (In* fu‘hl, 

If tlio licld in iluo I.d a sini^h* iiKiauriir n«>h' <«r strm^tli m 
at a poiutj l\ ilisUinl r i'voxw tfs, (lu* iun-r t»u tin* 
would lu^ (is) / r\ ami llm i’nriM* fxiTtcd l>y da* 

shell ou tlu‘. iK)lo would in* aoi'nuntrd jur h\ asNinniiuc that 
ovary olaiiu'nii, i'/.s’* oT i ho Imuiidarv td I ho >ijrii oniil rihuti^d 
a.u clcuunitiary ('()iii])on('ut, ;//‘h ■ sin (/% tis}(/s/r\ in a diri'othju 
perpoiulioular to the [ilant* of /* uml tis, 


VlCOTOH PoTKNTIAl^ KUNOTlnN'S Ol'' TUi: lM»rr‘rit}S\ 

lOvovy viHttor, h\ whiolu oxcopt in a givrii finito rr|.don, 7\ 
is ovi'.rywluM’o oouMnuous, snlmnudal, ami huurllar* has in 
simply (‘.oiuioi*|;(m 1 spuat' niilsidt* 7’ an oasih Inimd srahu' jujfmu 
tial fiiuotioiu ll\ whifli satishos La}duoo‘s Ktiuatmu, Wo may 
assign to /Fat ploasiiro a, iinnu‘rioal valuo at any Ki\t’n point, 
Oy and (Udum tin' valuo ot //“ at any otlnn* ptunt, In In- tho 
lino iniogval id’ tlu^ taiiKontial (Mmipnnont fd’ A taktm along 
any path from t/ io o' whioh doos not out 7\ ’l‘ho partial 
dovivativoH with ri'spoot in .r, //, ami <d‘ H thus ilolhiod 
outaido 7’ arc cvidcntlyVspial at I'vory point In tho otitnpn- 
uimta of A” parallel tn i-la* I’ourdinato a\os, and, ^inoo A is 
solcnoidal, V**//' (h If K so vani.sinsi at inliniiy that tho 
limit (d‘ the product id' its intonsity ami iho Mjuaro id' tin' 
distance (r) From any ihiilo point is hnitr, tin* liiiiif td 
(iuite, and if wo assign tn IF tin* vahm /oro at 
any point at iidlnity, its valuo ovorywlimv at inlinity will 
be zero. If K is couiiuuniis and if it vaiu.nhos at inlinity in 
tho nuuinor just deHcriht'd, and is knowtt |o W rror//o'Aooo 
aolenoiilul u.ml laiui'llur, it imiHt vanish t‘Vorv w I mu'o ; h.v, if 
we apply [I nn l.n the. hariunnii* function IF within an tnlinilo 
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and laniollar wildun and wiiiliont \,]n\ (‘.onduc.tor, and it vaniRlios 
propin'ly at iuiinity, but it is discouibiuous at tho surfaces of 
tluv spluu’(^. It is nsiially convuuituit to assume tlia.t i.lu^ 
integral of the. iionual ('.oniianumt of a ves'-tor, takiui oveu* any 
(dosed surfaces at whie.li th(^ ve.e.tor and il.s first (l(*.riva.tives art^ 
(umtiinious, is (^([ual to tho inte.gral of th(\ divergcuua^, ta-lam 
through th(^ space within tbi*. suid'acus i‘.veu though at. soni(‘. 
inner surfae.e tlio void.or is disiamtinuous. On this a,ssn.niption 
tlui vee.tor Just nunitiont'.d is not sohnioidal on tin*. Hurfae(‘, of 
tho e.onduc'.tor, for it has then', divc'i'gene.e etpial in total 
amount to d tt times the e.luirgm. 

''Phe lino int(*gral of tlu'. ta.ng(mtial (‘.ompomuit of a viudor, 
takiMi around a (dosed (Uirvc^ on wliii'h this e.onqioiu'ni. is e.on- 
tinuous, is gi'iieradly used as a u'leasuri'. of the inU'gral of tlie 
normal (‘.ouipoinmt of the e.url of tin*, vandor taken over aeap, aV, 
boundtHl by the tmrvt', ev(‘n thougdi at sonu'. tmrve on S tlu^ 
vector (rases to b(^ e.ontinuous. 

A vector cannot b(‘. e.ousuh'n'd lamellar at a surfaci^ where, 
tliongh its normal (‘omponent is continuous, some of its tangi'ii- 
tia.l c.oinponen ts an^ diseon tinuous. 

If two e.ont.inuous vt^etors, and which so vanish at 
inlinity tluil. and havu^ llni(.c limits, ]iav(\ at (*vi*ry 
point in space, ecpail curls and divergu'uces, and are lanu'llar 
and Hohmoidal outisiih'. (U'rtain givu'ii llniU' in'gious, tiny are 
id('ntiea.I ; for the difh'rcmc.c^ lu‘twe(*n these vtud.ors is (^very- 
wlu're lanu'lhir and snh'nnidal, and it vanishes at infinity in 
Hindi a nuuunu' i.liat tin' product, of its int{*nsity and tln^ 
H(juare of tlu‘. diHtiuic(' from any fini(.(^ point is linitc^ 'fluH 
tlnuirem may lie oKtemled to tlu* cas(‘ wlien* and though 
not ev(*rywhi're c.oni.inuons, havi* idt'iit.ieal discontinuitii's. 

If NT.. A,. I. I.lu’i inniH*iM«'rd vjibii»M nt. Ilii* tufml. 
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in wlnoli the iutcgvatiouH avo io i*xtt‘iuh‘d tu or all spiuMs or 
at IcMiBb ovar all apace wliaro iw not laiiH'llar aiul aulciioidal ; 
weknowfrojiutlio tluH)ry ()!' Urn NcwUniiaii luiloutial function, 
wliero similar integralH liavo bctni ntudied, t.luit, if N, r;, ( 
are the divergence and the mud cumiHunmtH ui' F at (j-, y, 

r/, VV'V c 

The divergence of the vec.tor P\ which han tlu' cuiujumouis 
Ki 

and, since J}„ (1 /r) ~ — Jr), 

and - /Vi/'- Ki^sJr), 

■we may ■write this by the ludii of (Irwm'K tmuHrnrmatiou in 
the form 


-//t • COS (a?, n) + • CPS (y, t?) + • turn (s, u)] / r • 


where the second integral is tt> Im taken over tlnumtcr Uumulary 
of space. The integrand of the triple integral viuusiit»s evei'y» 
where, because the vector (|, r)^ i), being the etu i of atiuther 
vector, is itself solenoidal The field of the double integral is 
in a region where U is lanndlar, so that the integral itself 
vanishes and F is seen to be solenoidal for all vahu^n of i/, 
and 

From these results it appears that the veet:i*r which Ims fr>r 



(‘.onipoiu'.nvi oi r.iio c.iin oi /( ) iia.s (werywJion*. t.ho siuiu', ciiri 
and tho hiuuo <livorgi‘,iu‘.a an U and vauislio.s like it; at iniiuity, 
ao that; it ia id(Md.i(^ally ot[ual to U. J>JC^ 
tho ooinpoiHUits of a la-niollau voedor, a.nd tlu\ enui of F ia 
aolcnioidal, so that tlu^ vocdoi* vvhii*.li is not ovinywhoro 
either solonoidal or laimdhu’j is ovevrywhero expressible, as 
was iirst sliown by Ilelinliolt/,'^ as tho sum of a solonoidal 
iuid a lamellar voedor, Tlu^ lapiabions 

u., - i>,ic + r>,F, ^ :iKF,, - .n,F + i>ji\ ^ j\f,, 

give any voe.tor, ff, which is known to vanish proi)erly at 
infinity, when its curl eompononts and its divergence', are 
known. If U is sohuioidal, F vanishes and F is a vi'ctor 
poU^ntial fumdion of //. Kvtu*y htm.rllar vector has a scalar 
2>otcn:tud function the {‘.omponont of tho (jradient of whicdi, at 
any point, in any direoiiou, gives the intensity of tho compo- 
nent of the vector at that point, in that dircudion. Tho c.om- 
ponont at any point, in any diroc.tion, of tho curl of a vector 
potential function of a Holenoidul vector gives tho intensity of 
tho oomponont of tho voider at tho given point, in tho given 
divoc.tion. lleavisulo gives the name “circuital’’ to a voider 
which is Holcnoidal hut not lamellar, and the name, “diver- 
gent” to a vootor which is lanu^llar hut lud Bolonoidal. 

If pi is a fmudion of and if r® stands for the 

oxiiroHsiou (;r — + (y/ — y/j)*^ += the familiar iutc'- 

gral nKtcmdi'.d over -all space, is a function 

of //, Xi wliiidi Prof, fb Willard (Hbbs in a remarkable paper t 
has (lanoted by tho symbol Ihdp. irsing this notation, wm 
may write 

4 ^ - I’ot N, 4 tt/C Pot I, 4 tt/^; Vot i?, 4 = T>et ^ ; 
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and iC avo r(‘pr(‘s(‘ni l»v Pni ‘'url i tlu* mtI.u* whirh hnn Hn* 
ittS (‘-omiunu'nis Put p«»t r;. V Vi-rftq 

4-7r/^'—‘ Poll t'lirl r, :nid ii T is i ni »-m l pnj ,.||j.) / 

If (f is soU'UoidaP *1 rrl' - nil rm! P^i / pMf ruii I'url /“, 
and curl Pol is a vfiinr pnit-oisil hitM is*n m| I jt/‘, nr 
Pnii (f is a. vccinr pMtciHi.il hin* lo'u m| a pt»tiMitiul 

function of 'iTrr. In the ra%r mI .ui\ p^d.uuM vl diNlviiuninn 

\vl){il-(-vi*i', proAUth'd ihor*' is iim uttini or AttluiHn 

imluctioii is sohumidal aiol h-i * a a*-. Imi j-mImui s.il luiuiinu, 


II. i:hP< TltnKIMM \ I ll's 

70. Steady Currants of Elaatriaity, W Se a a rlnua^iMt hmly 
J is hroufdit. np into the nrhdd»‘*i nmni a |*r«'\niuHly 
nnaliiivj^cd, insulutcii cMinhset^n !u \\\%* lumli nf clct‘« 

trinity whiclu arcoiilnr.t tn muss piM^ nuMintl r\ihl in 

(Mpial (puinliticH in tnen p.«iti*lr mI ti» jcpamu* 

from t'lU'li other ami. a ^ a rnu .* »|u»-8ii» <*, iirr «'Ireiruuly 
appears on /*'s HnrI.o’c, ’iaur ptU «"t hecuiuing 

nliarged positively and Mtiu i p.uf » smsph ja* I) J i I r» hiMUjdit 
into a ^ivtm position ami t3\» d . tie di luKulum on the 

HUrfaeu of /> tpiiekiy atl.iue» 4nd l» r • . .4 a Pmi** 4 »’!» s nnmsl hy 
the fact that the whuli* inlfioo /« mu H I«' a .st eon* 

stunt potential* (ir, in «4hrr Auud'--, shut ihr n- uili ,«ssi. I'un’e at 
UAiy point within // dm' to t'ne lie*-' Ho : sm iH 'snrfaee 

must. luMspnil ami ci|ipMHitr i«« I Lr Imik * .1.1 tn a 4 m luall 

tile free ideetrieily tml*n 4 e /»' it, I %^i!h sl-s ehai|*e in 

movisl to a ut‘W pMsilmn. I hr t »!4 4 s<*H 1 ii«n! «ui /r-. ’uirl'.irB' aiH 
nut. in ttuniu'nl Krfrm linn isOnisji itl /* l’»s 
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up 11 <>T.‘ (‘(piilibriiiui, luicl luuuiu at; every point of B there 

will l)e, ill Home electfiual cluui|jje goin^- on continually. 

If two condiuMorH xi and B at diffiu'ent polcntiids he c.on- 
nected l>y i\. line wire, the whole will form a sinj^le (uinduetor, 
whieli c.an only he in a ntate of e([nilihnum when the value of 
the i)otentia.l fune.tion diu* to all the. fri'e electricity in exiHlence 
in liouHtant throughout itu interior, and there will he Huch a 
traimfer of elec.tricity through tlie wire aw will i^stahlinh thin 
Htati‘ of e(|uilihrium in a viuy nhort time. If, liowcnau*, hy any 
device we can furuiHh unlimited (|uantitieH of eh'ctricity to -.4 
and B in Huch a way an to keep them at the Ha.im^ potc.utials an 
at the hi‘ginuiug, then', will he a continual attiuu[)t to cHtahlinh 
electric ecjuililirium within the compound conductor (aiiiHinting 
of /I, B^ and the wire, amh an a renidt, therii will he a (‘ontinual 
tran.sfer of electrittitv through tlu'. wire. 

The traunfer of (‘lei'tricity from one [)lace to another through 
a conductor in a very comniou phenomenon. SometimcH, an we 
liavt' Het'n, elt‘clri(‘il.y iravcrni^H tlui (*ondu<‘ior for a nhort tinu^ 
only; HometimcH, howi*ver, the trairnfm’ goen on huhdinitcly, 
and, HO far an we can judgi' from itn atti'udant phi'iionuma, at 
a coimtant rate, ho that junt an nnu'h of a given kind of i*U*c- 
tricity croHHCH any Hurface within the conductor in any one 
Hccond HH in any other : Hiu'h a I’ontinuoim Hteady tnurJku’ uh 
thin 1h called a Htmidy current/* 

Tdie t'xiHtencc of a nteady curri'nt in a conduidor iinplicH a 
foiHU'. Umding to drive electricity through the conductor ; that in, 
it implicH, at leant in tin*. ahHi'uce of moving magmdlc luaHHC'H 
and of electric (Utrrt'utH in the nc'ighhorhood of the conductor, 
fri'i' i‘lc(*tricity Homewlu're in ('xintenci^ which given idne to a 
potential function not couHtant throughout the conductor. No 

. ...1 I* 1.. j .. it... I. ...t • I. .. ..... 1.. ...... * ‘ . 
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olcctrloity of a kiiul (‘ulrrs Ww iv»^qt>n rin-lohctl hy Uio 
Hurfudo iu liny intnrva) nf linn* jh ld."iv<‘s ii ilnriim tlml inhTvnl. 

Wd have himmi Uiat. ut. nvdry point itinittn u miHliU'tur wlunv 
them iB a ivsultaul dlnclrif forcf tlu’rn will !>«• an rlia-trif H('[)a*. 
ration whinli will ^^o ott hh hnig an lln* forrt* 
inent Hdoins to hIiow that Mm rntn of j^npurutiun nf ipmutitioH of 
eUua.i'ifity is pr<)[)orlio!)nt (o tlm ina|4:nitml»' of dm ftOTtn Lat 
iM)e a point of a Hinall plam* arna m iimiilr n rninhn-tor, mid 
lot the avdrap:o value duriu^ Mm iut«Tval frum i to / p A/ 
of the c'oiupononl. of tin* t'Ua'Irie force iionnul In fhi’H urea \ tlum 
iu wlrnt followH wo Hhall iiHhunm (hat dm nniount nf poHitivu 
cloctrieity whioli ci’ohhi'h IIuk Hurfaee, in the Heune in uhieh the 
foi’oo polntH, during Mu* interval in k • t»» * /»’• A/* w here k in a eon- 
Btaut depending only upon the ninteriul of \s liieh the eniuluetor 
la eoinposed and upon ih ph\>ic*al efunlidon. 'The avi*rnge 
value of thiH llujc per unit of time per unit of hui fin*e \h, there- 
fore, A:* F. If, now, m ami A/ are made to grow hinuller and 
aimillor in Hiieli a manner tluit P in ahvuya a point td' no /»* ap« 
proaelioH hh a \m\l the negative of the value nt of tiie deriva- 
tive, taken iu the direetiou in \vhi('h F of \\ die potential 
fuimtion due to all tiu' free eleetrieity hi evlHienei' ; dint at 
any hiHtant the value at a point, /*, iu any diivetiniu of the 
rate of How of poisitive eleetrieity aeroMH a aurfuee norniid to a, 
per unit of tlim Hurfuee per unit of Ihins in llm value at P 
of - A: . n„ V, 

It followH from UiIh that if any tube cd* foree he drawn in n 
eonduetor whieh inirrien a alomly eurreut, timie \n no tlow 
through the hWoh of the tube, (’uimider a region hUmI in by a 
tube of force and by two e(|Uipolenlial Murfneefs iimitie a mui- 
diictor through which a ateiuly eurreiit h ilowing. Let lu, anil 

ni«ruiu llwt It I KtO « iti t 
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positivo electricity which enters — or the amount of negative 
electricity which leaves — the region hy one end per unit of 
time is and the amount which leaves it at the other end 

is hl<\ « (Dy. Tlu^se amounts are e(puLh bo that » 

hence, = 0, and there', is no free eh'ctricity at any point within 
a honu)geneo\m eondiu'.tor whic^h carries a Hteady current. '’Iho 
free electricity which gives riHe to the potential function the 
rate of change of which is proportional to the How of electricity 
within thci conduc.tor, must tlicn lie cither outside tlie condue- 
tor, or on its surfac.e, or both. It would not be difllcult to 
prove tluit there must be a distribution of electricity on parts 
of the HurfiK'.e of evmy (u>nductov wliicdi carries a steady current 
and is in eontaet in some places with an insulating medium ; 
but the filed that a wire tlirongh which such a (mrrent is passing 
may be moveal about so as to change its position with respect 
to outside bodies without clninging the amount of tlio current 
will Hudlce to make it probable that a part, at least, of the free 
olec.lrieity that w(i Juive been considering moves with the wire. 
Sinc.e the density of the free electricity within a conductor 
whi(‘h c.arricH a steady tmrrent is /.ero, the potential funtdion 
K, insidt^ tln^ conductor, must satisfy Laphuafs Kipiation ; 
that is, v^K=s(). It is easy to see, since there can bo no 
accumulation of free elccdricsty in any conductor which boars 
a steady (‘urrent, that the amount of oUadricity which comes 
uj) on one side to the common stirfacc of two such condiu'tors 
which arc! in contatd must be tapuil to that which goes away 
from this surface on the other; that is, at every point of 
tlie Hurfa.ee, A*i » whore kx and are the spe- 

cilic. <a)uductiviticH of the two (a)nduc.torH, and D^Vx aiul 
the vahu'H at tlie ))oiut, taken in the same sense in both (‘ascs, 
of the derivatives of Tiu the direction of the normal to the sur- 



lChK( n'UOK I N KM A'nc 


22G 

faooH wililiiii tlu‘ {'oiidticlnr rut liu* nurfarr wlirrr thr ruiuluctor 
abutn on l.hr iuHulatinji’ iiu'diuni at rigid, auglrs. 

71. linear Conductors. Resistance. law of Tensions. Lot 
MB (^onniilrr tbr t‘asiM>r a lintMir rtn\ilut‘lnr, tluU tuir iu whirli 
all thr. liiioH <d' fortT arr |im‘;ilh‘I In <*a<’li oduu' ntal (i» (hr suIok 
of th(‘ (‘oiHliirtor, B{> thill i‘\‘ri‘y liihr nf Ltrrr \\nH a r<MiHlaiit 
rroHK-HiM^t.ion Uiroughoiit that part nf it^4 Irngth \shi«‘h iii‘s In Uio 
given roudurlor. It will appear later on that auv riglil rylin- 
drtral rondm‘(or, whatt‘ver llu* form t»r ifn .Hfi-iinu. will hr 
a linear eondurl.f)r, if every point of one nf it-» einl*^ In* kept 
at our (’ouHtant p<»tentiaL and every puini {if (lu* idlier end at 
anotiu'.r. It will alno he tnldeut flint niu'Ii ^s^re.H hh are onliunrily 
UHinl for imiking (‘li‘rlrienl ronneetinn^ are, h> nil intents and 
jnirposeH, exeept perhaps at the \evy ends, liiuair enudnelta’s, 
whether tliesi* win‘M are slraiglitor etna erl, I.tU the einls of a 
lioniogriuaiiiH long luiironn siraiglit wire <d’ euiisfant i'rosH» 
Hretion </, ami of length he kept reHpt*e{i\ely at potentials 
and I”". I'ake (Iu* axis of tlu‘ wire fur fhe avis tif j\ and 
tlmoi'igin at; (hat (aid of (lie win* at uhieh the potential ftim*- 
tiou dur (o all (lie free eliM-trieity in evinienee I*' ; tlien esery 
lino of force insidi* llu* wire is parallel (n the avin nf .r • and 
Hineo there is no forei* in any dire«aion jierpeuiUiadar to (he 
axis of ,r, /L I' tt> ami Luptaei‘’s LijualioiK whii'h 

miiKl hr HatlHlled hy F insidt* thr wire lus-tMuen /h'F n, 
whrurr f yl.;; + /^ ; (ua slnet* F-. F' when ,r . tt* and F-s F^' 
■whoii 

Tlio fltoady cairront c wldeh traYi'rneH the wire eurrles at'rosH 
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tlio wiro is jnado. Tlic ([iiantity ///.v/ is oallotl tho o^esistanee 
of tho \vir(^, kq/l its ronduelivitij, Tho quantity h is a 
ruiu'.tion of tho ti‘m]) 0 X‘atuv('.. In tlu^ caso of a puro solid 
luotal at any ordinary tcnnjxu'atnn^ a riso of 1° 0. will 
in('.r(‘as(‘. \/k by about 0.00*1 timos its own valuo, Tliis 
frao.tional iiio.n^asi'. is nundi sinaJhn* in tho (uis(^ of sonio 
alloys: for ‘‘ maiif^aniii ” at room timuxu'atun's it is not inoro 
tluui O.OOOOl. 

Tlu^ ana, lysis oi' this S(udiion assunu's that tln^ h()ino|j^on(ujus 
liiH'ar conduolior is at tlu^ sanu^ tinuporaturo throu^diout and 
that it is not surroundiMl by a (‘.han|j;'iuf^^ inaL,nu‘.tio llcshl. 

It is an important physituil priui‘.iph‘, iirst ouunoia.bod in a 
slightly (liriVnmt form by Ohm, tlia-t if a fixed ])ortion of tlu^ 
Hurfaoi^ of a ^ivmi homogiuu'ous r.ouduc.tor k(‘j)t (‘.onstantly 
at [)oton(.ial /'i, and anothiu* lixtal i)ortion at jiotimtial /^j, while 
tlu^ rest oT tho. surfaiu^ of tlu^ o.ondiuvt.or is in (‘ontaid; with aii 
iusulatinj^ uiodium, tlu^ ratio of I\ ■ to tho. steady (uirnmt 
whiodi travi‘rs(\s 1,1 h» ('onduetor, as nu'aHuriuI by tin*, (juautity 
of i)f)sitiv(u*]ootrio.ity ])or unit of tinn^ whiidi oithor outors tho 
(U)ndu(dor thrtmj^di tho Hurra.o.('. /' ^ ■ f\ or ]i*avi*s it"through tlu^ 
surfa,(‘t^ r • is a (piani.ity iinhqx'udont of Ti and /a- 

This ratio is oalh'd thi^ r(‘sistan(*.(H of tlu^ oonduo.tor luulor tho 
f^nvmi oirimuisl.!ino('H. ''I'ln* rt'sista,no.o of a (‘.onduo.tor (lt‘pi*nds 
not only upon its sbapis tho ma,toria.l of whio.h it is oomposod, 
and tin* toin]H‘ra.turo and otlu'r jjhysio.al (‘.onditious of this 
niaU'ria,b but also upon tln^ slmpiN sizt*, and jiosition of those 
jiortions of tln^ surraot^ whiidi are kopt at tin* poUmtials Ti and 
/ a. 'Tln^ rosistaniM* of so niuoh of a tula*, of fonu*. drawn in a 
oonduo.tor wliioh bi‘a.rs a steady o.urr<*nt as lies bi*twt't‘u tho 
oipiipoUmtial surfacos /' * l\ Jind r J\j is tin* ratio of l\ f\ 
to tlu^ amount of poHitiv(^ oloo.t.rioity pt*r unit of tinu* which 
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a tubo of forco and its (‘([uipotc'iilial tMidn nlill ‘‘qtiipotit^ntial, 
however the value of tlu^ pottuilial ruiud.ion may i)e ehauj^n‘d, 
will, aoGording to tiiin law of (dun, leavt* l.lit* rt*.si.stau(u» thn 
same. Other tilings ludiig (njual, the resistama' of a tube of 
force inerease.s with the length of tin' tube ami tlimiiiiHlu's as 
the section of tlie tubti is nuuh‘ greaU'i*. 

Siyipose that wt^ have a series of liin'ar eoiulm’tors joiin'd 
end to end in a e.losiHl ring, so that tin', end of Uu' //tb (‘oinlnetor 
is in contact witli the beginningof tin' lirsl.. la't rj am! 
bo the values of the potential fumdion at t he bt'ginuing uml end 
of tho mth comlue.tor, and /*,„ the n'sistam'i* of this eomluelor. 
Since the Biune current e nuiHt traversi' t'Vt'vy eomluelor of the 
scries, we liave 


and, if we adil tln'iii togcvlln'r, wt^ sliall gi't 


-liViilZ 


V, /VVf(/V r./') f 

n + /‘a 1 1 i /'h 


f ( 


IV) 


where r/ -- dilTt'rent'e hetwism the values of the 

potential function on oppositi^ sides of tin' surtaei^ enminon to 
the Hocond ami ilrst e.omluctora, /V I V* eorrespouding 
differouco for the third ami set'ornl eomlm'tors, and ho tin 
around tho ring. If the sinn of these dilTeremeei-i is not yiero, tho 
circuit is said to be tlu^ seat of an t'leetrtimntivt^ ftirins 

We may here assumt' that when any twt» etunlnetors, at 
the Biuue fcmuperat\ive throughout, but made t*r tliUVreut maie» 
rials, are ])laccd iu (‘outact witli I'ac'h other, a diseontiimity • 
of tho potential fuuetion Hinldeuly appears at their euamiou 


* Although the language of the (»hl "1*wo Khihl 'Hioory *’ Is imeil in 
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stant uftor it ban ouco CHta)>liH}u'cl, is th« sauKi for all 

[)()ints of tiui ('oininou l)oim(lary of the two eoncluoLorH, and is 
iudepiUHlent of tluur size juuI of the extiait of surface in 

contact, and of tlie absolute values of the potential function on 
either side of the boundary. We shall re})reHent the sudden 
fall in the vidue of the potential function encountered by pass- 
ing from a condiudor made of inati'rial A to a conductor made 
of mat.(*rin.l Ji across any point of tlieir common surface by the 
symbol A \ IL A eertuin class of substauces, to which all 
luctals beloiif»', has tln^ pro})erty that if L, 71/, and N arc any 
three of these substaiua's, all at the same temperature, 

A 1 M + M 1 L 1 iV. 

This class is said to obey “■ Volta^s Law of Teiisious.” If a 
number of couduetors made of dilbu'ent kinds of metals all at 
the same (unnperature be [)la(H‘d in line, the llrst in contact with 
the second, tlu‘ set'oml with the. third, and so on, the algebraic 
sum of the jumps of the potential function encountered ingoing 
from the (irst conductor to the last through all the others is 
exactly the saim? in amount as tin' single Jump which would 
occur at tln^ common Hurfacc’ of tlu^ lirst and last conductors if 
they were put directly in contact with ench other, Sotne other 
HubstanccH besideH mctalH obey the Law of Tensions, but most 
lujuidH and s(dulumH< whether in contact with each otlmr or with 
metals, do not obey this law. 

The sum of the jumps in tlu^ potential function eneountered 
in passing from t'o})per to zint* by way of an iron conductor is 
the same, if the whole he at one temi)eraturc, as the jump 
encountered in passing direetly from eui)i»er to zine. Hut this is 
not ('(pial to the sum of the jiun[m met with in passing from 
copper to ziue through Hulphuric acid, 

(111 j Ko ^ i«v I Zn« (hi I Zn, 
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tors is cvidoiitly the .sum ol tlit‘ ^‘jtunps” in tlio 

])ofc(nitial runctiou cm’.ounii'nMl liy Iravadliiift in tin* tlirrclinu 
in wliicli tli(^ (uirnmt is HUppnsrtl t,n nH>v«\ from tlu' 
comluator to tin*, last tlii’ouid^ *'1^ tho tJlhcrs. ami h'rkniiiuK^ 
tlm jump at any iHHUuliiry posiiivo if ilu' valtio ni' tia^ puPm- 
tial rinictiou is inms'astsl as om* crosses llu' luMimlary. If all 
tluMunuluc.torH wliu'li fnnu tlm circuil. art* mrlalUt* ami all at 
tlmsamo t(mi[)t*raturt*, \vh(‘thtu‘ t>r imt IIh'V an* all matli* u\' tlio 
sauio kind of imdal, this minn*rator is /iTtn ami it tnlluws that 
ill ord(U‘ tliat a stoady (Sirrciit may Iravt’rst* a (*in*nit <»(' {'tni- 
duotors, ono at loast of tin* onmlut-tuvs must tlisnlify tin* Law 
of Tonsions. 

The samt'. formulas apply Lj a oinmit oiijnptf.ftl ttf cumlm*" 
toi’.s of any form if (‘ac’h of tin* aomimm aurlaot's tif ftmligu- 
ouH c.onduc.tors is <'(|uipoU‘nlial. 

Evovy sliMuhn* iubo of Iona* in a ot»mlm*ti»r 

wliitdi oarru‘H a stisuly current is als«» a lulu* td' fhtw ami 
constitutes a ninrnf Jthtwvut. Wt* ahall luns'-artor apply 
the t(U‘m Ihirav only to oomhu’Ittrs \vhit*h lunt* very small 
(U’OHS-scctionH. 

72, Eleotromotivo Force, Wt* have sism that if a numlu^r 
of homogeneous comluctorH math* of liilLn'mit materials he 
connected in scuutes to form a helt’rtnoniftinH eumlucior /v, 
there will Ixt disi'oniinuitit'.s in lla* t*h‘elro'4atn* ptU(*n(ial 
function within K at tin* ctmnmm mirf.uavH ui' adjaernt enm^ 
ductoi'H. Jf an o(pnpohud.ial hurfats* J m-ar mm oml td' A In* 
kept at pottmiial /'j, ami an etjuiputeui ial .surf aee // nmir I In* 
other end of A', at i)ot»‘nlial ami if tin* almduaie num td 
the diHcontiuuitioH of ptJl.eutial hi*tw»*en J ami //. eounlinn' a 
stcu uoMii.iv’e. iw /a fUfi A* r....... t i*. /• .. ;n 


lu siinuiti Haul .ubuou|:;u ])ny,si(usi]s are iiou au lu 

a^n’(‘(‘nu‘ni; as to i]w inajL^’iiitiuh^ oF tlio dLsc-ontinuity of ])ot(‘ii- 
tial at tlio surFac.o of (■()nta(‘.t of n,iiy two dissimilar 

condu(*.toi*s, tluo‘1'. is no diiTtu’cmcu^ of opinion as to tin' al[j;(‘- 
l)rai('. sniu of thos(^ discoutinuitii’s in tlin c.asn of any (d()S(sl 
(‘.inniit. 

I f ono (Old of a liot(n’0- 
cylindric.al oon- 
duc.tor A', of 
r(‘HiHtancn r, foriuod of 
hoiuofj^tmoouH cylindrical 
<*.onduc.tors in S(U'i(‘s, bo 
kept at a ])ot(ni- 

tial /'i ami tln^ otlnn* end 
at tin* givt'U potmitial To, 
tli(‘. valiuu)f th('. pottmtial 
fumdion will d(»p(md V('ry 
inuc.li upon tlu' (‘.onstitn- 
tion of A'. 'rinuM'. difft'ront 
eases are illustratisl in 
Ki}>;, nC), in wbieb abscis- 
sas ro])reHi‘.nt r(*sistaue.(‘s 
and ordimites tlni (‘orre» 

Hi)omlin{^ vnln(‘s of /". 

In th(*8(‘ fifjjures J is stip- 
posed to b(\ an (d(‘e,tro« 
lyt(s while A, ,/U, are 
nu'talH ; T; 2, / ^ ^ O.o, 

/lhV«. 0.8, ./M/. :1.H, Piu. f,0. 

.Vhl/dr.«(). TliO enrrent 

stnoigth (indicated by tln^ slopt^ of tin' line wliicdi j^'ivc's 
th(^ v.aliie of T) is evidcmtly diff(U*ent in the dilTennit 
diaHTainH. 






potential, and tlioro an' nn pnitMilial any^ 

wliero in tln^ (*]iain, but tliu tuirrr’ut \iv^ indiraird by t.li(» 
slope of the r lino) is larpu as in llu' sum t»i‘ ihu small 
discontinuitioa which go to make up (he elei’t rutimtive Uwn^ 
in the (diaiu. 

A galvanic, battery may h(^ reganlcd as a (duiiti of l.lirct^ 
or more gcuicrally noinlinear emnluelnrs, nt least tuie o(‘ vvhiidi 
disoboya the Law (d' Tmmion.s, Tin' aluebiaie sum td’ the 
jumps in tho ludu'iitial funeUtut eiieuunt«’nMi by starting at 
that pole of a galvanie battery at wliieli tlu^ 
potential is lt‘ss, and jiassing U* tin* olht*r 
pole through tlu' hatterv, is the elet'iromotive 
force of tiu' buttery* The diOereuee td‘ poteu- 
tial hc't.wtHMi eopper wirt's uttaehed tti ihi' open 
poles ortho battery, meusiucvN. this «deet ronuitive 
force, (’hcmical aetitm goes on insiih^ every 
;Fio. 67 . battery whim its poles are elost-il ; Homo cd' its 
flolutiouH ari' deisimpoHed, amt the protluels of 
this decoinpoRition often appmir at the hnumlaries of the Inpiid 
condnetora inside the battery ami tleerease the eleet romotivi^ 
force by changing the amount of j\uup in liie potential fnne- 
tioii at each of those hcmmlaru's. Kor tliH nsiHou the eleetno 
motive foreo of a buttery in aethm may !«» mueU less than 
when the poles are open, 

If two points, /* and (j), in a network of eomliiefors which 
carry a steady cuirreut, Im eonuccteil hy an mlddional wire 
conductor, /C, ooutaining a battery of sm«h idect romottve force, 
Bj and so diri'cted as to prevent any current from pussitig 
through A", c meimurcH the difTerimei» of iwilential between /* 
and Q, It is Cfisy to show that when the poles of a imttcry 
are closed by a condtictor of re^iiiitanee h\ the diriVrencc 
between the values of the potential function at tlo^ emlH of 
this coTuluetor is HE j (// +” /f)» where H is lh«» idet*tromotive 




carries JS / (B + Ji) units of positive electricity across every 
cross-section per unit of time. With a given battery the 
intensity of the current can be ohang(‘(l V(‘.ry nnic.h, of counse, 
by increasing or decreasing tiui resistance of that part of the 
circuit which lies outside tlio batt(uy. 

In the C(nitimotre-grainm(sse(‘-ond systenn of electrostatic 
absolute units, the unit of eha'.tric (piantity is tluit 
quantity of electricity which, if it c.ould be concentrated 
at a point in air, would rc'jad a like quantity concontrated at 
a point 1 centimetre from th(^ iirst with a forcje of 1 dyne. 
This unit is found inconvcmicmtly small, however, when one 
has to deal witli suclx stc'.ady c.urrenta as are usually nu^-t 
with in practicie, and the coulovihf which is equal to about 
3 X 10® of these absolutt^ units, is the pra(‘tical xinit of 
quantity most frecpiently used. 

The ahsolute .10, H. unit of current carries the absolute nnit 
of electricity past any i)oint in its course eacli second. A 
current of a coulomb pen* second (equivalent to 3 X 10® of 
these absolute ourrtmt units) is called an (tvipem 

The absolute E.M. unit of n*Histaneo is 9 X 10^^ times as 
large as the i)ractic.al unit ealbnl tlu^ o/nn. T\u\ lattt'r is the 
resistance of a column of pure mevtmry 1 square millimetre 
in section and 10G.3 centimetres long, at 0® (1. 3'he resist- 
ance at 0® C. of a wire of pure copper 1 millimetre in diameter 
and 1 metre long is about 0,01642 ohm. 

The absolute K.B. unit of difference of pottmtial is 
equivalent to 300 practical units. 'I'he practical unit, 
called tlia indf^ is such that if the two ends of a wire of 
1 olim resistance were kept at 1 volt diffc^rence of poten- 
tial, the steady current which traversed the wire would 
carry past any oross-sactiem 1 coulomb of electricity per 
second. 

A condenser which requires 1 coulomb of cdectricity to 


of! a farad. It is iMiti.iHHJ :il>adu(»* K.S. luiltn 

of capiKut}'. “'riin (*a[);i(‘ity nf a ruudiiii iir.: .{iIhti’ 11 kihu 
iu(‘.tvi‘S in radi\is wtmld hr 1 inirrutaratl, that td‘ IIm* i*:u‘th 
HonndliiTijjf ovrr T(H) nn<‘i’nrarad.s. 'Vln* fan.i*-3l \ n| a nautical 
mil(^ of Hindi (hunui tclft;ra|di rahh* a^i i-. u-aiallv laid may Im 
taknu to hr about )j nunnd’arad, 

73, Kirohhoff’s Laws. Tha Law of Dividtnl Circuits. From 
what has Inum proved in i he j>rt‘crdinn[ mmUimh ^ ahnui cMudui’' 
torn wliiidi ca.rry steady I’urreiits, lulhnv tuti (iH iurma nt luueh 
practical importanei*, I'alled Kindihod’s Laws 

I. 1 fHeviU'al wire.s which roriu part ol a ic t umK mI' cMUilui’hir.s 
carryinjjj a Htiauly (uirrcnt una^tat a p«*iuf. tlu^ raim td' tlic inten- 
Hitii'Hot* all the e.urnuits which tnward-- tie* p»»i!it Ihroui^h 
tliesn wdr(‘H is efjiial to tin* .sum of all I lea* which iccr-dc I mm 
it; or, in (itlnu* word.s, the aluchraic mtm of all tie* currents 
whiidi approatdi the point t hrmpdi the w in-* w inch iin-cl. t lu’re 
is zero. 

,11. If, out of any indwork of wires which fonn u eionplcjc 
conductor and carry asti^ady mirrcnf. ;i nniiihcr td w ires w hiidi 
form a (dosed lif^ure he ciiosi*n, ami il, startuec at any point, 
wc follow tln^ ii^mre avouml in cither direct nm. calhni.c all (mr- 
rents whi(di move with us po.sitivc, ami all tlmetmt iiMUties uf 
the ])otential funetimi which lilt ua irom places td‘ losvcr 
potimtijil to phiees oi hijL^h(*r potential positive, tlie alip’hr.aii* 
mim of th(^ prodmds formeil hy mnlliplyim,,*; the ^e•d^d ance of 
each conductor hy tht‘ current rnnninn throucji it, is eijual to 
the alpfchraic .sum of tin* jump.s in Ue* potential funetion 
whicdi we euc.ounter in ;^cdnK eomplett*|\ around the ri|>,tnre. 

d lu^ fu'Ht of tlu'Hi' law.s is an immctjiale ctui,sef|uenef* of the 
fact that tluus^ can be mi growing tiecunutlat ion of triM* i*b*i* 

tnhdtv n.nvw1u»fn til 'I r.tl.f.ittf tot.n.tx 1.....^.. . t I. 
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Vj' and V/ bo tlio valuos oF tho potential function at the 
])Cgininiif>f and end of tlio ytb couduotor, and l(‘.t ty and r-j bo 
roH])(‘(ttivoly tho roHistanc.o of tluH couduotor and tlu*. value of 
tho currcnit running through it. Thon, from tho dciinition of 
tho term ^^rosintanoo,” wo have tlio following cupiations : 




y j ‘ ' f f „ — 5 


or, adding thoin all togotbor, 


^V‘i H ” V'j + + • • • + r,^r,, 

- IV /V'+/V - 


•)V + ... + Fr-K/, 


which ia tho atatouiont of thia 
law. 

I r olotdricity in fiH'O to ])aaa 
from a point to another ])oiiit 

by two winss of n'HiataiKu^ ri 
and rosjx'cdivi^ly, and if a 
attuidy e.urriuit bo llowing from 
/* to /*', tlv(^ eairrtmt will bo 
divi(l(‘(l botwcHui tlu^ two wirt’.s 
in th(^ invorao ratio of theur 
resiHtatuu'H or in tlu‘. dir(‘ot ratio 
of tlunr (‘.onduotivitioH. hor, if 

r ami ht^ tho valm'H of tho pottmtial fune.ticJit at /* {ind 
wo liave. /" ^ * fV’i r ' /'' - * Cy/’y, wlionco r, : r« : r,. 



Moreover, 


r, + 


or, 


f-r 1 

Cl + Cy 




C, 


+• 


1 . 1 
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sum of the ooiuluotivitu'H cjf iho Iwn wirr.s of which it is 
eompuscuL 

If n conductorH l>t‘ jninctl \i|>iu p:ivullcl to form acumptmiul 
conductov, tlio coudiKd.ivity of the latter is the Hinn of the 
ooiuluctivifcii^s of the constUnents* and its reM,\t;ntec i,s tli(» 
reciprocal of the min of the riHnpniealH of their Vi‘Hi.Ht:uice. 

If four conductors the rcHist^iuct^H of whieli art* p, tp r, and 
s form a qundrilatt'ral (KIk* ene pair »d‘ vtoiiee-t tif wliich 
are connected by a wire of resistuuee y anti the tUher pair liy a 
conductor of resistanet' h eontuiuin^M: n liattery td *deetronte»tive 
force AV(' havcwin arnui^nnin'iit td* iiiindi ptuel leal uuportanee, 
whi(d\ is often called Wheatstone’s Net, If wt* tleinUe the 
strength of the current thremgh the eelh in tie* dirrs'tion iridh 
cated by tlie arrow in tin* lignre, by (\ ami I be etu'rentH in 
the other conductorH by (),, (\, ami renpeetively, 

Kirchhofrs Laws yield the {spntliouH 

a -r; + fv c. f r:. 

- r„. fi. 

(t, /»-rf Y ( s <\ A*. 

If wo siibHtituto till* viiliii'Hiir (\ (\, f 'j iililuiiit'ti rnuii Uio fiMt 
tlu’oo 0(i\i!i.t.ic>n8 it) tin* hint tliri’i*, wt* nliuU t^i’l h Mynli'in iif 
tlmm linear oquatioiw iiivnlvinn; the tliree mikimwit ijtiiuililieH 
^g^ ('r> 0 „ wluoli eau bo eiwily Hdlveih 'riiexe t<i|itiiliuit« uro 

(P + ff + I/) P- '/ f, 0 , 

— + ■ (1, 

f > + (//+•'/ f « ) ( Pn 

and if wo denote the detortninant nf the 



it is easy to see that 

6 ^ - ■ A' (f/y "f A7> + s(j 4 - nq) / A, 

C/, JC (y/j + ry + ry + ry) / A, 

^‘i, ■ ■ (y/‘ + //'/ + ^7 + *''’ 7 ) / 

- * A (r//’ H“ y/^ + rp + j)H) / A. 

C — A (yy 4* .v/> + ♦sy + .sy 4- y;y 4* ?’;> + 7*y 4- ry) / A. 

The rosistiUH'.o (h*) oT tlie n (4 y^yr,sv/, eoinjaitotl from the equa- 
tion {(>^ 11 ), is 

£1/ (7.“!“/'^) f V + ^0 + A’’ (7 + + 7 *^ ( V +„'f)] . 

[y ( a 7 “h ^’ + *‘f) 4 \p 4 y) (v* 4 a)] 

Tf no c.urnuit ])aHH(^H throu<j;h tlio rc^Histaneo y, wo have 
r/r (\„ aucl, m wo may hoo by multiplying 

out anti oano.olliug, 

’ / (\ — (y4^^f) / (y 4 ^0’ (7 + / (a + 7 + 

anil r, / r- (y 4 r) / (y 4 y 4 r 4 .s). 

It is o.vidtmt, from ati iimpt'otiou of tlu^ Kirohhoff equations 
belonging to the three (‘.mtss, tliat if the reHistanoos of the 
linear e.onduetcn's whieh go to make u[> a givtni network are 
fixed, anil if (\^ f «, are tlie (uirrimts in the different 
nionibt^rH when tla‘St^ ineinbm’H eontain the (deetromotive forees 
/t?i, .Ag, and (\\ tlio eorreRimnding etirrents 

wlieu the (deetromotive forces are A'/, AV» AVi • • •, 4 (W 

C/g 4 ry, C^+ (W ••• would be the currents if the elec-troiuo- 
tive forces wt‘rt* A\ 4 A\1 A'g 4 Ay, A'g 4 AV, . • •, 

Let and (h any two points in a Tintvvork of ^linear cou- 
ductors some or all of whitdi contain electromotive forces, be 
at ijotontials F/^ Fg respectively, and let the resistance of 
the wholly network when the current enters at one of thoBO 
points and goes out at the otlier bn tium if P and Q be 
eonnected bv nn additional wire IF of rcsistanee r, the cur- 





boing michaiigod, iu> mivrc'nt wnuht pass ilinautb /J\ anti tho 
otluir (UUTC'iil.H woiibl lull. In* rilliTrtl by tlu' int riubu’! iuii (jF IT; 
aiul if (13) ir (‘.(inl.aiiuMl iJiu rbs-t rmuntivi* [urn* t l\, 
(liroc.tod From I' in luul if all llu' ol Iht rltnM mniut ivu FnrtMvs 
in tbo origiiuil lu'iwork wuro auuihilabsb luavui^ thu rtssUt- 
aiicOvS luiu.iuuigtsl, a riirn'ut. I /*) wuiibl flaw 

tlu’on^^h /r from I* in : tlu* givuu ;tnMnK’*iurut t-ui bo 
rogardod us formod by ,supt*rposii»g i‘usi* ( I ) upuu t’as»* (H), 

74. The Heat devolopad in a Cironit which aarriei a 
Steady Current. (riv(*u, in a rogiou not uxpn.st'ii to luugiu'tio 
cluuigos, a 0.1 lain of n I'oiuluotors, oai'h in itsidF lunnogmt'ouH, 
and at a imironii tomjiurutnrt* thnmghnui ; b*i a portion A of 
tho Kurfaim of Uio lirst bo kopt, by moans of somo oxionud 
agc'.noy, at ^lobnilial atul a portion /* of Ibo miriaoi^ of 
tho last at a lower pott‘nUul whib^ tho whI of tho rjult'r 
surfacioor ilu\ oliaiii abuts u]ion uon otuuluotiug modia. , p 
tlm mu'faco of st'paration bt*twoon tlu* /»th niul tlm {k f l)ih 
coiiduo.liors, may or may not bo t'i|uiptJtontiab but if tluw' 
comluotorH arc of dilTonmii matorinlH, wo mm»t oHpm’t in fuul 
at all iHiiutvS of this Hurfais* a luiifnnu disrimtimul v, Aj ^ 
of potcmtiiil. In following ilowu frmn A to /> an intinitosimal 
tube of flow wbii’b oarrios tlu* Hioudy ourn*Mt wo start at 
■jiotontial /’".j, hsivo tlio lirst oomluotor at ptilontml j Vt oiiior 
tbn Hisjond lumduotor at polontiul I V, b*avo it ut T/*, outt*r tho 
third ooudnotur at /V» mul ho on. hhr'ry sooinnl in tlu' Atli 
oomluotor, AC> absolnU* nnils uf r*h*otrioity uro luwoml from 
potoiitial FV potontial and Af'tr/ I”/') nnits tif 
work (ri'prosonting loss cd* olootro.Htatio onorgyi art* done by 
tlu^ ohmtrostatiu fudd npon tho oh‘oirioity whioh nu»Yos with 
tho ourrout : this c‘nt‘rgy appoars as lusit in this c*nntlnotor. 
Tim work thuH douo in tin* wholo tdtain is 


This energy all appears as heat m the conductors winch form 
tlio chain. 

At the suiTaxu^ A (7 units of electricity aro raised 

every st'c.ond From pottmtial to potoutiiil Tlio 

work tliuH done every second is A(/- and, by virtue^, 
of similar iiroc.esses at all the surFac.es oF discontinuity, tlu^ 
cleetrostath*. energy is inc.r(‘aH(ul in this way every S(‘cu)ud by 
AG'^- /!/'. The net loss in elec.trostatic. energy in the chain p(n’ 
second is, tluu’idbre, 

( r, - r,) ^0, 

whic.b is otluu’wise evident, d^iking into acciount all tlu^ c.ur- 
r(mt lihiments whieh go to Form the. slu'ady (uirrtmt G\ we s(h^ 

that an amonut oF imergy (‘(piivalt'ut to T// + A') 

ai)pearH as heat in tlie c.omliictors whiidi Form the chain, and 
that an amount oF ehudrostatic, emu'gy (^(lual to AY/ is fur- 
nished to the chain. IF the chain is c.1os(h1 and iF, going 
around it in tlu^ direction oF tlui sti'udy c.urri'.ut (', w<‘. dt'uoie 
by /!? tlu^ alg(d)raic. sum t)F the dis(U)utiuuiti(‘H oF ];)<)tential, 
eouuting a step up as positivi'., wo shall iind tluit tin*, muu'gy 
AY/ appears as heat in the eou(lu(t.or.s and that siuc(5 the 
(ureiiit is at the sanu^ tmuperature throughout, this is Fur- 
nislu^d by eh('mi(*.al action in tlio chain. IF r is tin*, total 
resist!nict\ oF ilie (duiin, AVr and AY/. * ^ This n^siilt 
repreH(‘ut.s ergs or joules, aec.ording as A', and ;• art* mcas- 
urcul in ahsolutts ehutrostalh^ units or in volts, ampert's, and 
olims: a joule is etpiivahmb to tO^ ergs. 

IF Uu^ chain contains a battcuy oF elcciromoUvt* Fortum A’„ in 
th(\ dircttiioii oF tlu^ sbuidy c.urrcnt f \ and iF there* an* in tlu^ 
ehain outside the batt(U\y discontinuiticfl oF isttuititil which, 
nu*koU(ul against tlu^ current, amount algidjraically tt)^ A'^ 

A - K ^ A' G-(A;, A')/r, 
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form ^ (T^r JC*(\ ruul l.o nay that. t>r llir wluiln 

furui»h<‘.tl hy iho haUory, rV, wlii^’h a|*)u*;irs an luait in 
tlio (‘.oiuluc.torH wbifli fonii tlHM'ircanl . hi ttsril in iuaiul;u!iin|f 
tlio ouvrcnt, and PJ'(\ in ovtn'taiinin;^ tin’ r‘»un(»M* ntuuilivu 
forno M'. 1 1! a n.nll ui’ idnrl.rnuint ivn inm* A', jidiunl up with 
a iiumhur uf nintallic. nnnilm’tnr.s all at tin* aaiiu* tnuppriUnra 
to form a HimpU* ciin-uil, tjf total n*Histaio-o #\ tlo* oiuH'out will 
bo and ihn wlioh* onorgy* (h‘t\ l‘nrnialii'd 

each sceond by tlu' batit'vy, will appnm* um boat in tin* {’irruit. 
If, howovi'V, while the total rojitHiaun* of ilu* oirmiit romaiuH 
uuclumi^^tHl, tlu^ battery bo ('ulli*d <m to dn (sodi nocnud an 
amount IT of outside work of atiy kiiul (snob, bn* iustaurts an 
that iurolvcHl in di'coniposini^Min (‘ha'lndytt* in tho i*\ti'nial cir"* 
cuit), tlio fib^ady curriud. will liavt' a vultn* (' Mnallor than f 
the whole energy A’„r ruruishod t‘Ufh Hri’Miul by Un* I'idl will 
bo a fraction of and the portimi td' it whirU appestra 
as heat in the cirouit, a Huudlm^ rraoliou of rh'a The iliiTor- 
once bt'twcen and TV will bo equal to ff\ autl thin 
equation d('teriniuoB (\ 

If a given steady (uimmt is la bo etnivoynl partly by a 
conductor of ruHistance ami partly by a paralbd romlueU)r 
of rcHistanco ry, and if tin* portions carried by tbe*<«‘ eumlmdorH 
are 6h and by respeetivelys Uie auumut of beat devobipetl p<»r 
second in the conduetorH will be « (yr^ I t'/r.. If {'|, and 
consequently be tdianged mi nn to ketqi then* faun etpnil to 
the constant (/, u will, in generab elmnge, and we aliuU have 

J)^,u - 2 (y\ + 2 ( ' /h / V - ( < V‘i f V'i ) 5 

iCj which is sometiincH ealbnl tin* tilHHtpfttmn funriittn, will, 
therefore, be a ininiumm if the current is duuded Iwqween rj 
and r^niB it would be if the rauuluetors were ernuieeti»d at the 



point A and out again at /j?, we have 
and u is equal to 

p(0, + 0 ^ c,y + + .. . 6? + y . c//. 

If wo equate to xovo the partial dorivativos of ?i with respect 
to C„ and wo shall g(vfc two noeosaavy conditions for a 
minimum : tlio (‘(puitions thus obtained are 

(p + ^-h (f) (!„ “ {p + q) C, = -p>a, 

-(?+!/) + {P -!-!/ + ?• + «) C, = {p + r) 0 , 

whence 

(r/r — ps) / {(f(jf + sp + .vy + Hq + pg -H rp + rg + 
a / C ^ (^jp''\-rp + rg+vq) / {gq^ sp+sg+Hq-^rpg+rp+rg+rq)^ 

etc., which are cupiivalont to equations already fouiul. 

tf the conductors ?•„ which form any network, 

complete or not, and (uirry cUrrents 6\, Cg, 6^? *•* contain 
electromotive forcum it’,, ii?.,, • • • which have the direc- 

tions assumed for the eurrents, tlie currents are such as to 
make, not the dissipation function, but 

2{ayKi + C\E^ + Cfli^ . * • CJQ 
a minimum. In tlie case of tlie complete Wheatstone^s Net, 

w ^ h {c, + c,y + p{a, + i\y + q {c, + g.a^^ 

and the equations formed by equating to stero the partial 
derivatives of W with resiau^t to 6^, atid 0^ yield the 
values for the currents given in the last section, 

75. Properties of the Potential Punotion inside Conductors 
which carry Steady Currents. If at any time L positive eleo- 


at tlie rate N, tlio (Uirrt'nt in i* \ .V in tin* ilrat tUroc- 

tioiu Hiuc.n thero in in) Thm' rinily iu.siiin u 
conductor wliicJi wlnU. \vr iiavi* calli*i} a aitstdy cnuTcnt, 

it is customary to asHUiim, wlini out' usos tho laugiia^m of Urn 
^^Two Fluid 'Tht'ory,” tlmt such a furront tMoud^Ua of a flow 
of ])OHitivo oloctricity in oiu* {lirot’liou at ovory ju»iul» and an 
equal flow of lu'^^ativt' elt'elritnty in tin* i«|»|u»:uto dirt'ctiou, 
Wo sliall avoid nundi eirt-umltuMilioii. hi»wovi'r, and we nhall 
iutroduoo no error into our mnnerioal eom|»utat ions if wo 
speak as if the wholi' eurrtMit were tiue to the motion tif pani- 
tivo elootrie.ity. If tin' valut' of tin' juitenlml tnuetion within 
a conductor which hears a stt'udy eurrent is givfun all the cir- 
cuiUBtaucoH of tlu) (h»w in the cttnditelor are tixed. PoHitivc 
electricity (lows into tln^ etmilnetor from wjllunit thnni^h all 
parts of the Hurfact^ whcis* the th*nv.aive of th«' potential 
function, taken in tlic^ direetion ol the es^tonur nonnah is posh 
tivB, and out of it throuKdi all purls of the an t.n'e where tlda 
derivative is negative. At all points nhere tho t'oiniitctor 
abuts on an iuHulating mediunn‘tUe ilerivalive vi /nci ; it may 
be xicrt) at other poinlH also. *rhere ean be no riost'd 
potential surface lying wholly innide a eMndnetiu wlaeh f’urries 
a steady current, unless tln're in m»ni«^ f'omaant aonree of |Kmb 
tivo or of negative eleeirieity within thin junlace, for Urn 
whole flow of ('leeXric’ity algehnueally eoniKnh’red, per unit of 
time, through such a surfiice fr«un within oin wanhi, is equal 
to k times the «urftw»e integral of the intenHii v id Ih*^ eune 
poiicnt of force in the direetion of the e^lmor normah ami 
this is not scero* Theni must tht*n nueli a rMUMi int snuree 
of free eloctrieity within the surface le-i fihall fumndt just m 
much per unit of time as the mirreni rarrtrrt away, 

Although it IS not very easy to prov«^ anal^tii’ully 
given a homagenemm oonduetor iyt«l re^rlasii J, /Inf 

its surface which fire hi Im km if 3*f F 


surlaco coiKutioiia, and wIikUi (J) iusuIg tlio conductor satis- 
llcs luaplaco's IO(piiitionj and with its first space derivatives ivS 
continuous an<l siiigli^-valmul, it is inwindheless clear from 
physical c.ousidcu'atious that ()U(\ sindi fiiue.tion exists, namely, 
the pot(uitiaI rumtliiou inside the condiudor wlum y>'are k(^])t 
at the given ]K>te.utials ami the re.st ol‘ the surface is exposed 
to an insulating meditnn. Kor practi(‘,al purj)oscs we need to 
prove that this is tiie only fumdion whieh satisfies the giv(m 
conditions. Suppose', for ilu^ sak(^ of argument that two sucli 
functions, T and }J] (nxist, and call their difreiMmce u. The 
funeth)n w, tlnni, KatiHli(>.s (Condition (2) and is itself (upial to 
z(‘ro, or (ds(^ 1ms its dendvative in the dir(*etion of the extmdor 
normal (upial to zero at eviuy point of the surface. Aj)plying 
(friHui’s Thtu)rcm in tln^ form of Kipiation 151. to 7r, W(^ find 
that tlu\ (piantity ( whicdi can ni'ver 

1)(^ m^gativi', must he /(‘ro at eveuy ]>oiut within the couduetor, 
HO tliat />y//, ami J)^a must vanish and u 1)(5 a constant 
thnmglioiit tlu^ Hpaci^ within tln^ surfacm Now at ])ortions 
of tlu^ surfac.t^ itsidf, k is z(*ro, hmuu^ it must Ix'. (upial to zero 
cvmywh(n‘(‘. insith^ the (‘onduc.tor, ami V - - IT. If hy any 
uumns, then, we find a function which satislics tlu^ Hurface 
conditions and tln^ g(‘m*ral spa(‘.e conditions c.haracteristic of 
the ])oteuUal fiimditin inside a certain c.omluctor carrying a 
st(^ady c.urnmt under givim surface eouditu)nH, this function is 
itsidf the jxdumtial iumvtion. 

Any Hurfaeii suppostsl drawn in a comlmdor which c.arrics 
a Ht(‘ady (uirnmt in smdi a way that tlu‘. derivative' of the 
]){)t(‘ntial fuucticm takt'ii normal to tliis surfae'.e is zero shall 
l)(i (‘.all('d ii aur/ttrr of Jtmr, 

If a comIiud.or wliich umh'V given surface conditions cavrics 
a steady nurreut Ih^ (mt in two by means of a surfac.e of flow, 
ami if th(\ two ]>arts 1)(^ Hi'paratcd while the surface conditions 
on wind; was the boumling surfatie of tlu^ old c.onductor remain 


value, a of ["and Mm' ntirfaf* n| thf* nrw i'tm.liuM.nrfl are 

■\vliafc iliey uuir(5 ht’lnrt* autl I havt’ itn ()](| 

valiuvs at all iiisidi* points. 

Wliou a (‘.onduetor is rut in iwd ]»y :t surfarr nf fltuv tho 
fronli HurracDH ox[)ohimI rnsnvr a statiral rhann’ tif tnu* 
trir.ity, and the rharK‘‘S on what uas tin* iMaindiuK^ nurfuiu) 
of tlio original rtnulurtor arr in p.ut rlian^rd sn that it is 
only within ibo parts td' tin* old ruudnrtMr tliut I hr rfTrufc 
of tlio H('paration is nil uftcu’ thr rurrmt.i lia\»' lu‘rnmr again 
fitoudy. 

IF two mutually (‘Xrlusivr rlo,Ht‘d ?audarr‘s and krpt, 
roBpootivoly, at uiiiftuan pidrntnils / 5 and I am thi^ rlrn- 
trodoa of an infinite* lionn>gi*n«sinH rimdurti.i A* tif sprrifia 
(umdiuitivity A*, wliirh tills all spam nut adi^ thrso surfarra 
and is at iioUmtial zone at iniiniiy ; ii\ nnua'uvrr. tin' strudy 
ilow outward through c»r inward threnitdi [h npial to {\ 
the. cairront vertor in K is rvrrvwhrtr nptal to wlial line tdra- 
troHtatio form would bo if K wi'm atr and if and *% had 
chargos fV-1 irk ainl ^ V4 wk so {hsinlndrd us to bring thrm 
to potentials ami l \ rrsprriivrly. 


In most of the iirmsling dimmsHion wt* h.ivr tantly usMuimnl 
the separata eondmdiirH rnimidt'rrd tu br ln»un»gri*ruim, and we 
shall cjoutinue to do so in the bdbewnig Jii riniji’i nulrsH the 
contrary is stateth ^Ye have to eomnder brndly, however, in 
the remainder of this stsdinu isutropie f'i»intnrt»«ra whirh have 
in different parts dilTereiit sperifn' rimnUaiiern. 

If the Hpisdlir eonduriivily k nf an i?«»!tfipie nuidurtor 
wMtdi carritm a Hleiuly (uirrent ran be ri^ptr.Hiuilrd by u |Hmi» 
tivB sealar point funrlion, and if the rtnopMnriiiH, pamllrl to 
the cotelimite axes, of the vmior wlin li rf'-preHeiits the 
current strengtlu are r/, is nml ir, wi* nniv afut*' fu«'t that 






J* J* H Ob -- y J* 7. (Xf n) • cos {x^ q) 

+ ('.os (//, n) • (iOH (//, q) 4* (U)a {z, n) • cos (^, 

J 

^ “ iff == ^• 


Hero th(^ double inl.i«| 4 *ra]s aiv to be (‘.xteiuled oven' tlic^ whole 
ol; b^j and the triples iuU'grals oveu* all tlu^ spaeu'. iutdiuled by iS\ 
Sinc.c^ >V is arbitrary, tlu^ inU^^rand of the triple intc^griils imist 
be equal to ?:tn*u at (W(uy point within the tjonducjtor, ao tliat 


/)^u + I>yV + J>^w ^ 0 [ 1 *^ 8 ] 

and q is a sohnioidal vee.tor. 

At every point witl\in the c.ondue.tor, 


u -- kl>j^, V ^ - tD^Vy w ^ - kl),v, 

so that 

(/‘^ • />. V) + J\ (k . /), F) + IK {k . IK V) - 0, [199] 

or Jc ^ F + (iKk • /K y + ■ IK F + DJe • IK F) ^ 0. [200] 

If k is (‘.onataut, H satisfies La[)la(‘e’s Eepiation, and in this spe- 
cial case, as we already know, none of the free tdecvtrieity whicdi 
gives visi^ to tlu^ potentia.1 function F is within tlu^ (‘.ondnc.tor. 

Given an analytic, scalar, ])ositiv(^ point func-tion k and a 
(dosed analytit*. Hurfacc A', it is easy to ])rove by tlu^ help of 
[149] that thert^ (‘annot be two diifcncuit funtdions, J\ and 
which (1) with their first derivatives are continuous witliin k> 
and at every point in this region satisfy the tupiatiou 

IK (k ' IK y ) + />. (k • IK y) + IK (k ‘ IK y) 

(2) on the given portions Hi and of H have at eatdi point 
ecpial values, and (H) on the rest of H have at evesry point 




» J » »' * 


At a HiirfiU'n Sf|»;ir;U tun rMaiiurtum whii*h 
{‘.iivvy a HU'ady currt’nl tiif rMni|H.iir*ii! >, ..f thr runvut 

and Uio tangi'idial ni iltr r!«-» i n* 4,1! a* luv^a avn 

(‘.outiuuous. If 0i and uha l* ihr u^MiUaiit 

(dv.ctnKslaUc- lan't'H I>\ and /\ lu.dn* %m\U i 1 i«‘ unuii.d nu lha 
two aidi'a of H\n‘h a siu’i’ai'i' ni uu\ junut, 


k{F\ vmhOi ‘’O'* ami l\ ’on f \ ?oti tl,, 


whontu', by divitliu^Mbp nunnbfiH uf tUn lira nt 

by iha laUTCHpoudiUf^ moUllH'V.H ul thr hrr**tn\. 


l 111 * in ri|tiut 

/m, kP 


an (MjUiU.ioti whifli ^d^uu,H h<i\v Ihn i jn iru? luir » ntn tfd'rut'tnd 
at ilio aurfai'i*. At a fnirbo'n $4 .hrp.uatsMU Uiumi rni^por 
and inanf.tlUU}li wiuM'n Ibo rat \u nf tlir nMudi^ ! u It !«•-. in ;tUnUt dtl^ 


0^ : ^ 27 " 42 ' wluni ti, W and tVa * n'l* « l.m /I, .r. 

If til and //a rt'juH'fanit nnrmaln iiutuit Iimui am |iMifst ut thn 

HurfjUH^ of Hcjianilinii bnlwmij ! HH » msssUm |t*i n ulijils aif* nurry- 

iiig a Hlnudy aurnid intn tlin inn! and tb*- nr* n.ud r»»iHluftnr 

ruHimcUvidVi 


76. Method of finding Cwei of Eloatrokinomiitia EquiUb* 
riuwi. If a' ia a alu»‘»b ralh m.ur tiiUMini nMlutnm 

of Laplaaa’a Ktpuitioiu ,hr j /(, I and /• avr rnindania, 

iH auotlnw Hiu'h fniiidiuH wiurli hun tin* natiM* bnrl juirfnntm 
an i/\ If an an^a bc^ (dioHioi nii cam ni thr^i* it ia \Hm^ 

Hilda to liraw Ihroui^di ovarv pninl ul dn |«'i}inrtrr a 
dtdliuHl by thfM*(|imtioHH f/r ii,tr eiif «/• wlurh 

nball ant orthoj'tmully all iho buid .niuia*’«^H fd n* uhndi it 
nuwtH. Alt tlu'Hn liana fnrtii u tubular ‘ uila*-*’ ?aisdi lliat tlw 
normal dnrivalivo of u* at ovnrv fd h i * If T h a 
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and w'', wliilo tlio rest of tlio boundary was a surface of flow. 
Moreover, y/w+ /^, wIku-o y| and B (uiu ])e chosen at pleasure, 
must 1)0 the ])oteiitial fuu(‘.tion within a homogeni'.ous condiio- 
tor of the form 'I\ if tlu^ surhute A"' and were kept at ])oten- 
tials Au)^ + //, .hr" + B r(‘S[>iHdiv(dy, the rest of tlu', boiuKhuy 
being a surfae.e of flow. By using different pairs of loved sur- 
faces of in and tub(\s of diffiu’ent forjus, it is ])OHsible with 
the hedp of this one fuiietion to study th(‘* laws of 8t(\ady flow 
inside comhietors of many diffi‘.rent shapes and to obtain 
results some of which may hap])(m to be praeticsally intm*- 

esting. For instaiuu^, in — wher(‘. n and tl are constants 

and r the distan(‘.e from a lix(ul origin O to the ])oint (^r, y, rj), 
givers tlie vahu^ of the pot(mti{il fune.tion insider a coiuliu'.tor 
bounded by two spherical surfjuuss of radii a and /> having 0 
as their common centre whtm thi‘se surfac-cs are kept respec- 

tively at i)t)tentials + d and +• d. In this case the whole 

amount, p(vr unit of time, of j)osiiive electricity whicdi (mters 
the conductor through the surfiu^e v — a (umsses every (upii- 
potential spheric'.al surfae.c^ witlun the condiudor and leaves it 
by the surfa(‘,e h is Airtdc^ wluu’o k is tlie specilie. conduc- 
tivity of the material out of which the conductor is made. 
The resistance of the conductor is, by definition, 
c c 

a h h -- (t 
4 irrk 4 irkab 

a quantity independemt of c and d. 

It is evident that any cotucal surfa(‘n the vertex of which is 
0 will he in this (uise a Hurfac.o of (low, and that tlui func.tiou 


Again, the equation T— y f whoro /•, and are 

the diataneea of the point { a \ //, .t) Tnuu the ihotl iunutn f)j 
and On, givcH uh the ptitonlial rimetion in.sidt* an iulinite 

conductor bounded in jKirfc hj tin' Hurfaeon a and 

11 

. — ^ ^ when the llrnt in ktqd. at pnltuitial tn' f (/, the 

second at poti'iitial /-»e + fA In tldn eane llio aurl 2 ua» /’ - d 
is a plane hmceting at right angh‘8 the straight Hue 
Larger and anuillev vahu^H of T than (hia give ehuunl rntrfaeeH, 
each ot! which HurvtnuulH iiui’ tjf tlu' jHtinIs and hniVi'S the 
other outaidi^ Kor vc‘ry large vuhn*H of r> it e in |uwitive, 
the equipotential Hurhua'a are xvry Hiuall, nearly spheritud 
surfaces surrounding 0,. 

To tind th(' amount of ptmitivc' oleetrieity whieh <‘ntt»ra 
tlie couduc‘.tor iiudt'r eonHidi*rution, per unit nF time, thri)Ugh 
the surface ur + «/, where ui* shall he puaitive, we munt 

integrate over this suvfaee or Av 

According to (hHum’H 'riieorem, tlu^ reHuIting inti’gral in t'xaetly 
the same as that taken over any Jither cdosml hurtaue, largi^ or 
small, whicli surroumls 0, and leaves ft, outsidp. Let n» 
consider, then, a sphe.rieal surface tjf ratiiua t > wlume 

centre is at 0,, Tim ref(uir(Ml integral in this cuhp in 4 m^k 
times the average value of P,J' takmi the splnudeal 

surface j or, since rj for all points on this Hurface eipial to «, 

4 TTcVrc 


average value of /t 



If, now, € he made smaller and smaller, 



always 1ms 


ontor the given eonduetor tliroiigli the surface V — ac -h d in 
every second, whether this surface is large or small. Tlie 
resistance oC tin) coudue.tor between the surfaeus P^^ac + d 

and V — hr, + d is, by definition of the term, - - 

Att/c 

If a and h ar(^ made very large and ef^ual, with op]) 08 ito 
signs, tile two suriae.im through whie.h tde(‘.tricity entm^s and 
leaves the e.ouductor be.eome v(U‘y lu^arly (ioincident with 

sphori(*4il Hurfaiu'H of radius c = ^ drawn iibout 0^ and (\ 

respectively. The rc^sistainu^ of the condiudor in this e.ase is 

; - yy (Jouaiderations of symmetry show that any plane which 

Ji ttA-c 

contains the line is a surfacui of flow. If we emt tlio 
conduc.tor in two by sucdi a plains wn shall have an inlinite 
condue.tor with two nearly homispheriiud (d(M*trodes sunk in 
its piano surface. The rosistamu^ of this part of the whole 
1 

conductor ia - acpiantity iudependeut of the distance apart 

of the elei^trodi^H. Tins is nearly the case of two poles of a 
battery sunk in the earth. 

Again, the expression 

where r, and are the distances of a point P in space from 
any two parallel straight lines, A and /f, is a solution of 
Laplaee’s ifiiiuation wliioh, witli its derivatives, vanishes at 
an infinite distaiuu^ from these lines and whieli is constant 
all over any one of a double system of circular cylindrical 
Bur faces (Fig. 59), some of whitdi surround one of the giviui 
lines and some the otlier. Tliis fiiiudion, tlum, when r and d 
are properly determimnl, is the potential function within an 


conatant potnniiala. ttuitn {»{* pir.ur. ♦* ririt v por 

unit oT tinin pnr unit tU’ ihit'kJMvs. ul tin* l.uiuna ru{»‘r tluM’on- 
due, tor through one of the evhndru'al s ,Mi«i thr 

amount h’avcH it hy the (ithrn* ’4srl.o*»v risr ii* .1 .i.inn- uf tha 
lamina is iluMi tlu* dilTiU’emv^ ht‘U\ ri'o tht* \ . ni jIh* pntetu 

tial riuu’ii(Ui at the elfetrntlt-i ilnitlnl «>/..• Iiiuoh tho 

thi(‘,kueaK of the laiuiim. 

'rheat' oxamploH will ato’vt' tt» nhow \%tn\ lu.u drsmver an 
intl('{ii\il,t^ muutn'r of raarn id' kimmi.Uie » »|m!iln5nin hy UHNiun-' 
ing aomn ftmetiou, in general hnile and e»*u! Honors, whieh 






aatiafiOH Laphun^V Ktniuiinu, and Ihen faking .vi a eunduefor 
ono iuaido wliie.h tin* givtui luindinu i* evri\ where hnite, and 
which in UouiuIcmI hy nurfat'i*H nver «’aeh uf whn h fufher the 
■function in couHlant or itn nontml denuune /etu 

Tl wc trauMfiirm I'h|imlion IhU in iofh»»gHn.il eur%u]inear 
(U)hrdinatCH chdlinMl liy tin* neiilar InnetoJiri n, i\ u\ 

whort^ •//' Hatinln'H Lu|daee\*i Ivpiutiom and a»i'auu«'‘ I to he 
cxpr(‘HHihlc an a funefitm td #e onlv, ue jd»a!l Mhfain l O'e 
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77, Eleotromagnetism. Straight Currents, Tf a sboady 
olcud.ric. (uirroiii. lu* i.liroui^di a long Hira-iglii; w\n\j the hjuk'.o 
in iihn ninghljorhood of tlu‘ <'urr(‘nl; lu'c-onn^s a Tudd of niagiuddi*. 
i*or('(‘. ir ili<' nu'dium abouli i.ho. c.oudiud.or is luaiiogenooiiH, 
iilu^ dii'(U'.j.iou of I, III', liidd is sindi l.liali a siuall nuignotio, ikhuUo 
i’ri'idy sus|)(nidod by its ciniiro. ti'iids to sot itsolf lu'-rpinulicailar 
to tlu^ wiro and to tlii' poriKnidiinilai* droppod from tho point 
of HUHptMisiou upon i.lu^ win', so that ‘ mF a pi'rson lu^ iniaginod 
as svvininiing in tln^ ciirn'iil, which Hows From his Fcid; to his 
lunub JUid IF ho Faci' tho mu'dlc., tlu' north polo will bo. tiirnod 
towards his hd't hand/' Tht'. iiidd is Hymim'trical aliout tlio 
wiro and, a(’-(*ording l.o tlu^ ruh^ just, given, its (lii'iu'tiou at any 
]H)int is norniul i.o tln^ jdano. drawn through tho iioint and. tho 
win', HO that l.hi'. linos of Foroo aro c.irc.uinFonmc.os forming 
rightdiandtnl whirls uhout tln^ cnrnmt. To invi'stigato. tho 
law oF tho. changt' of tlu^ inti'iisity of thi^ Forco with tho dis- 
tanco fnmi tlu^ wiro, wo may imagint^ a rigid Framo froo to 
turn about tho vorticid wiro as a hingi*, a.nd supposes a magnot 
to rigidly attachod to this Framo. It will bo. Found Unit 
in this caso tlu^ Framo will liavo. no tondouoy to rotato nndi'r 
tlu^ action of tho t'bn'tnnmigiu'tic. Foris^s, so Unit thi\ sum of 
tlu^ monumts about tho wins of tho fons^s which l.!n‘. iiidd 
oKiu'ts upon tin* magnet, must l)o zmu). IF /s and /’a aro tho 
distaniM's of tlio polos From tlio vvdro, and if F(r) is tho infitm- 
sity of tlu^ hold at u distniu'i' r from tlm wires tlu‘. oipuility f)f 
inemumtH showi^ that, Imwovt'r tho magui'.t bo pla<*iul on the 
franus 

or, in g(m(*rab constant, /n h'ho value of k is 

round to Ih' (b'pciub'Ut upon tlio Htroiigtli, (\ of tho ouvront in 

.\ • , , 1 . 1 /♦. j 1 : . .1 j 1. \\T.. 


mining (\ it will pnssrntly upprav th.u f IV 

If wo tako tho phuin E»f tlu* p.ijH’r fm' I hi* r// ]*I.iuis and 
imagine ilio wivo whioh oarrii'H tin’ rmu^ui Im «'n! ihi* papor 
normally at tla* origin, tlion, it flu* t-mu uf r.oorv. tnim induw, 
tho componautH of tin* lialtl at tin* pMtnt » i\ v* nu* 

S - lie win (A r) /r ami ) L‘ if * r»'‘» i r, rj 

or A' — - 2 i //^) ami Y *Jf\r i.i * | 

Ifevo anil tho manmiu' U^ut^ in. in KonnrnI, a 

huunllav vmlur, so that it Inw a pulnniuil tniM lnai uhn-li, nimv 
the lincH of fovi’o mv flosrd, inuNt W muliiplr 'Hm 

potential function in cvitlcutly 

± 2 r l4ur^^(///a^) f coimlant, or I 'Jtl* I oMiiNtaul, 


and it HatiniicH Laplacc^’H Kr|ualinij. 11ii^ phm or iho minuii 
sign is to bn clnmnn acconling an wo wi.hI) tu too* ilio donvalun 
of the potential function taken in any dnrrUon, t.r ttoga* 
tive, as a incaHurc of tim compunent of thr iirld ni tliHi fiinv« 
tion, The linn integral o( the tangential i’i»ui|e*nrti! of tim 
force taken around any curu* in the sif plane whseh anr 
rounds the origin is 4 so that we sufei trom SlokenVi The. 
orom that at the origin (he nmgiietie fniee m nut lamellar, tf 

a llUtgUeth* pule uf lit length m lie UIuVihI 



anniml any tduHcd path, the work «lnne un 
it by the tuiigneiic’ field will 4 wm(* if 
the pHth link right hiindf*4ll) unre with 
till' win*^ or ^erci if tln< path do nut link 
with the circuit, ^riiene re^ull^uirr found 
to he independmit of the uiflmiu tty of the 
hoinogeneotm iiitHliuni itb»ut the wire. 


60 , Hirice f th the force in 

the nn^liuin nUuit the wire ta mdenoidal* 


tlio flux of forc.o (V\y;. OO) ilirougli tlio luiit; lengUi of any cyliii- 
(Iric'.al Hurfaco by tlio liiuss i.s 2 r'. l()g(7>/^^.). Sinoc 

wo liav(^ aHHtuncd Uuil. a finiU^ (|\ia.nlily of idiu-fricily in (‘.arriod 
l)y a<‘.<mdu(d.or of /(‘ro f.rosH-stu-l.ioii, il; is not. Hiii‘[)viHiiig tliat this 
tisoful analytic, result biu'ouics iuliuitc. if oith(‘r a or /) is /xm). 

If two inliuittdy long straiglit wirt's parallel to tlu', axis 
carry ocpial steady currents of stixuigl.h ('/in oi)poHitc diroc.tioiis, 



Fhi. 01. 


and if they cut the xt/ plane at the points Ai, /la, whicli have 
the coordinates (a, 0), ( - 0) rcHp(udiiv(dy, the scalar potential 

function, U, of tlio field has at the point (x, y, z) the value 

2 6". tair ^ [;///(x - «)] -- 2 tair'[///(a: + a)], 
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luspootivoly* TIh^ lincH nf fnnM* ami thr irarrM in fhn xy 
piano of tht^ I'lpiipolonlial surl'ai’rs au* -Jitovn m l-'o.*;. tU. 

/yi-- /Vt\ /yi liia-u.sUu* nt u a( any 

point, in tho xy phuio takm in un\ iInrHsMU jit fho piano in 
oqual 1.0 i-lu' dorivalivoor at tUr ^aiun |»»nnf t.duai in a tliroi^* 
tion in iho piano at. riglit' aiiKlon Im ihr (n j, If, ihrn, a 
ouvvo r is Uio. l.raoo in Uto >vy jdunt* «<! a rv hiolio at Hiirtaoi^ ,S*, 
tlio f<(aun‘al.ing linens of whioli aro parall**! i“ ilo* . a\ni, ami if 
n r(‘,pn‘Ht*n{.H a <linu‘t.i«»n in fho plain' poi |nnnin ulat fn o, tlu^ 
lino int.o{jfral of /yi tnluMi ulunj' o rrpv*'HruiH tin* iUw of nuijjj-^ 
uoHc fort'o aoroHH S pm’ unit of its pi-i|H*niiifnlar In tht^ 

a*y piano. This intoKful in cM(na! In tlm hnn inlottial nf tho 
(jangoni.ial dorivalivi' of uIojik f' or In tim dsilomun* 
tho valiU'S of at (ho oihIh nf tho mru*. ll thin iliUVroiioi* 
is nothing, tlu' oorvi'Hpnutling ihu h utUluug; if »t* la otiimtaul 
all along r, tliis onrvo is a lino nf fnroo, 

From tln^ rosnlfH jnst. uhlninoii, h sh tnnlrnl that if two 
straight linos pai'allol to tin' axin mt tho r?/ piano m Iho 
poini.H Hu H^ nKspt'otividy, tho tln^ of nia^jnoMo tmt'n thmngli 
a cylindriotd Hnrfaoi' iMniinlc'd hy tlo'so huoa, pn unit nl its 
length, parallel to tho axis, is 

2(hlogf(/l,//,..f,/y/| J,/h 

Tins I’opvosoniK the (lux of foroo por unit of itn ihmugh 

a (urouit.Vg, oonsisting oHsoniially of iwn iniiiut«di, h*iH? ^nniiulil 
wires, parallel to Uin x axis* outting tho xy piano at /q, /**. 
when tho stomly ourrout (* imvovsos tho ououit oonfa^nuu! 
OHSontially of tho two wiron nlroady tatadiMfinh whu-h out tho 
ir// plane at, //land /fg, Syiuniotry shows that tin’* o\proHHtua 
would also give the flux ihruuKh ij, iluo to a stoadv ourront 
a in 


LUiUt lUHiui- a. iiur wiir, muiii.r.nui Mir. jiruisriic-u 

l,hi‘ oI.Imm’h. If A, J/, iV lire th(\ inUMi.siUt's of l-lu^ c.oiiipoiuvuts 
(if // !•<> Mh* ciuml inaii^ axi\s, L anil J/ aro fuuctioius 

of X anil // will In ,V i.s y.rro. 

r - 7 * 1 // , r r r - 7 * '/ 

JJ (.r yf \ui a'/ "jj 

wlHM’n Mil* dnniili' int.i'gnilH oKUnnl ovnr i.lu^ soniiou of tlin I'.on- 
(hici.in* mailo by l.lii' x// piano. Iftlio wlioli^ amounl; of our- 
ronl. in tin* condnrt.nr in anti if u I'oprnstnit.rt ilui (liKtaur.o 
of till* jminf (.f, //. .t) I'rnm ihn axiH of .t, and </> iho aiiglo 
fair ‘ (///.t’), //A and //J/ upproarh Ujo liniil.H 2 /-.sine/) and 
2 r'‘roHc/) wbiMi it iniTouHi'S willnnii. lindl-. 'fbo lino iniogval 
of l.lu‘ lanKrnliul rtniiponcnl. of tlin. lirld, l.akini around any 
imrvo, whirh HiirronndH lln^ condiirtoin in t‘(pial t.o tho r.orro- 
Hptniding inIt'Kral lakiai anminl a inrrlo in Uu*. xi/ piano of 
iullnili' radiuH, willi otadro al. Ilio origin. 'Plio valuo of tliia 
last, iidogral i.s obvimisly -Itt/'. Mxo(‘p(. for points in ilio 
mass of I ho oondiiolor, iht' ini (‘grands of tlio oxprossions for 
L and M aro continuous funct ions of x iind // for all valuos of 
x' and //' within the limits of inti'gration, and and 

nj. \' 1>,M 0 . 

At all points in empty space msir tho conductor, th{‘rororc, iho 
iiold is Holcnoidal ami Imni'llar and there is a potential function 

t I ^ 2 y' Ian ‘ [ (//' //) fix* x)\<lx'<iii\ 

which HUtisiii'H Laplace's Mtpuitiou, 

In thi^ sp(‘eial east' where tlio eomluctor is in tho form of a 
right circular iwlinder (or (»f eonctmtric. shells bounded by 
cylindrhud HurfaccH of revolution), and where the c.ummt den- 
sity is a function only of tlu^ distatice from the z axis, whiidi 



256 


ELKCrrUOMACiNKTIHM. 


cohKUd(^8 with tlu^ iixis of tin* rntniuiior. \\w l\vU\ i.n i-vith*ntly 
syuiiiH'trical, and tho cliivi-fi«>n i>f flu* huff af aii\ b 

p(‘T|)cndii'.ulur in thn [>(*r|M’ntli»*uLir lu iht* aw^ 4iauu Ihrcjugh 
tho ])niui. ICvorywIu’rn in rniipty m tin* inanity nf th^ 

tumdnc.lnr a pnimUial funtdinu, iJ, autl, ^aurr fi n , 

Laplmto'H Mt[naiioH dfgnnin'utra inlt> /y’ii th *»v y 
TIu^ work (lont^ by tin* linld wlrnn u pulr uf htrongth 

' 1)1 movDH around a t'irtMiinfpioiMMs u\sh t*f uhirh in tlu» ^ 
axitt, in cwidunily ('tpml to i -Iwf'm, utinr c ih flu* niim 
of tho c.unvuU in all Iho inirmnt lihuuiitbi wlat-h itin path 
cnolomm. Hinuo tho linn intrgral nf lakrtt nnmnd any 
aiu'.li path ill ninpty Hpuro in ngitt handed du**,iiMn urtnmd 
tim (UiiTout IH *J7rff, ti in nqiuil in aimidtil** \ !u iwirt^ tho 
whole cmrreivt earriini hy nt* imndi id lh«* rMiidnrfur hh Hph 
within the path. If the tlirrrUun nf thr t hmh ih mudi Uuil, 
if the eye in in the pimitive x ii\\n l^wdiing ui iht^ origin, a 
count, aiMdonkwimi rotation of itio |i»ms!uo j td #/ ihrnugli 
90° would make it coincide willi the pn-aia** ■; hmh, anti if 
y 2 f + the fortn* Hi any pouit ntU in Ih*- nutftH uf tin* 
conductor, in any direcUim, in the dfiuatue id y hi ilmt point 
taken in the tUreeliou in quefaitm, and iho ir ^diunt force in 
-- PqU / r i)V 2 (' / r, Thin ih ilie ^luiie m if all the mirrcnt 
nearer the ^ axin than the point in ipsepdion wriv lluwtng 
through a fine wire coim'ideui with lie* ii\in id' If the 
iufmitely long cylindrical conthitdor in a uniform ttdie, the 
axia of which in the axU, Ci idi I /» in the miplv npace 
within the tuhe, tuid, aince (on account of innumUivi the 
reHultant; force n/t mimt vuniah mi tin* nxtn, n in jvm and 
the iuteimity of tlie fhdd within Ihi^ tula* i?i every w inn e zero. 

We may eaHily find the inteimily of the fdoefroinugnctic 
force at anv noint P wiiidu 


c.iirront aa lioa oiitsido S, ia iiolilnng; the foree due to so mxieh 
ol' the c.am'.ut iia lies within A' ia (ividently the same aa if this 
jKirtiiiu of the (uirrcmt were eoueentrafaid in tlio axis. If, tluire- 
iere, a straiglit eouduetor in the form of an infinitely long 
cylindm' o( revolution of radiua a. earriea a atoiuly eurrent C in 
the diree.tion of its hmgtli, and if the inUsiaity (y) of tlio e.ur- 
rent ia a fuue.tion only of the diatamui (r) from the axis of the 
eouduetor, the intenaity of the magnetic, foree (//) is 2 0/r 

■without tlie cylinder and - J xi/dx within. The flux of 

induction per unit length of tlie cylinder aeroaa so much of 
any plane through the axis as lies within the eondnetor is 

e-4, fV!i: ft./,;... 

If (/ doaH nob involve r, tlio (uirrant in uniformly distributed 
Uirouf^li ilia aouduotor, tln^ Httouj<th of the liald within the 
eylindor is 2('r'/a\ ami in (Miiml to f^C, Jf the axis of the 
(‘.ylindar in the z axis, the fore.a c.oinponentfl at any inside point 
distant r from the axis are L — 2 Cy /(i\ M— 2 Cx / ii\ so 

that // is Holenoidal, as it wtmld be if q were any amilytie 
funetiou of Hinee // is not lamellar within the eomhietor, 
it is at the outset clear that there can he no scalar iiotan- 
tial function it there j it is well to notice, however, that, if 
the derivative of a scalar function, O, at any point in any 
direction riMpiired to show the force at that point in the 
given direction, it would muni to satisfy, within the conductor, 
the two incompatible conditions, 

D,a « 0, (/V2 ) /r = - 2 Cr /a\ 

Hince If solimoidal ewim at inside points, we may ask 
whether its eomptments are not the c.omponents of some vector, 
which may be in^gardad a v6(‘tor potential function of 
//, and it is eh»ar that a vector of intensity — Trqr\ directed at 
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Tn tlic oaao of a long, straipclit wire of radius a surrounded 
by a coaxial tube of radii h luid c, and carrying uniformly 
disliribnkul a steady c.unauit (' wbic.li rcduriis through the 
tube, tlui elo(‘tr()inagn(dic. force is evuhuitly zero on tlie axis 
of the win', and (anitiiiuous at (W(‘,ry distaiuio from the axis. 
If iri and /Cy an', the inkmsitii'.s of tlie (uirn'iit in the wire 
and in the tube rcspiH'.Uvtdy, — vcyTr (r/-* — 

if w(' apply tlm formulas just i)rovi'd, we shall learn that 
tlu^ stn'Ugl.hs of tlu' Ih'hls within tlu^ win^, betwecui tlie wire 
and tlu^ tub(S in tlu^ body of tlu^ tube and without the t\ibe, 
art' giv('U by the expn^ssions li 7r//-Vir, 2 /r, 2 r^) /r, 

and 0, 

M) is to bi' noted that thci Bl-rm^glh of the magiudie held due 
to a given tdeid-ric. c.urnmt is, in the liouiogimeous jiuuliuiu 
wbiidi H\irvoumlH tlnn eurnmt, wholly imb'js'iHlent of the ])er- 
nienbility of tiiis nu'dium, wlus’t'as the iudd due to a givim 
magiH't would bi' invtn'sely jiroport-ional to the iiubudavity. 
If tin* Helds (d’ a givt'.n circuit and a givc'u magiud wiu'i'. the 
same- in one honiogi'iieous nuMliuni, th(‘y would not lu'. the 
sanu' in anotlu'r homogeneous luedimu of differisit magnetic 
inductivil.y. induction diu'. to a curnmt circuit in a bomo- 

gi'neoiiH lin’d ium lilling all spiici^ is jiroportional to the induc- 
tivity, as is tlie ent'rgy in tln^ medium. The induction due to 
magnidJc. matter surrounded by a Inimogc'ueous medium is 
iudepeinlenl of tin' imluetivity td’ the medium. Tlie aedion 
of a distrihulioji td‘ magnetii’ matter in an inlinite homogeue- 
ouH medium on a eireuit carrying a sUnuIy (uirrcnt is not 
alt.ered by elianging the inductivity of the medium, 

78, Closed Circuits, ICxpiuament shows that if a sk^ady 



ulUi wonc luuui inr IHMM IIM lu.- * « .r» i.r, v^nairvtT UIB 

(dianu’t.t’i* of t.lu' iiH'cliuju urar tlu* moiui. nh that a p'»ti'atinl 
fiiuctiou (‘xusts in (la* .stj raUi'«l oin|!} \ aUMui ih|. vvim 

Tliiw poUMilial imislr Ut' niuhi|»l«’ \alio"«K huo «• tb,* Iihvh ni Ibivo 
artu^loHotl, If Uit* polo lio i-ui to-ti iMuml a » path wliirh 
liiikH uuou with tho rirouit, iho umk iImup ».h ihr pt^c ),y tin* 

in i \ tthrlhi'i* tli< jniMlitim 

inlrrHi‘r‘linl l»\ thr path Vi 
«)r Ont. iiiba, fimt no 

m’uiar p**1«'nlial t'xihiH la tlm 

win' whaiiriU Urn thr » nuriil. 

04, H foltnwn Inan tUo r\pfn uju'tiiH of 

Ainpovothu \\%V hr|»l «»! tnaKtirlir 
duo to a Htoady ounvni of (* oltn inuoioaurui- uuUn tinwing 
ill a olimod liuoar oiri’uit iu a lo*mo|»oncniun lio-duiio, \h ultn^. 
tioal with Uin lioUl of nuiKUoin* s’fo/iofkiN ilur to a Htinpln 
ma^iinolic. kIioII (Kig* li*i) i4i'fUi:ih r Uoijnlml l»\ ihr (nnniit. 
I'llia Hlatouioat tl('litU*H liio oirr!iouia|.:iHitr unit i»f rurirnt, 
Tlu^ nuignotio forn*, duo In a riuiooi mI t' rlmu inniiii^inaii’ 
uiiitH llowiug; in a oinnul linosu- fdirm! in a hi»joMgi'uooim 
im»{liuin of iuducUvity fu in tho futno’ in inai^nnf luii'' lUid tliiot'- 
tion at any point P m Uio fona' duo 
to animplo inaKUotio hIioII of iitrois|(tti 
Ofx boundod by tlio oironit. 'I'lir nbidl 
3uay bo of any fornn providrtl tlnit H 
doea not imm thruugli /‘and that \\n 
poaitivo aido ia anoh that tlio oiirimt 
sun’oundH rightduuuh'tlly tlio liuw 
tion of polarimtitnu i’o nmko tlio 
potoutial fimnfciou aingh'^valnod, wo 
may oovor tho cirouit by a rap nr dia- 
phragin, fix at ploiiauro Itu' vaino II,, 
of blio pobnitial funotitni at mnno nno tiiJint O In tin' fn’ld, and 

-1 Il l . , » . , . . . . 




mixy puinT} JL on me axis oi a circuiar currenL oi raams 
a, at a distance x from the plane of the circuity the circuit 
subtends the solid angle 

(0 = 27r(l — cos 0)= 2 7r(l — X f'^a^ + 

If the strength of the current in the circuit is Cj the magnetic 
force at P is directed along the axis of the circuit (Fig. 65) 
and is numerically equal to the negative of the derivative with 
respect to x of C(o. The intensity of the force is, therefore; 

2Tra^0 l{x^ 

and at the centre of the circuit, where cc = 0, it is 2 tt c/a. 
This result evidently agrees with the awkward statement 
sometimes used to define the electromagnetic unit of current. 

If one centimetre of a linear circuit 
which carries the unit current be bent 
into an arc of one centimetre radius, 
the strength of the field at the centre 
of the arc, due to this portion of 
the circuit, will be one dyne.” The 
ampere, which is the practical unit 
of current intensity, is one-tenth of 
the unit just defined. 

If for convenience we denote the 
quantity ajx by and its recip- 
rocal by v, the potential function {Cm) just f ound may 

be written in either of the forms 2'jrC \'l — t / ^ 1 or 

2TrC\l—v/'\/l‘\-v% and, according as is greater or less 
than a, we may use one or other of the developments 





J ny* • l\ + • /■» • • • I . 

2 rrC- j I - Py ■ 1\ + \ ■ 1\ - ’ '_ 'I /•,“ • /‘s f- • • ■ j ■ 


If an infinitely long Ktraight wire which earrit^n a HltMwly 
cuirrent, Cj fonuH part of a plaui'. (‘limeil eireuil, all the other 
parts of wliieli are at iulinityt and if tlu‘ plane nf the eirenit 
bo used as the plane and the wire m the .x an in, llu' H«)lid 
angle subtended at the point //* ^x) by tht^ eirenit is 
2(7r — 0)j where tan ^ — ///^. The foree eonipoinnil.H at the 
point are, then, the negativ(‘H fif the derivativt‘.H with renpt'et 
to X and // respeefcively of 2 ('(w ), that in, 2 ( )/ / (4’’*^ } 

and + Cx / (x*^ + i/^)^ as we already know. 


79. The Law ol Laplaoe. Meohanloal Action on a Con- 
ductor which carries a Currant in a Mafnatio Field. It will 
bo evident from tin* diHeussion on page 21H that tln^ stnmgth 
of the inagneti(’. iitdd, //, due to a Hteiuly eurreni <d' (* eleel.ro« 
inagnetie units in a rigid linear einndt may almt eompnted, 
whatever the indiudivity of the homogeneoim Hurrounding 
medium, on the assumption that evt*ry eleiinmi fin of tin' eir« 
cult (Fig. 07) makes a contribution nuiuerieally etpuU to 

O' sin (r, dn) • tin /r^ 

to the force at a point /\ whims r is the diatjyiee uf tin from /*. 
71i0 diree.tion of the contribution is normal U) the phun» of /* 
and (Is, and such that a nc»rth magmd.ie ]»olt» at r UindH to 
whirl righWiandedly about a straight line drawn through ds 
in the direction of the current. For a siniple illustraiiou of 



tlio \\m of this rulo, whic.h is soinotimcs called Laplace’s 
Ijaw,” le.i. P b('. a point; at a distaiuu'. from an inlinitely 
loiij^" Hi.ra.iKht wirt^ wliic.h earrii's a (uirn'.nt 6', and Id; .s ho 
tlu^. disi-ain'o of tfs from tih(‘, foot of tlu‘ pin'pondic.nlar dvoppi^l 
from P upon Mn*. wire.. If tin*. aiiKh^ (r, r/.s*) ho denoted hy 0, 
.S’ <‘t,n 0, </s • ’ • )\t ese.“ 0 dO, r = -• r„ esc, 0, All tlu', dements 

of tlu‘ (uirrcait e.onspin*. to i>rodne,(‘. at /* a nia.Knd;i('. fore.c per- 
pondieuhir to l.ho plane of P and the wire. The iiiaguitudo 
of this for(u^ is 


>'' sinj? • <h 



n 

sin Q<19 = 


20 



as heforci. 

If a circuit is luM; ])lau<'., the dinhrent (‘lenumts of the 
(uirnuit will contrihuh^ to tlu^ ma-Kiietic. for(50, at a point 
elementary forcens which do not all 
hav(‘. the sanu'. directions. In tins 
(‘.ase it is lusu'Hsary i.o (snnpute s(‘pa- q 
raLdy tluM’ompoinmts A, /!/, N of //. 

If i.lie coin’d inal.es of the lu'KinniiiK 
of ilii ar(^ .Cj, //i, .^1, and t.liosc of the 
(md .Cl -f dxyy wliih^ 

thoH(^ of /* arc^ .r, y, a;, the dinnvtion 
eosiui^H of r and t/s are — rr)//’, 

(//t '/)/'■. («i ■»)/?'. 

df/i/fLn, (Ux/dn, and* if the divec.tion 
e.osiut^s of f///, the contribution to th(‘ rovc.(‘ at P made by the 
cnrnmt (‘leunmt dn, are /, ■;//, a, Hum, siue.e this direction is 
p(»rp(mtH(»ular to r and to ds^ 



l{xx x) + w 0/i y) + n (^1 - z) — 0, 
Idxi + })nlyi + ndzi = 0 , 
P 4“ m ^ 4- ^ — 1 . 



8''' respectively, and ^ >\V we jearn from t.licsci 

etpiations that I — 8'/ 8, /// • 8"/ 8, y/ 8 ' / 8, 

cos (ri, ds') = [(.Ti -aOr/^i d' (//i //)<'/i f ('.'i -M '/.rj J /re/^ 

and sm(r, ^/.s‘) — 8//'f/.s\ 

If, then, the e()ni])oni‘ni.s of //// art' ^/A, f/d/, ^/.V, wi* liavt' 
the e(|uath)ns ^'8y/’^ r8''/ ^8"', r“, uiid 

from these, by integmtinii over llu' eireuit, tlu' Uwrv at. /‘ may 
be (ionipntod. 

Since ae.tiou and veaet.inii are eijual ami nj»iHt.silt% a imit 
inajL(neti(*. pole at I* wonhl i‘X('rt upim the element uf the 
condnetor ■which carrit‘H tlu^ current a nu’cluinieal nr “ ptindt'ro- 
motive^’ fore.e tin*. coiajuunuitH <»r which would be f‘8' r^ 
— (78'7'r®, — ddu'se componentH* written in ternm of 

the coinponentH 

of the magnetic, fudd at r/x thu^ to the poh* at i\ an* 

C(NJi/r - r'(/.,//.r, AVAr,), (\ MJx, l.Jif,), 

and, since so far an this ftu’cc^ is tu>nct*nteil tin* origin of tin* 
magnetic field is immaterial, these ('Hpressions give the rum- 
ponents of tlu^ nicebanieal fnrci* wliieh aet upon tin* ideineni 
ds of a ciisniit carrying a steady current (* in any magnetic 
field which at dn has tin* compontmts J/,,,* Ay. 

If the magnetic, fudd at dni an t‘lemcmt of n lun*ar circuit 
which carries asbnuly current (\ indtte in a Htemly enrreut 
(Jg in another circuit s«, tln^ tdiuiieiit f/s., of the i^eennd circuit 
at the point (;rg, rUg) mmtribuies Pi the magnetic field at dny 
at the point (tr^, //j, Zi) comtmncmts numerically eipial to 

C 

^s) (//l 

fL 
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SO that the x component of the mechanical force exerted upon 
the circuit element dsi by the (dreuit element cZ-vg is 

0 0 

dXi S \ [(yi -- yg) dx^ ^ (x^i - Tg) %2] dl/i 

[ (^1 ^2) (^1 — ^2) ^ > 

or Cl (t / r) • dx^ + tlyi • r^yg + dz^ • rZ^g] 

^ Cl (\dx, [ ( t / r) (1 /r) dyi + (1 /r) dzi], 

CiO^dtiidn^^ , ^ 

or [(,08 (x, r) . cos (^Z,«?o ds,) 

— cos (a^, cos (r, [203] 

where r is the distance of from dsi. 

The X compommt, JV], of the whole nicclianical force exerted 
upon tlm rigid circuit Si by the rigid circuit is to be found 
by integrating the expressiou just found over both (dnmits. 

The resulting integral will evidently not he changed if we 
add to the integrand any quantity which disappears when 
integrated about either enreuit, and this fac.t makes it p()S8i- 
ble to find many other expressioua for the nuuduinic.al force 
exerted upon an element of one (nrc.uit by an eloment of 
another, whitdi will account matliematituilly for the observed 
forces between two rigid (dosed cirtmits. 

According to Amp^re^s analysis, the resulting action b(d;ween 
the two elmuenta d^xf is an attratstion in the line joining 
them of intensity 

[2 cos (r/si, cb^) — 3 cos (r, dsi) • cos (r, ds^)']. 


* For cxhau«tlv(^ troatments of this Important subject the reader sliouid 
consult AmpM'C, OUbmi^H Ann., 1821 ; Amp6re*., Mdm, de VAccuMmie^ 
' W. WeVmr. tJm. Wfisrlm * firRMainrinTi. Pnan. Ann.. lS4ri ? 



Dlcilicnts ])(*.rp(^iuliiuil{U' i.n t-hn Inn* whirlt IIh-ju 

Ga(jh ()l;li(‘.r with a rnrcc'. H r\ 'TIii'm* (*\|uvh. 

sions, liko thoso whic.li ))n'fi’th', hold ).^ood wln*!hi‘r tho idr. 
ments ds.j^ bulung to thu kiuiuj cdrciiil. or io two dillhnMU, 
circuits. 


If two innuitnly long strulght win*s sd), pnntlhd In c»nrh 
other at a distanco a uiJurt, ruii-v iu tho .Natiu* iluiM-titiu tin* 
steady currents 0 ^ rt'Hperlivf'ly, tin* no’i-hanirnl I'nivo 

exerted on .<?i by is cvith^nlly (\(\ \ I 

or (2 CiCi/a)Jdiiif aoiluit every tmit loiiKlh t»r in atlnndml 

towards ,93 with a foreti tjf 2 (\(\ 'n dymvH. 

If each of! two ehmcnl eireuit-s (.9,, wliitdi ourry aftnuly entr*- 
rentSj e.onsi.stH i\ssentially nf iwo jnlliuhdy long u iiom 

parallel to the axis, if tlu^ current h eonte tip 1 In nui-di the .ry 
]>lano iu Uiotwo ein’ints at lliepninls («>, /m iif.pt'ef n i-ly, 

and go down at the points (d, 01, n\ /m, the Uuti ihirint 

ex])tn*i(‘n(^OH a force ttnidiiig In nrgt' it tn lie* ilncriitiii nf thr 
£r axis, and the iuUniHity uf thi.s hnee per nnil len^^tii of Until 
wires ol is 4 \ 1 / I ^ [ (a j | j {. 


It is evident front ilu‘ tlisenasinu nf the pn»|w^rti»-i nf ning 
netic, Hhtdls iu air givi'ii nil tiage’JIT flmt ila- nin hauu .il aehnn 
on a rigid linear eireuit eiinying a eln-el^ mi unit f* m n 
magtui(.i('. field (eauHcd either by pin tmue ni nniKurf'^nt h\ ni hm 
(uirreuts or hy both) may l<e inalhmnal u alli ie rMiUih d bo nn 
the suppoHithin that every elnui-nl dn nt tfm i umU Ui nu:f»»f bv 
a force {Ujual to fb/x linicH the t'liMipMinan i/'k peipendiesjlar 
to r/x, of the total iiiagnetie indtn-tnin, 'f1ir ihiniiMU h nf 
this eleuumtary force in perpemlicnhu In ihi^ plasie nf iiml F 



Tho same aaRiimptioii will aaooimt for tlie phenomena 
ol)Hcrvo(l when a d(*,r()i’mal)l6 circaiit is placed in a magnetic 
iiold. 

A(‘C()rding to tliis theory tlie component in any direction it 
of ilu*. fore.e on the ehiiuent (h is (Uh • B • sin (7/, ds) e.os a, where 
a is the angle hetwcum n and the normal to 
the plam\ of li and ds, and this is minuui- 
cally (Mpial to tlu^ voluino of a parallelopipcid, 
adjae.eut (^dges of wliicli are reprosentcKl in 
magnil.u(l(‘. and diree.tion by (Uh, and a \iuit 
h^nglli in Ihi^ diree-tion v. Tins volume may ^ 
also b(\ r(^])r(^si‘uU'.(l by (Ufs • ds) * B', 
wluu'ti />' is the, (‘.on)]){)n(nit ef tbt^ iudue.tiou B, 
normal to tla^ phuu^ of ii and r/.s, and this (‘.xprossioii for tho 
for(5e comjioiu'nt is oeeasiomilly nst'fub 

Tf (A m, n) are tlio dirc'ction cosim^.s of the ehnmmt ds and 
if the cH)mi)ommtH of tluv imlue-tiou Ji arc* JU, 

sin (7/, ds) \ (ni * — n • B^y^ + ( 7 ?. ♦ 7^ ^ • 7y “ 

+ (/ . //, m . B,)^ 1 4 / 1 + V S ^ 

and the r(‘Hulfcaiit elcotnjmaguotic force on the circuit element 
d$ has the value 

C I (7;i » B, 11 . /g^ + (n ♦ /#, - ^ /g“ + (M?, -- m . 7g2 ^ 4 . ds. 

Tf ds is an (Oeimmt of a current lilaimmt of croas-soction w in a 
massive e.omliK'.tor in whicli the eurnuit vector is qov (u,v,w)^ 
w(i havt^ ffui = “ (>, 1 / 0 } l(\ VO) — wo} — nO, and the eleetro- 

magiuitie. fortu^ may he written 

o) 5 (a . JK - ‘ • ds. 

Tho components parallel to the coordinate axes of the ole(‘,tro- 
magnetic force ijer miit volmm^ of the (ionductor are, tliendorc, 
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the field can be roproHcniiul tiuiiHTic'jilly by Qu\ vidnme of a 
parallelopipod^ (umtienniiinus of whirh aiv Tf/.s, //, and 

du; thia voluiuo ia uuiiKn’ii’iilly ntpiul it> Umrs tin' unmln'r 
of linos of induotion of tlin linhl nut h\ thf t'li'iin’nt iluring tho 
tranalaiikm. If an obscu’vnr bn ijuuKinml li» lir in \ hr nlmumt 
iu Hvin.h a way tluit the (uirmiit niitjT.s at Ina UtI and gona niit 
at his head, and if hn fat’cs iu Htmh a dirni*{it»u that hn nan 
look along the linns of fnrc'n, tJin wnrk dnun by tin- trausialii)n 
■willbe positivo if Ihnsn lnn*s appear to pan.s biui I'nnu left to 
right, that is, if the displun(uni'Ut is in his b-tt. It is nusy in 
aoo^ nioroovor, that if tho I'lnunnit ds Im rrvidvt'il abntii any 
axis through a small aughs the work di»nn up»*n it may 
ropresontn.d by 6' tiiuns tln^ jiiimlH’r of liurs of indui-fhiu (*nt 
by the cdeimnit during thn itisjdannmnut ; \\v may iuiv\\ tluMm 
fore, that the nlentroniagiu'tin work dnuo by ilm lirld tipon any 
portions of a nirnuil during any diNplu«’nuM‘Ut i.h nu'asmnd by 
tho prodxint of ilie tmrri'Ul strnugth ainl th*' imndw'r of linns 
of induntion nul; by s. d'hn tlirt'niiou In whinh a rigid nlosinl 
linear eireuit (tarrying a stiauly nurrnii! t' in a inagnrfin hidd 
of any kind will tend t(^ niovt^ juny bn infmod tioju tbi» fmd, 
tliat the nirnuit will b{!bavt^ in this rnspnrt bkt' (ho «*’piivalmit 
inagnetie sludl. 

It is easy 1.0 Hi'H frtau tlnMlisriiHHion on page L*n» that thn 
mutual potential nmn-gy of an n%lninal brid and the iuag« 
netie shell menluudnally I'quivalnul to a givnii nitmii,. that 
is, tlie menhaninal work (hat min4 \n^ dour lo bnng ihn shnll 
already formed into llin Held, is nipnd lo f\\\ rUinrn 
is tlie whole nuirdmr td liunM (unit td iiidiirfi«nt of the 

field whic'.h the eurrnnt surrounclH righi Imndodiv. nir» 

emit will tend to movt% thnrnf*»rn, s** m to nuiko .V ns hirgn m 

^ T/* I?.... • i * 


of luomonfc (7 • yl • 7? • sin 6^ acts on tlie circuit and tends to 
dec.rtuiHO 

If into a magnetic field Fq wliicli has the components 
-V,„ -Ko, ^0 a linear circAiit carrying a steady current be intro- 
tUuuulj and if the electromagnetic iiold due to the current alone is 
7b or(X„ Vi,Zi)^\K^.wholQfiiMii^{Xo + A\, Yo + Yu Z;o + Z,), 
and the whole magnetic energy in the field is 

^fff i (A, + + ( r„ + r0 “ + (^0 + I dr, 

so 

or ^ JJ//" 

+ -tffS ^ 

+ -T- r r Tm + Y, n + ^ 0 ^,) dr. 

Tho first integral, is the nmgnotin energy of the original 
field, the second that of tho field of tho oirouit alone, and tho 
third tho inngnetio energy due to tho introduction of tho circuit 
•when fonuod into the field. We may now show that this last 
term, which may bo written 

• Fi • 008 (Ffi, Fx) dr, 

m 

is equal to the product of the strength of the current and 
the flux of induction of the original field in tho positive direc- 
tion through the circuit. Since all the oquipotontial surfaces 
of the field Fi are bdunded by tho circuit, wo may cap the 
niitnint'. "Kv a wVuiln MArioH ^ of Ruoh Surfaces and write the 


total induction through tho circuit diu^ to the oulfiiiie field in 
tlie form 

M ^ ^ ^ ^ j ^ *''*•*'* i* \ ) (iS^ 

wlioro the iutograliiou in to W Uihnx ovor unv ntn* of ilwm 
caps and where /, m., n are tlu^ (iuTcUou t»r tho nnrinal 

to tho cap. 

If a unit map^nctic poh^ wco’o carricMl anMui<i atiy lino ttf fcirao 
Si of the iicld the work doin' on it wnuhl hr* 4 w tinn‘H 

the current O in the eireuit, ho that -I ' ( i’\ If wo 

♦ ^ 

multiply each aide oC thia hint eipuitiiui liy .1/, we have 


C C i f m }'„ {• «/„)iAS* 





Rince the caps are erjuipolcnitial, han Hio »^anto vahn* for 
all linos of force In'twoonnny twrr rapK* and :iinor iho jinlnotimi 
/xAy is Holenoidal, the ilrst inti'^ral hudor nf th«* nrrmid mono 
her has the same valiu' for all the ea|ei. U i* mav hiid the 
value of the 8(UH)ntl member, tliond'orrs by unuvnni uic npaee 
divided up into elements which are jHninmHol tubrn oi bwee 
of the field bounded by ec|nipotentiiit loirbe on of iht i fhdd, 
multiplying the volume of each eleimmt liy th«’ vaho* m it of 
Hnd finding tho limit of ilir linm uf all 
these quantities divitled by 4w, The vabm «ii the vnlnme 
integral must be, however, independent id tho ahapon of thn 
elements, and we have, in general, 

off fi(LTQ + m 



The magnetic energy in tlio medium is often called the ^^elec- 
trolcinoi.ie energy. Tliat i)ortion of the elcctrokinetic energy 
wliioli is due to the introduction of tlie circuit already established 
into the given held is evidently the negative of the mutual poten- 
tial energy, corresponding to work done against inechaiucal 
forces, of the (upii valent nuigneti(5 shell and the field. 

If a portion s of a clrcuiit (dectric.ally connecited throxxgh 
moreury (uips with tlui rest of the circuit, whic.h is fixed, bo 
rotattul and iinally broiiglit back to its original position, el(‘.c- 
troniagiu^tic work will 1)(^ dom^ on s if it cut lines of the field in 
positives direc.tion during tlie motiioi), hut the whole (urcuit may 
b(^ rej)resent(ul by 
the same inaguetici q - 

shtdl at the lu'gin- ^ 

ning and at tlm end -rF - 

of the process, and ~ 
tlie mutual poten- 

tial energy of the dZ 

circuit and the 
field is unal tered by Pxo, (jO. 

tlie displacement. 

Under these (drexuufltauc.cs, as will appear in tlie sequel, cur- 
rents are induced in « by the motion. 

If in the ease of the eireuit shown in *Fig. 09 the conductor 
AH is free to slide on the rails ./hi, OH in such a way as to be 
always paralhd to /K/, it will move in the direc.tion indicated 
by the (let.acluul arrow, the eireuit will be made to embrace in 
the positive direc.tion a greater number of lines of induction, 
and the elaetrokinetie energy will be imu’cuised. If the motion 
take phu^e without external help, tlie ncc-essary energy must l>o 
furnished at the expense of clicmical action in the battery. 
Let A’ he the eleetremotive force of the hatterv, r the resistance 
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part, at least, (/VtZ^j' app^irs as heat in the conductors which 
make up the.m'rmit. he held still, 0 will have such a 

value) Co, tha^ ^Cq If, however, AB be moving toward 

the xighiif^ the current will be smaller • than Co, BC will be 

a fraction of ECo, 
Ch^ a smaller frac- 
tion of Co\ and 
EC will, therefore, 
be greater than 
Ch\ The difference 
(EC — C^t) dt now 
represents the work 
Eig. 70. done during the 

time dt in moving 

AB : a part of this work is used in overcoming friction on the 
rails, a part in communicating kinetic energy to AB, and a 
third part in increasing the energy of the medium. If for 
convenience we denote (EC — Ch^)dt by C-dp, we shall have 
E — J)p = Cr, and the current is the same as if there were 
in the circuit an electromotive force opposed to that of 
the battery. If an external force were applied to AB tending 
to move it to the right, the velocity might be increased so much 
that the current would be reduced to zero 
or caused to flow in the opposite direction. 

If, however, AB were forced to move to 
the left by external forces, the current in 
the circuit would become greater than Gq 
and would have the same direction as E, 

Pig, 70 illustrates a case where the 
resultant magnetic field is, as before, 
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A-* : 


any instant tho ourront flows fu 


\ 


d^/l!om^t]^•Q‘•*©tnltre to 
tho brush /* and tliu c.ondiu'.tor the ^f\i4Toiit is 

urgiul to turn in the diro.cvtiou indi<*.d;4^’' by the^^^ir vowi^J^^he 
energy in tho niodium is not inort'asou by the nt^on oi 
disc., and tlu\ work doiui by th(‘, battery is spent 
the conduo.tors in tho oirouit, in ovoroAnning frj^^ii aipWtko 
rosistaiK'.o oT :,]io air, and in iiutroasing the 
kinotio o.iuu'gy of the disc. If tho field is 
\iniforin, if A' is the area of one fac-e of tho 
dints and if the media are of nnit indne- 
tivity, tlu^ work done on the disc. ea(‘h turn 
is 0//jS] and if it is making ?i, turns poi: 
stujond, wo have 7(-Y/ + f-VAS'M, If 
the disc, be used as a motor to overeomo 
resistauca* of scuue kind, and if tlu^ energy 
ra{(uii‘ed ])or turn ih/(?/), 67/ A' —/(//), mid 
from-ilu^HO two (uiuations n and (J auay be 
found, if / Ik^ a kiiowu futudiou. 

In the arrangmnent shown in Fig. 72 
a rigid wire free to turn about the axis of 
a fixed vtudic.al juagnot makes elec.trieal 
eontacd with tlio magnet at* its niidclk*. 

Tim eurrent from a battery flows through 
a circuit made up of the wire, the anag- 
not, and a supplementary fixed eouductor 
forming a prolongation of tho axis of the 
magnet. In this case the wire will turn continuously in the 
clirecdion indicated. It is easy to show that a fixed magmvtie 



Fun 72, 


01 LIU) DDgllUUnf^^ U| \,i\v riruirni \ t \ i . im. tn.'i u.i j, ch/,, oVj, 

whioli aro luialytic {'imciinns (if ./•{, //t, .v^ 'vnrK cli»iic* l»s iln* 
foiT.os wliiuh ,s*jj i‘..K(‘r(S tipnii a'i is a|»prn\ iinatrl\ tspial to 


■«,<■, I ,/ri «//, I .//, Sm). 

or io 


I (/(/,. 1 i/.v, 


a J [ I /'’) • '''•'■i • I. '■) ■ 'A'/i • 1 1 /'•) ■ <i'V| I 


[(/.rj . S,i'i 1 (///a • S//, I ■ Svi j. 


''riio first, fat'l.nr uiulrr I In* iutrgral soois iti tliu M'fniitl 
iutagral of tho lust. oHprossinu is ispial tn t I ■'ri ami 

if wo in 1 .('j 4 ;raU‘ (.ho wIioIj* inio|,p*uuil la partn with i«*h|MM't to n,, 
wo goli 

‘ 8.r J I ‘ hf/i } r/t-j ' 1 /* j 

’ - j (f/Wg • I ////ji ■ </^//} I J ‘ I ) / #% 


whoro Uio (‘Xpn'Hsitui iu hraoKots, luu uitt thr hunio \ulno at 
both liiriihs, oaii Ik* uiniMoil. 'I’ho t-xpioNMnu tm ihi' olnnou 
tary work iloia^ on (luring its (lihiiluiaunont thoirluris 

1 } /'...I n 

[W^Ti I t/f/i . r/y^ I (t4‘, ' f/.t., I 



I ti.%^ ’/*, 


and tluHi is obviounlv oouiil to I ho vuriiiti«»n *»f i1m< udogrul 
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c.ausod liy 1,1m (dc.intiul.ary disjilaiicmmiit. This last iatc'.gral 
written in tlm form 

I J [••■os (fAvi • (/,«.,) /r] d.si . [204] 

giv(\s wind, in ofUni F, IC. N(ui.nuum’s Expr(',ssion for 

Mh'd rod !/)((( mlr PofvntUtl, ^Flu*, inc,ri*iiso in tho value of 
t.liis riind-ion eaus{‘(l by any iiniU^ dispbu'emoiil; of evidently 
r(\pre.H(‘iilH {.Ih^ work doiii^ on ,s’i by the ludd due to .Sg during 
the dispbu'eiiHUili ; Uiis work dt'pends only u])on tlu^ oidginal 
juid linal etinrigurai.ion.s, kh(M‘.trodynanne. l.\)t.ential eorre- 

Hponds to that portion of t.be ('b'ctrokinc^tie. energy wliudi iw duo 
to tlit^ imi(-ual proximitry^ol’ tlu*. (dnaiits. It»s iiega,tive is (upial 
to wha.t is soimU.inies calbul tlu' inutual potential eiuu’gy due to 
tb<^ in(‘elia.nieal Tonu'S a.eting iK'tween the e.ireiii1.K. .It is inqHn’- 
tant to notie('. that altliougb tlu^ pondero.niotive forei‘s wliitdi 
urge, a rigid ei remit ea.rrying a givu'.n enrrenb in a Jiiagnotie 
fudd (‘all be eorr(‘(‘tly round I'roiu tin*. ex])ression for tlunnutual 
]>otential emu’gy oF tlm Held and a niagnetie, sludl oF stnnigtb, 
(" bonndt'd by tlu^ (dreiiit, this jiuiy bt‘. regarded fro)ii one 
point oF vii*w a.s merely a eon V(‘n lent niatliennvtiea.l de-vi(‘(^. If 
i.lu’ shell wm'o to imiv(*. inubu’ tlui acd.ion oF tlu^ Held alone 
a.nd a(’quir(^ kimd.ie luuu’gy a,nd overeoim^ (‘,xU‘nia.l i*(*sistainu ‘5 
this W(n’k would lu' doin' ai. the (*x])('nse oF tin', nuitual ]>ot(*n- 
tin! energy of i.in^ iu'ld and the shell. IF, (■ Indiig kept 
constant.* tln^ eiri'uit wc'n^ to niovt^ umbu* the a,e.l.ion of tlio 
Ib'ld in (‘xat'tly tJie sanii^ way, t.lu^ work would bt^ done at the 
(‘Xpensii oF t.lm geni'rat.or wbieb maintains tli(^ (‘iirrent. .In 
otluu’ words, there is no si'iisibb^ mutual jioii'utini t'lu'rgy of 
the iiehl and the. (dreiiit., t.lu^ exliaiist-ion of which UK'asurcs tlu^ 
work clone by t.be force's of tlH\ (add during any displataunent 




p{irual, (l(‘rivaiiivt^ witii rivspcuit to (j),^ is the limit of the sum 
of (‘.huueuts wluc.h-destroy (^acli otluu’ in pairs: we may there- 
ror(‘. give to c/)^ in the oxprcission Cor Q any eonvonient value 
(say /.t\ro) and write P LV We may oonveniently 

IrfUisCorm the inU'gral whic.li represents Q by putting 


and get 


2 6 — TT, 4rir2/[tt“ + (i\ + 


,p^2 7rka,a^ 



{l-2mi^0)d0 
VIT^/c**^ siii^ ^ ^ 


or 4 ir C\ 6'a ^ ^ j" ’ 

wluu’c^ K and JC are the eoiuplote olliptie integrals of the first 
aiul Hiu'ond kinds. dMio uumorie.al values of these integrals 
for various values of k are to be found in Short Table of 
Integrals'’ ((iinn ^ (kmipany, JU)stou). It is to bo noted that 
if in this analysis wo imagine linito currents to be carried 
by (•eiuhu'.bors of zero cross-section, and Vi and to bo cupialj 
then, if /a approaclios zero, k approacJios unity and P grows 
largt^ witlumt limit. The derivative of P with respect to a 
givcm in general the mutual attrae.tion of the two circuits. 

If Llu^ exUu-nal iield about a linear circuit Si, carrying a 
(i remit f 'l, is due to a current in another linefu* ciremit .Vg, 
we have two diffc'rent exprassiona for the mutual potential 
energy of the uiagnetu? shells which correspond to the two 
cirimite. These are — OjA, where N is the number of lines 
of iuductiou due to 0^ which thread Si positively, and the 
negative of the KltH'.trodyn arnica Potential of the two circ.uits. 
When (\ ami are both unity the KlBctrodynamiti Potentml 
moasurea the magnetic indmdion through either circuit when 
the unit (uirreut travarst^s the other. 

The number of linos of magnetic induction whicdi threatl 
either of two simple linear cireaiits, nuule of non-magnetie 
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and permuiionti magiielH, wlu‘n ilu‘ iiniL curn'nl. tlu‘{)ii|rh 

the ()tlu‘i‘ c'.ircuit, Is (^alltul t.Iu^ rnrj)irir/if uf mutun! unlurtltai 
or \\\id mutuiil indifctnnce> of t.lu* t.wii circtiilH. 'Tin* numt'rii>al 
value of tluH eocvfiic.itail. (lt*|K‘iulH ii|u»n (ho rluirartfv of thu 
ixuHlia in iho iHUf^diborhnod of the rirt-iiiL 

If two oxael-ly Hiiuilar liiirar circuilH, and t'urrviu^^ 
steady eiirviailH of \iuit inU‘iisily» lit' aidt* l»y sitle* uial d' out' u{' 
tlunu (.s’a) be imagined to ii|i toNvartbs t‘nuuMdruf<‘ with 

th(3 other, ili<^ value, (d (-lat iult'gral wliirh rejU’eaiuttH tbt' Klee- 
trodyniuiiie roleutial approaidu's I bo rt>nn 




. 0 , 


'(‘oH r/.Vy ) f/^i - 

1 


where the integration in to bn exit'udtMl twiet» t»vi‘r llm name 
cire.uit. If the (dreidtH are mi|j|HJ,srd lo bi* Jnrre geuinftrieal 
lines, the value of Ibin integral will la* in genrral infinite; 
if, however, Hi and are math' of vviri's of mnall but ibdinite 
evoss-soetiouH, the Huile limit, as h,j \h mt»veil inttudimc’ etinluet 
with,*?,, of llie flux of magiu'tie induelitm tauiHetl by tlu' unit 
(mmmt in .vg througlii a diaphragm bminded by .v, in praetieallj 
the dux through the diapliragm tbm in the unit enrifUit in 
The numlH'r of liiu'H (unit iulata) of miighetn* intluetion 
which thread a simple line wirtt eireuit nnule uf m»n tnugmuie 
imib'.rial, wliittli earries a steady current td’ unit ahength wdien 
there no otlu'r curnaitH and iu» jHU’muntml inngiiela in 
its Jieighborhood, is very nearly eipial to wliut m ralbnl the 
cooffinlmt of m\lf4fid\irtiau uv \\io mdfhutuotitmr ttf the nimph' 
circuit, under the eireuniHtaiu'eH. *i*Uo numerical vnlnc ut tlim 
coedkdant, wliitdi we hIiuI! mwm Int aide to ihdine ii4«<rc 
rately, deimuds very much upon the nature of the meilm alniut 
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coincidence, tlie coelficiont of mutual induction of the two is 
praotic,ally tlic sanio as tlio C()elii({ie]it of self-induction (Z) of 
either, and tlu'. work rtupunul to separate the two circuits to 
an iuiiuitc^ distaiuu*. from (‘.ach other is (VO'Z^, If, then, a 
fine wire closi'd e.irc-uit whie.h (tarries a steady (mrrciixt C be 
su])pos{Ml mad(^ up of iuiiuit(‘,ly slender closed (‘.ircuit hhuuents 
lying fnu'.ly in c.onta(‘.t, it is (uisy to got an expression for tlui 
work that must be done in removing tlu'se lilanumts oiu^ after 
anotluH* out of the field. If at some stage in the i)roc.oss the 
remaining lilanumts c.arry altogotluu’ the (uirnmt (! ~~ 6'", the 
work re(inired to removi^ another iilament earryiiig the eur- 
rmit would bt‘. (f/— (I'^)d(J" • L, and this integrated with 
resptict to b(‘twet‘n 0 and yields i whicli is an 
expri^ssion for the intrii\sic. (uiergy of tlui original (‘.olleetion, of 
filameuts. Again, it a (uivrent 6' bt‘. s(vt up and kept steady 
in any (jlosed circaiit in axnodium of any kind wln(‘.h (uuitains 
no permanent magnets and no other c.urronts, the medium 
bec.oniOH polarized by indm‘.tion and iwS a field of force. The 
electrokinetie energy is eipial to the volume integral taken 
over all spaiui of tt, where H is the intensity of the 

field duo to a unit (Uirrtmt in tlie c.omlu(‘,tor. It is easy to see 
that this re(luc(*,8 in the (uiso of a linear (urc-uit to ^ times 
what we hav(^ e.alled tlu’i e.ooilicient of self-induetion of the 
(dvcuit, and wt*. are led to dc^iine the ('.()efli('.ieiit of self-induction 
of aeireuit, made uj) of c.on(luel.orH of any form surrounded by 
media the suHce)>tibllitii'S of which are independent at every 
point of the iiibmsity of tlio foreo at the point, as twice the 
energy in tlu^ maguetii*. field when the c.ireuit c.arrios a e.urrent 
of ono (dectroiiuignoti(‘. unit and there are no other currents 
and no permanent magnets in the neighborhood. 

I f, for instanee, a uniformly distributed current 0 be carried 
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li tlio inndiuui Ih‘1.\V(mui Uk^ hIu‘11 ilihI tin' rvlindiM’ has tla^ 
unirorm indiu4ivi(.y /^, this is 1 

The ('.otvllic-iontM)!* sal f induct inn nf the l•l^•uit pn* unit U-Ufdh 
is, thtUH'fun^, when iJic .slndl is t hin, /i| I L* /i.^ iuu A ♦/. 

Th(^ <'.o(dlit'.i(ni1. (»r stdrdiidiu’iiniu in elert rnuiaina-l ic alrinlulu 
units, of n. circular riiij^ «»(’ circuiulcrcuci* /, made iii iu»u 
maf^JU'.tic. wire id‘ radius r and Httrnntuilcil lu air, la, uctsudnij^ 
to KmihluilT, 2 i [ (///*) LaOH |,!iud that nj a hquarc etreuit 

of piu’iuiutcr /, imuh' of siiuilar wire, 2 / [ Inrt (/ ‘cj 
Ki'.gardiuf^ ilu^ cot'lliciciil uf self induct if »u i'rnui (he juuut nf 
viiuv of ili(? <au‘rgy iji tlu' litdfh it is pn-vahlc tti that the 

eooilic.iontor a part at n circuit cffUsistiuK “i' a slrai^dit win» t»f 
loiif(tli / and ra.dius /* is ap[in»xinmlcly 2 /[ h»KM 2 / n I | /* I |. 
whnr(\ /A is the iuaKnu‘(ic pcnucahdity of the wire. Knr mhli-. 
ti()ual i^xaiu])l(^s, the n'udt'r is rdcrrcfl (i» \\ ududiimuii’.s //tuiti 
huoh <(er Pfii/ali', Vfd. Ill, Mux weirs Tnnthi' hi/ 

(i)uL \ (d. II, and to {iray*H MrntHuvt'mt'utH 

in fClmirmiij ftiid MatfiivtlmiK Vol. II, 

If Ai^ Zi tluf cfuupfuuuds nf tlu» cleiirtuuurnud te tiehl 
wliiuh a unit curnuii. (lowing in a given cmstit Sj uf ?^eH uniuc 
tanco fji wotdd tsiUHt* il the surrounding space ci»niauictl no 
other eurrents ninl no permanent magin’ts, and if ilns spiic»* m 
already the seat of a magnet ie i'ndd y, /. emn^f'fl eifliiu' hy 
enrrentHor by pmananenl magnctH, or hy l«dh, flien if a rUeady 
current he set u]j and maintained in /t|, the elect r»ik met n* 
energy is 



and 


2^C,lA\X^Y,Y^Z^Zl 

and tlie (lorroapondiiig iiitc^grals rciprescnl; respecitively -J 
tht^ Guorgy of the original liold, and that part of the electro- 
kinetic energy duo to the iutrodiution of the current into the 
field. If the external iicdd is due to a stcsady current (\ in 
a second cirtuiit of self-inductance the second integral is 
■j* 6VXa» ^^^d if tlub third be written 6\CZJ/, the whole energy 
becomes ’■H -/I/CV'a + -J- The (piantity M] whi(di 

in tlie (‘-ase wliere ,s’i and »s ‘2 are linear is tlie cocfiic-ient of mutual 
induction of tlui two (ureuits, serves to define this eoofHcieut 
in the c.ase of circuits which arc not linear, surrounded by 
media which have ausceptihilities independent of the strengtli 
of tlio field. 

If n eircuiita which have solf-inductances Xj, X^, /vg, • • • and 
carry currents (\, f '.,, • • • exist together in a soft medium, 

and if the mutual iiuhictanee of the/th and Ath circuits is 
the elcMtrokinotic energy T is equal to 

i(X,6? + X/V + L,Ci + . . . + X,6?) 

where the values of the inductances depmul upon the (ioufigura- 
tion of the system. If this cumfiguration is determined by 
a number of generaliml coordinates //j, r/g, r/g, . . the eUH‘.tro- 
dynamic fore^e, in the Lagrangian sense, whieli tends to immuise 
any one of these c.oOrdinates (leaving the rest nmdianged) is 
the partial derivative of T with resi)e(‘.t to this coordinate. 
If (wery circuit is rigid, the X^s are constant during any change 
of configuration. 

82. Maxwell’s Current Equations, Various Current Sys- 
tems. We may infer from experiment that if a unit magnetic 
note be moved about a simnle closed nath in anv steady electro- 


homogeneous or not, tlic work tloiio on il i»y (in* liolii is i‘»jiial 
to wh(U’(‘ (■ is lln^ wholo rurront. whioii pasM’s in positivi* 
direction through 11113' siirraro or iliaphragm whic'h t-aps iln\ 
path. .I t '//, n, w are Uii‘ conipoinml.s of tlio run out inlensity, 
the (lux through the cap iiiUA’ be wriltiui in tln‘ ionii 


.f/C 


//-c.os(.r, // ) I 


r - cos ( //, a ) I //’ ' roH t ti ) 


and if 7/, /!/, iV are tlu' eoinpontuilH of (hr magurlie foiM-o 
//, the line integral of // (ak»m aromul (hr path is r«piul, 
according to Stokes's Theorein, to 


* e(m(.r, a) } {PJ* A t rusti/, a) 


d • ( / M / A ) * eus ( n ]\d S, 
It follows that tlu' integral 
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PJ* I /^ A iron (I/, j 


t ( I TT/e 7|,d/ ! leonn, jf/X 


must vanish whalevtu‘ ilu' 


Ilf 111.' 

that at every point 
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therefore, 


ILMir,) 


These are Maxwell’s (’urrent K»piuIit*nH, whieh ran he ritatisl 
in the single vei'tor ecpiatiou 


d fttf eurl of //, 

This lias been called hy Heavihitle “the fjrrtl « imntal npm 
tion*’ of the eliunroiuagneiie lirld. li ?aa!«'n that I w tunes 

the reHolv(‘d part of the eiirriMil uiteiuu!) at an) poust Hiilun 



Maxwc‘,irvS EqiiatiouH, witli tlio (*.harac;t eristic volume and 
boundary (liilen^iitial (‘.(|uatioMs wldcJi the magnetic induction, 
as ]iav(^ s(uui, must always satisfy, completely deteniiine a 
steady juagiu^l.ic. fudd in givcni .uuulia, wlien the current (j is 
known. 

In any hnuintjrnr.ous soft nuHlium the magnetic fore.o .//'is 
Hohnioidal, and we may inbu’ from the work of Sec.tion ()9 
that it has a V(!C,tor })ot(mtia.l funetion Q (‘xpial to Poty. \'V(? 
have, th(U’(‘.ror(^, // = c.url Q, A tt(j = (airl //, and, if the c.ompo- 
nents of // and Q are A, 71 /, .N and Qy^ respectivedy, 






r>AK 




Wlum in a steady deld // is known, MaxwelPs E(piations, 
or tlmir (\(pnva]init, give tins (uirront vector y directly. If, for 
(*.xamph‘, the magmatic*, fore.e is zeu'o everywhere witlumt an 
inlinitidy long cylindrical surfaces ^ 

aS" of any shai)e., whilt^ within iS the k — p; ... : . ' . i: ..: ' • q k' 

dtdd has th(^ uniform stnmgUi TV*, ° 

and is din‘(‘i(‘d paralhd to the gen- 
erating liiH^.s of the Hurfaci'., 7 is Z(‘ro within and without S» 
1\) show tluib aV its(dC is a (uirreut surface, let AVv'be a por- 
tion of a g(‘iu*rating Hue drawn in the direction of tlio held 
within, and h‘t A/i and (>I> he lint's (‘ucli of huigth I parallel 
and ehme to /v7v', one within and tlie other without A"', drawn 
HO that z/f/ and JU> are normal to tlu^ surface. The line inte- 
gral of the magntdiic force takmi around the periuuiter of 
the i‘C(d;anght ACJ>n is numeric, ally (^tpial to /TV, so that, by 
HLolum’s Tlieormn, 11 j{% surface int(‘gral of the normal upward 
(u)m])ouent of the curl taken over the artui of the rectangle is 
IN\ and this is etpial to 4 tt time's th('. sti'ady flow of tdec.trieity 


(and as nearly pin’pondii'uliirly It) tlu' id tiu* fylindi-r uh 
possible) with iuvuH of lino wire. IT then* ur»* n Invm tni {‘ju-U 
centimoUo of lon^fb of the lyliutUn' (iMg* ami if (‘;u‘h 
turn caiTios a steady inirnnit T, A-/'l it n(\ ur .V \ wui \ 

Tliis ].’ 0 Hult is iiulepiMuhnit of the nm^uetii* iutluriiviiy of 
the homogeneous soft nuHlium ^vit.hin tin* e\ liiolrr. The 
induction in the medium is 4 ami the itdriudiy td ils 

polarisation (magmdh/ation) is or t). Tin* 

coeflicitmt of self-iiuluetiou per unit, hmgth of the hidenoid 
is where A is the urea of the enmu inn i»f the 

cylinder. 

If a part of the spaee within tin' Hidmitiid taken iip willi 
a homogeneous soft juedium of penmndiility ami the rent 



hy an mtinitely hmg 
eylimler td aimther 
Hoft 

imuluuii of [leriueU'' 
til tlu*w^ i»f the ,Hur« 


face upon whieh the wire is wound* the linen id huu’e are 


imchanged in form, the induetion in tin' limt iinMluim m 4 
and in the other If /h ami npremuit the piutHiUH 

of the eroHH-seetion A cd the mdi'iuiiil <inmjnetl hy the twii 
media, the solf-induetaneo of the mdemdil per itttil iength m 
47rfi\/j.iAi + ^As)* 


The eoefthnent of mutual induetiiin of twn infiodely hmg 
solenoids A^g, one <d whieh him ?i, turmi ami the nther wg 
txirns per unit of its length, in mm, unh’Ha tans pay X^, in within 
the other. In this ease the t'oetHeient liim the value 4 
per unit length of the twt), where Af ia the area of the enma- 
section of AV 


If two infinital? long, evlindricml iiirfaetiM. whatever their 
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these surfaces is within the other, the space between the 
surfaces will be a uniform held of magnetic force of strength 
directed parallel to the generating lines, and the regions 
without the outer surface and within the inner one will be 
fields of no force, if a uniform current of strength jV'/ 47 r per 
unit length flows in oaeh surface perpendicular to the gen- 
erating lines and if the directions of fiow around the two 
surfiu*.es are opposed. 

If the fwo infinite parallel planes carry uniform 

currents i)<'U’a]lel to the y axis, of strength N / 4^ ir per unit 
width of th(^ j)hineH paralhd to the z axis, and if tlio directions 
of tlu; two currents are opposite, the region between the planes 
is a uniform field of force of strength N parallel to the z axis. 
There is no force without the space included betw(^en the 
planes. Tlie current in each ])hine evidently gives rise to a 
uniform field of iutcnsity -J- N on both sides of the plane. 

Tf a ring surface bo fornied by revolving about the z axis 
an area in the xz plane, and if electricity be supposed to fiow 
syinmetricaliy on the surfac.e, in closed pafclia which lie in 
planes through the z axis, and coincide with perimotera of 
evosN“HectionH of the ring foriuod by such planes, the field has 
the same intensity at all points of any one of the faniily (/) 
of cirfuimfareiuses, the eontn^s of which lie in the z axis and 
have that linti for their common axis. If, using columnar 
eohrdinatos (r, 6^ z)^ we denote tlie force components at any 
point, taken in the ilireetions in wliicii these eothdinates inercuiso 
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2n('fvj wiuikwcr tho iudiKitivity of tlie lioiiiogenooTis soft 
luodimn witliiii tho ring. The induevtion in the inediuni is 
^2,fxnC/v^ and tlu'. intensity of its magiietizatiou is 21mC j r. 
It is to 1)0 noted that the reasoning hero cni])loyed might Ije 
ap])li('.<l une.hanged if the imhictivity of the medium were a 
function of r and .t, hut not a function of Q) tins would ho tlu' 
c.aH(‘, for instamu',, if into air spac-o within the ring wore intro- 
du(u‘d a soft iron ring cioaxial witli this spa(to, 

A shnuhn’ nuigiutic. hlamont within the ring surface', of 
hmgLh I and c.roHS-S(‘,oti(ni (uirricis 2 fji/(JS/r, or 4 7 rii (J/ (I /fiS) 
liiH'.s of induction. Tlui line, integral of the inagnetici force 
taken ahnig a magnetic, iilainent in 
a sofl. nKuliiun is Honutiiues called 
the ni((f/Nrt(>nH}/irr forrr iu it, and 
th(^ ratio of this (piantUy to the 
(low of indmtion in it the rrlnr- 
tfdirr- of th(^ lilanunit. In ihe(*,ase 
hidor<^ us 4mi(- is i.lie niagmto- 
motivi^ forci^, and ///xA' tlu^ ri'luc.- 
tanc.e. ^I'his last i‘xpri'ssion h(uu*s 
a c.loH(^ resell) ))lanc(» to tin' forniiila 
for the (d<‘el.ric. resistaiuu^ of a wire 
of Ituiglih /, (u*oHH«so(tion A', and 
H])ec.i(h‘. conductivity /x. The recfpi'ocul of the 3‘elu(tau(*e of a 
nuigiutic*. iilanienl. in a soft medium is sometiiiu'.s called its 
jirriitrancr. 

If wirt^ W(U’{^ wtaind partway around a soft iron ring, in the 
luanmn* described ahovi*, .most of th(‘ liin^s of induction would 
still he conlined to the iron, though a f(‘.w would oiuergo into 
the air at tin*. (uuIh of the cnil. 

If a radial gap he eut iu a scift iron ring compltU'.ely wound 
with wire, tlu^ lield is no longer Hymmeirical about the axis of 

and the chanuter of the ])rt)l)lem is c.luuigi'd. The lino 
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spoudm^ to a valiK^ OM of tlu* uiupn'ii/inK Tohms is .!//»/ O.]/, 
that isj tlio wlopoof ilu* h( raigiit lin«‘ n/’ j'uuijr.t I lio with 

tho ])oint on llu'- (airvt^ whii'h huH ^>,1/ Inf its al»>*i’isNa. 

\Vh(M) tho couducttirH whioh niako u|» a .siiiijdo lunsir oinaiit 
whioli oarrioH a Htoudy (Mirront f\ and I la’ ,smH lutMlia ahutU, 
it, liav(^ ind\i(d.ivitit‘H iiido|u‘iHli'ut of lln' jua;^:nr! i/iiig rnroa, 
and tluu’o ani no (dhor otirrout.s uiul im* jH’naanrul hiapiKiN in 
tho liidd, th(^ oo(d]ioi(‘nt of Midf iiiduotinii of ilio oiirttii. may 
ho doliiu'd iudiriVronily an (ho rutin »»(' (lit* (ntal induotinn 
through tho (di'ouit to (' <*r as twioo thn ra(i»» mT tho iutrj^jial td 
/ut//^/8 TT, tak(‘ii ovi'i* t.lu' hold td' iho ourroiit, (tf In this 

o.aHO tho maKnoti/ing ourv»‘H uT all i!n' suIodato oH in tho hnhl 
avo Htrai^dit liiH'H, and Ihoso doiinititm.s load In tho aamo vaho' 



Fill. HO. 


whaiovto’ (* is. 11’ (ho inaKitol i/m),.*: oiu'\t* «»!’ 
any niodiiun in (In* iiohl uojr, hko that ni* finTl. 
ii‘c»u, not. Htrainht, tho dohmtnaiH wmdd not 
a<Krt't*, and oaoh would \ ndd diilorotti \alnoH 
for dilToront valuos of (\ 

.Moohan soft irnfi nr htotd oaiutot in* 
ro|,(ar<lo{| ns inagind ionlly soft, fnr if u |(n*»’o 
of oilhtM’ (d' tlioho nnduls l«’ inartnot i/o<l hy 
imhiotioiu t luH inugnoti/atton dor i not ulmliv 
disapptnir wliou tho inuKin*! hmo is 


nnnovod. If llio jnuKnoli/inn forot* hr’ niarlo itirhani.:o oontin- 


uouHly from a givmi in%nUiv«' valuo to an o»|ual pMsihvo \aluo 
and luu‘.k sovoral tinn‘H» tho inrhn’tirui n**'*'^ ihioui^dr a o^rdr* 


wliiidi may ri‘|»rc*Honlotl grajddoall} h\ a omiao soniouhut 
liktr that sliown JU l'if(. 8(l, in whioh ih*' ahMi'if»?im4 ir|»i<*sont 
magiioti/.ing forocsH, nml tin* orrlinalr*?i tin* onrioMkpMntiiiif* \idui*s 

of tho llultU-tlOIl. Slif'li dnior:itiiM nliitn t.'fft fltnf 


tliG induction lias passed tlirougli sucJi a cycle as that indicated 
in Kig. 80, tlic (^luu’gy in tlic iiold returns to its old value, 
hut it is easy to prove that an amount of work represented 
by l/‘l-7r tinu*s the ar(^a of the (‘.ycJe per unit volume of the 
subst.aiHu* liad to be done on the iiKd.al during the cycle, and 
tlud tins appiuirtid as heat, 'The reader will find the suhjec.t 
which ha-s Ixuui just toiudied. ■u]K)n here admirably treated 
under the lu^ad of ‘Vllysteresis in Swing’s Magnetic Induction 
in Irnn and Other MiitaU^ and in h'haning’s The Alternate 
(Jurrent Trajis/ornuir, 


IV, (UJUUkNT INDUCTION. 

83, Electromagnetic Induction, if one of two circuits 
(,Si, .s’y), so sitaiated that their ecxvlUident of mutual induction 
is not z(‘ro, eontaius a galvanic (tell and a key, and the other 
which is jiernuineutly (dostul, a galvauoscope, a uiomen- 
tavy (uirrent ap])i*avs in wlum the key is depresscul so that 
a currcuit (drc.ulates in .s*i ; and another momentary e\irrent, 
opjiused in direc,tion to the first, runs 
tlirough A'jj when the key is opened again. 

A cunumt in either ,Vj or .Sy gives rise to a 
maguelie flcdd and causes lines of magnetio 
imluetion to thiM'ad : the direction of the 
transituit; ournmt in in each of the cases 
mentioned is such that tlie lines which 
it threads through opjioso the suddtm 
change in the flux of induction through s\j 
which the change in tlu^ current in .Vj tends 
tocauH(u Tims, if the relative ])osil)iou of 
the two c.irc.uits and the direction of the current in ,s*i are 
e.ornxdly indicabsl in Uig. 81, the transient induced cunauit in 
will flow from U to A wlum the k(‘y is depressed and from 



FliU H2. 


noimiiioii iH quiUiiitaUvtOy I'xpluiiuMl, whim ^ \h uni’liiuiKiMl in 
iovin, by asMimiing tiuii, Hiiporjitmiul iiptm Htu’h t‘b‘ft.inMnotiv(^ 
forooH as tlio lurtuiit may aln^mly (nuitaiu, a (rinpuran* 
motive) .furou luuuoriaally espial in tht» tiuu^ rain tjf of 

Q is induend in a iu ilu* jj^iper diroat.iniu 
TransiiMit tmrroiibs aro uHually imlun'd ulsij in any rirtaiit in 
a magnotic) iiold whcai tlu^ (unniil in dfir>rnnul tir i^xUnuliMl in 
anyway. Th(‘H(^ (uirrontn, likn tliti.Nc' alnnoly t*t»n.sid<’n'd, arn 
mathomalioally an(u)unU‘d lur tm ilu' Hupptmitiiiu that tlmrn in 
indimt'd iu ovary oirruil. olmnont r/^, whie*h 
inovoH iu a mai^uotii’ dobl hh an tt> out aorusH 
Uu‘ lino.s nf induotitai dtiriui^ tlin nnditiu* an 
olortrnmntivt' fnroo nuiuoriruUy t*<|nal tn tlm 
ratn at vvliioh Um oliuuonl outu tht'Ho linos, 
This tdoo.trunmLivo furoo in tiiroototl fnun iha 
f(H't iu tho hoad uf an nlo*rrvi*r whu» lying 
in tho olomont and looking along tho linos of fiU'oo, kooh thoso 
linos inovB post him from right to loft. Tho imlumnl onr« 
rent at any instant in oithor dirootion around itio oirouit in 
equal to the laitio of the algohraie sum «if ifto tdootrnmotive 
forces induced at that iimtant, in tlmt dircHitf»iu to tho wlnde 
resistance of the cirouit, tf in Kig. H'J (U* roprosonts tho 
direction of a circuit element at the point (h U tin* dirootion 
in which the element in m{)ved, and OF the tliroolicm of the 
whole field at 0, the indneed eh‘otrofnotivo force wdl have tho 
direction 0C\ not C(K The direotion of tlio oiirrind* indueod 
by the motion, in the direction (KM, of a oirotiii olomont at 
in a magnetic field whitdi ha« there tho dirootitm OF, may ho 
found by choosing that direction, r^f*,in tho otemetit whioh will 
cause the three din^etions 0(\ fij/, (^F to \m ndatod like those 
of tho Xj of a (lartoHian syistem. It to \m noliootl 



(Iiro(',ti()n ON i)(U’j)(ni(li(mIar to tlu\ plane of FOO and would 
inov(‘< in tlu^ diiMudion MO, if fre(^ to do ko, ratlier than in 
th(^ (liri‘.(*.tion Olil. ^riie nnider will do w(dl to compare, in 
tIuH coniuuition, (>8 and 82. 


ir (r/., !), (•), (ii, y) are tlie components of two vectors, I 
and X, tlu^ vcse.tor which lijis tlu^ (‘.omponents — hy, ay — ca, 
ha -- aj^) is Honu^tinu^s <',all(ul tlndv luictor and the 

(juantity -- (jux + h[^ ry) their amlar product. Tlio vector 
l)rodn(‘.t oT I and X has a dircuduon ])tu'p('indicular 
to tlu^ plains of thesis vtadors : its tc'.nsor is tlio 
product of tlunr temsors and tlm sine of the 
anglti i)(^twiHni tlunr direc.tions, Tlie (dectro- 
motive lorc.e induc.i'd in or inipr(5SS(‘.d u])(m an 
ohuiumt da of a liiu'ar conductor moving in a 
magnetic, fudd is cwidently (npial to tlu^ ])roduct 
of da and tlu^ c.oinpomnit in its dircidion of the vector })rodnct 
of the imhu’.lion and tlu^ vedoeity of tlu^ ehmunit. 

If (/(,., IL) are the c.om])oiU‘nts of the indiuition, 
(it >?) 0 of the veloc.ity of tlui element ndative to the 

lUdd, and if tlu^ induction does nf)t change witli the time, 
tlu^ ahsolute vahui of the (deedromotivo forces induced in the 
(dement is 



WK-n- 0 "OS (‘^1 ») -I- ^ "OS (y, ,<() 

+ {/I, ■$■■■ It. • v) ‘‘'OS (~, .->)] d». [20C] 

’’Plu^ whol(‘ (di'ctroinotive force indiuu'd in tlu^ {ionduc.tor is the 
integral of this oepression : if tlie (unuluctor is not closed 
this (d(‘ctrom{)tive force gives rise to a statical distribution 
of (d(Hdricity on tlie ends of the conductor, and hence to a 
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difforonno of nlncirrmtatif ]»ot«*ntial wliitOi tiMulM tt> di'Htroy 
itsolf by causini^ a (nirrcni in tlu' r(«inlufti»r in thn tlirrriiuu 
oppOHitn to th(^ iinjirt'H.sod t»bu*trniut»liv»* lnn*r. 

rf the indiicl-ioti (//,, li) <d* thf iu;4tn*‘tit’ iiidtt in Uif 
noi^hborbood of a fixotl lint*ar oirioiit oban».'isH with ih<* tiuio, 
tbo inducod or impin‘HHoil idootminotivi' r in tin’ cirt'uit 

is equal to tbo uojjfativo td' thf‘ atudan’ iutn^naih taknn over 
any cap A"' boundoil i>y tin* oin’tiii, cif 

[/^/^.•OOH (.r, If) I I % «) j, 

If, tbcn, a vector can in* Ibund td which the vcctur 

is tbo cnrl, tbcn the line intcji,:ral, taken anatinl the circuit, td 
tbo tangential component of this mnv vector inmca-Hcd* if wo 
plcaso, by any lanudlar vector will be equal in ab?i»dnte value 
to tho indiu’t'd cb‘ctroin(»tive force. If { /%, Fj Vi any vector 
potonlial (vSoction dll) of thi* indnclbuu i in a 

voctor pot(‘ntial fnnetion of (/^/»,» /^/v FJt .md tl \p is 
tho scalar polontial fiundion of any lauiellar vector* the inte- 
gral, taken arcjuud the circuit in poHitive direct nun of 

I { / ^F, 1 / I CUM c r, ^ ) I [ lit)?] 

will bo equal to c, Thin vabte of the whole eleetriunotivo 
foroo imlucHul in the circuit will he ohtuined if we uhsuiuc 
that every c.ircnit element dn is the neat of an ehM’lroinotivo 
force (‘fpml to tho pro{luf*tor th and tlie tangeuti.il eompommt 
of tbo vector FJ^\ I I /ivH' 

If a oloHod linear circuit ^ in a magnetie field lee defornnsl 

1 !. * . ^ 1 . » .4 . .i 
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values I)J, Jiy\ tlie flux of induction 
througli the (‘.ircAiit has b(ic*ii iiic,r(‘,asc(l by the amount 

d<\> ^ J* [_ • e.os (jr^ ?a) + . (*.or(//, if) H- Bj • eos (Zj r/,)] dS’ 

f (‘^’j '^0 + (//? ^0 ‘f' C-j ’0] 

wlum^ A" anti art', any surfatu'.s whitih, f,a]) tlu‘. tureuit in its 
iinal and inil.ia.l (>t)sil.itnis rt'.spt^tdivtdy. In moving, the (drcuit 
tratuns out. a mirrt)w sui’faf.t'. (\at*h t'leuumt tin of tlu'. circuit 
generating tlit', surface titnutmt dA'", and we may take ft)r the 
(*-a[> /V' th(‘. siirra.c,(\ luatle up of Id anti !d'\ Wt'. have therefore ^/<C> 

^ dt^ c.()s(x,'a.) + ,/>,/>*,^- c{)s(//,?/.)-|- (‘.os(,':j,?i)]rifA.9 

d-J" ^ [ BJ ’ <'t)« (*^1 if) + BJ • cos (//, If) 4" BJ • cos ;?)]<'/ *S"t 

In the st'.c.tmtl intt^gral, c,t)s(r .'5 nuMisiires tlu^. area of the 

proje.c.titju tif d/V" on iht^ .r// plant', anti is, tlit'.rt'fort', t'.tjual to 

ri:(8.r-d// S//‘^/.r) plus ttn’ins t)r higher ordt'r; tlu^ sign being 

positive, if the dirt^cl.itm in wliicli ds movt's, tht'. ])()sitive direc- 
tion of th(^ titmumt, a.iid tlmt t)f tlie nonnal to dB'^ Jirt' arrangt'd 
likt^ l.lu', ;r, //, z axes of a ( h.rtc,sia,n sysl.tnn. We may substitute 
in tint integrantl By^ 'q'dt.l^^dt ft)!* ///, By\ BJ^ 

8.r, S/A S;:;, without c.hauging the value of the intt'gral, anti then 
write . 

, |^[ /^ c.oH (.r, s) + Q ' t'.os (//, a) + U • t'.os a)’] ds, 

Q- AA -AtA+ m 


where 
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of an indno.o.d mirr(‘nt iHKovt'rnrd In a putmtiul funrtitm due to 
aiudiM^timtatic diHt.vibutioii on tlo* wtirlarfH m! thr t’Mtiiluf'Unx 
or olHOwhorn. IT a iuuK>^‘d,» thi‘ ;uih ui whu h rHiurMlr.s with 
tlio axiH of a plant' cinnilar rinir «d In- uuuU^ tn upprtuirh 
or to mnulo fvtiin ilu' jdatu' td* th‘‘ niv:, a tr.us utntt 
in induood in tlu' win'* \ml nn iuniKiuuM^’ I'lrrtinHtatii* tlintn- 
IniLion would funiiHh tho intdl iplr vahn'd |Hdi*nt}al fuiirtitm 
noedod to aootnuit for tlio ournuii. 

If a oil’cuit at a diHtunt'i' from oihrr mnnui^i utn! p«'rma« 
nent inagnntH carrioH n oluiiupoK ‘‘urtmt i\ tho latin tif tlu^ 
numorinal valut'. of tin' intnuHity td I ho idrrtrMnioftvi^ fnm' 
inducod hy Uio oliauKt' of tin' rurn*nl in tin* rutnui to 
ia somotimoH UHOtl an a clt'l'ndtitui t»f tin* ^rll UMtuftant*!' {)f 
the oirmiit, Tim muinnl iinhndanoo td t%ui riroiul?t may 
bo dofuu'd in a Hiinilar maion’r. It i.’i inniroi that all tlm 
defiiiitiona tjf Ht*lf and mtitual indnolan»'** wlmdi wo have 
mentioned are etjuivah'nt whmi all tho ntodia m thi' imigln 
borhotKl of the cdnnnlH ntinonmotl liavo nunrrpt tbdil ii'n iinle- 
pendent of tin' intt'ii.Hity td’ thn liold, ’rho nf 

tliia Htudion are oflt'U ttHtnl when tlnuo aw mmnvH <d «Nrd‘t 
iron or other niagni'Ui* nn'iala near thf i-urtHi.n, i*r wlo'U the 
eireuits themm'lvt'a art* mmit' td aidt non rMinhiiii»r?t, 

Jf a nundn'r of ein-nilH eiurung mirmitH f',, 

H(dr«tmluftanec'ii and if !ho Mintual 

induetauee of /tj., and J/^^, the total rleefiok undie energy 
7^ in of the form 

f A/? 

+ h f f- d/,,fv; f I'*- 

+ /i 4 /VVh--d -14 1^;. 



tivo force, and 


Jk- 


dph 

dt 


= nC,, 


If tho relative powsitions of two rigid circuits ,9^, wliidi 
carry (uirrcuits 6'^, 6y, and are surrouiukd by a soft medium 
in whic.li there arc iio.otlier conductors, be altered by changing 
under their mutual action the geometrical coordinate q l)y the 
amount dq in the time interval dt^ heaving the otluu* coordinates 
whi(di determine tlio c-onliguration uncJiangcuI, the. ehictrokinetic 
energy 7' ss L^ ( -7 + M Cy (\ 4- ^ L,^ (1/ will receive the iucrcunent 

dT s /v, (.\ . d(\+ L, a , . da, + M ( a,j . dO^ + . dC,) + C, C\ • d3£ 

The eii^c.trodymunie forc^e (in the Lagrangian sense) whieh 
tends to bring about this diange of configuration is the partial 
derivative of T witli respcjct to y, taken und(‘.r the assumption 
tliat th(^ other eohrdinates and the emrronts are constant: the 
woi'k (lone during the change by tins force is dW ^ C^a, ' dM. 
Within the circuits wo have 

JCy r\ . dt - Cy . d (Ly C\ + MC,) == Cy^r • dt, 

• dt - a , . d{L,a, + MCy) = C ,\ . dt, 

80 that the work done against the inductive electromotive 
forces by the applied electromotive forces (besides the amount 
CYi\ + a^ r^ dissipated in heat) is 

Cy . d(Ly Cy + MC,) + 0, * d (L/J, +* MCy), 

or 

LyCy . dOy 4* • dC, + M{C, ‘dCy+Cy^ dC,) + 2 . dM, 

or ■ dJV+dT. 

If, starting from rest, the circuits come again to rest and the 
ourrentB regain their steady vtilues boforci the end of the 
interval dt, we have 

da « 0, dC. « 0, and dW+ dT^2 aO.-dM^ 2 dTV. 


the couduetor AH of leiigtli / m mllirr nf 



uir *’ih*iuIh rr[iru, 
hv S-l 

and Sti lir uinvnl 
lu ilHt’lf 
jilttHK ! r.ul i ( 7 ^ 
/i f. m ill** jiiriu'" 
tlMii uuhr, hy 
lh»“ .irr»»u at fnrhi’il 
li» if » U if h •’iMiHtuJit. 

r, aiul if 


the field have tlu' dirt*etitni nlunvu, an id«'t'tn«tiM»liivt’ 
will bo induood in AH in thr iUrretu»n i^MiuU-d iml by the 


arrow by its side. 
If the oompononfc 
of the total indtio- 
tion normal to tlm 
])huio of the oivouit 
liavo the eonHtant 
value If all alou^ 
/f/b and if rbe i\\{\ 
roHiatanee of tlm 



¥Ui 


whole (vireu it AHHfK the induei*il eurreni will Uh* f r in nlm**- 
lute units. Tlie volt, ami ampere ar*^ »'«|n4l te^periurly 

ttJ H)^ |{)\ iff * lum’ri I hi* ahudilte eiee 
tromagneite Iinit?4 nf fleet rimeatve 

fona% rts^intam’i*, ami rntrent 
if in this e5campli% I heii'hne, / I imire, 
e I metre per Ht*e«inih and // I, flu* 
imluetnl eleetrnismlivi* furet* will lie lO.UnC} 
uuits^ «»r In ^ vnlts, 

If a Kunulay*a tiise { Ks|,^ Hi\) whieli has 
a radius a Ih* rotated in a iin$h*rni Ihd*!, 
in whieh the eomnonant of the imlurtiiui normal to the fuee 



Fui, 80 . 
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second by OP is d\Il(x>. If r be the resistance of the circnit, 
the current in it is tdlld) j 2 t and the disc is a very simple 
form of e.onstant current generator. 

Fig. 87 represents a circuit a part of which consists of a 
rigid wire free to turn in the air about the 
axis of a magnet. This wire makes elec- 
trie.al contae.t, by means of brushes, with 
tlie magnet at its mid^section and with a 
conductor wliicdi forms an extension of 
the axis of the magnet. If the wir(^ be 
rotated witli uniform angular velocity w, 
and if m be th(^ strtnigth of one pole of the 
magmd,, tln^ eleetromotive fore.e induced 
in the circuit will be 

If a thin coil ( Fig. 88) closely (unbracing 
a magiK'.t be suddtuily sli})])ed from one 
position to another, the cdocitromotivo foiv.e 
induc'.ed in the coil is ])roportioiial to the 
amount of imbmtion whicli (unerges from 
the surface of tlie magnet between th(‘, 
two positions. 

84. Superficial Induced Currents. 

Although a mathematical treatnumt of tlie 
curr(‘ntH induced in a massive conductor of any form, in 
a magnetic fudd varying in a given manner, is beyond the 
sc.opc^ of this (dementary text-book, wo may give a very simple 
proof (taken (‘.ssontially from I^rof. fl. J. 
Thomson’s admirahlo JUements of Elec- 
tricity and J\!a(jnetmn) of the facit that 
th(^ currents duo to a suddem, iinite change 



Fi«i. H8, 




the ith and ,/th eirfuitH h M,,. h»‘t tin* tin\ mI' i\v* p\ti‘rnal 
field through tiio (‘irouitn hi’ A^. A.. A . . .tud a uiinr tlmt 

the curnoitH are origiually /I’rn and that n^ *03. « id iIm' tdr- 
cuitB coutaiuH uuy huMery ‘U* nihi-r laoMuatHf , Ii, flnon (ho 
oxtiu'iial iiidd i’Xperieiu’eH a tinite ehaug** dnun * fa** » \(n’juoly 
Bhort tiuio uiterval r and therrallrr rmuasui'i mu d.uii, the 
ilux through Uin A'tli I’ondurlnr htn’iiju* '* rh.iudi d triou A'^ 
to TrauHieut ourrentB, (\, (hiMn^di the 

ciro.uitH anti at tht^ end td the luiu’ ? .iHain tin’ vahien 
hVt Ihiring the given iutri^.d u*’ tnue in Urn 

first eouduetnr, whitdi will aerve hh u gennal eHain|di\ 

f I /'.-v, I 

and if thia he integrated with re^i^j^eid tn ftse fime ht-lwreu 0 
and r, iln‘ hint ienn td the rennli will U*’ \r>vi tliau r^t yy, uhirh 
is nogligihhs ho that the re.^nlt may he \vn!f«ui tn fhe tuna 
/yj . f'/ + • f Vl I Tin’ he.^tiiid lueinlter repre» 

HOutH tlu^ wludtt iiuluetinn (ln\ threUgh tin* fil'd euenit ludere 
tho oliangt' and tlu^ lirnt jnendH-r the win 4*' l!u\ at the end tif 
th(^ time r, ho that the eurreutn generati’d hy the ’utddeu elutuge 
in th(‘ held art‘ nneh as in hi’rj» unehanged (he nlede tlu\. 

Imagine a emupaet masH td metal tUvnied mln nueU eir- 
enita uh we have just ennsiderml and it hiU Ui* nvideni that 
the Ilux through every eireuil in the metal the i^ame junt 
after the sudden change in tin* liehl m it wa’i Indure. ’I'he 
work done in earrying a magnetie jnile ahont any elnned |mlh 
in tlie metal is unalteresi hy the change ii m /vtu Iwdnre 
the elmnge and zero after. Nn nueh |uith enu emdnne any 
current fihunenifc lunh tln^refure, nil tlu’ mduenf enrients are 
initially on the Hurfaee» ihougli iiflerwnrthi ii.uudeui eurrentn 
are excited within the inetnh If. \n Ui frttm fld^^ 
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ITa^ulhuch (Ur Physih^ Vol. Ill, p. 403. Various problems are 
(liHCiissiul at bni.uftli in J. 3. Vlioiiiscm’s JUcmt JUsmrcJies in 
JtJUMrirify and Maymdlsm, We all all (iouiine oiir attention in 
th(i t]u‘(‘,<‘. Ke(5ti()ns wliicth follow to circuits mado up of long 
sbnubn' conductor a like wires. 

85. Variable Currents in Single Circuits. Wlien a simple 
indu(d;iv(i (dreuit of resistance r, containing a constant elec- 
tromotive for(‘,c /i/, is suddenly closed, the eurreut in the 
(dreuit grows gradually in strength, and in a short time prac- 
tically attains a maximum value K/r^ after which it 
ronuiina constant. While the current is increasing in inten- 
sity, tlu^ (dectromagnotic luuu’gy in the surrounding medium 
»-^-if there are no ptnuiianent magnets and no other currents 
in the n(Ugld)orlu)()d— increases also from 
zero to I" electrostatic chiu‘g(‘.s 

a, re (istablisluHl which ac(munt for tlic 
idectrostatic ])ot(mtial differoiuu^s in tlio 
conduelors which make up the circuit. 30 ^ 

After the currcuit has atUdned the value 

t]m energy watts or ergs per second) given 

up to the circuit by the gmierator in it is used in licating 
the c, (inductors in the circuit, and = (\^i\ l^efore the 
current O luia become stcuady OJC is only a fraction of 
and the rate (Pr^ at which energy is used in heating the cir- 
cuit, is a still smaller fraction of lienee 67!/“- C^r is 

positive, and in the time interval dt the energy (67^'— 0^r)dt 
joules is used partly in increasing by dw the energy of the 
electrostatic distribution on tlie Biirface of the conductors and 
elsewhere, and partly in increasing by d ( J- L(>^) or LCUdC the 
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Tt appears from tlio ('(puiti(jn Cr E L ihui ilio 

coiuiti^XHilociromoiivi'. Ion‘(' caHunt lu‘ than h whih» 

tlio current is poHiiive ; lhen‘f(«n% is nut i:n'utfr than 

EjL and, uitlosa A 0, the (Mirnmt euniit»l jump at tin' 
instant to a linite value. \Vi‘ munt as.4umt\ then, that C 0 
wluui f ^“:(), HO tliat V - E{ \ e ''M /r, where t A/r. The 
cpiantity (1 ^ has tiu' values 0, ().:U>:h%. ojh'lLM, U.TTnu, 

0.8{).17, 0.0170, O.O 0 O 2 , 0.0817, O.OOOa. 0 . 0070 , o.tiool when 
tln^ ratio of f to r has tin* value.s 0, O.o, I.O, l.o, LMh 2.0, «i.O, 
4.0, i).0, 0.0, 7.0. 'riie dilTerenei* (' (\, nr AV whieli 

wo may call the imhieial eurnml, han ttn* vaitn* f;,ut the 
beginning and Hinkn to I /eth of thin value in t .Heenmls, whieh 

is stiiueltme.H ealleil tin* 
vtiaxttttau timr of tlie 
eirenit, 1‘ht' iiiciueed 
tdei’lrnmntive fnree ban 
lilt* value AV and 
^ luHHUueH iusignifieunt in 
a short time utter Un^ 
fdreuit \h eh»hetl. The 
integral, witli renpeet to the tinn^ bet ween 0 and tjf 
the indueinl enrnmt, in ■ A'A/ At 

If, now, tlm eltudromoUve ftU’ee in the eireuit be mttblenly 
(duinged to AA wi^ liav*' at any time f seetunlH atti^r the ehange 
f ArVr/r or E*; r 1 iE iC)r^ *^7r. 
Tlmindueed eurrimt in now thi'sru’nntl teim in this eKprension 
for and the indueiMl eleeirmnniivt* foret* in never lurgi'r tlinii 
E - E\ Tlu' fpiantitv e hun tin' vuluen 1, ojidOA, (KOOTO, 
0,2231, 0,1353, 0.0821, O.tttOS, OJUHa, O.OOOT, 0 0025. O.OtHIO 
wh<m tlu\ ratio of t to r has tin' values ih tin, I tl I.A, 2.th 
2.5, 3.0, 4.0, 5.0, 0.0, 7,0. It is to Ui» ii<4eil ihui if A \n 




of a second. The ordinates of the curve in Fig. 90 represent 
the strength of the current in the circuit just described, on 
the aasum])tion that the olectromotivo force is kei)t constant 
for /> T seconds aftcu* the circuit is eloscul and is then suddenly 
anuihilattul. 

If, starting with jio ourrent in the circuit, tlie electromotive^ 
forc(i hav(^ tlu^ constant value for the time interval a, then 
the valuta /.tuo during tlio interval h, tluni the value ic',, again 
(luring an int(U'val tluui the value ya'-vu during an interval A, 
and so on, and if w(*, (huiotc^, 

current at tlie end of the nth period of interruption, uQi + h) 
se.couds from the beginning, will be 

(1. — a) (1 + ujS + + . . . + 

and the limit of this, a,s n incuuuisc.s, is 

Starting with this value f/,„ the current during the next 
ptu'iod a, while tlu^ ehM'tromotive foiuui is equal to 7c?, „ would 
be 7i?„(l - a //• + r and during the next interval b, 

wlum the electromotive^ force is zero, 

At tlie end of thivS interval the (uirront is again 0^^ and the 
Ht/ate is I Inal. 

I f K in the ecpiation L • 1>(C + r • C — B is a given function 
of the time, L* f '— J ^ B > dt). 

If the resistance of an inductive circuit containing a con- 
stant (‘hadromotive for(u^ B and carrying a st('ady current 
\u\ Amlih*nlu p,h!uu>‘(‘(l fvfnn r to vvi^ have at 




may ui^ au iu«u *» ... ^ui. m 

practioo to intunsiHo tho rrHiHUuu‘»' t»i a i'UfuU tliUs nuU-mi- 
taiiooiisly, iho ralt' of I’luioKi* iw r uva\ va ^iU uvMv v«*ry 
ra})i(l, tiiul tlio Hpiirk wh'wU in nilru vi:4i»lr vUhoi a rnniit in 
hroktm boarn witnoHS t.o IIh* l;M‘t tbal ibi* rfrri nuuntivu 

forcn Is Honiotinn'H lai'K^. 


If tho torminaKs of a iKitt^rv nf ialnii.i! n-HiHt.tiH'i* r utal 

t*bM*trninnh Vt* Imfr 1«I* rMiiitniinl liy a 
coil of rt’-Hint aiior /-j .(Hti ^rli iuiboiatico 
ill |mriilli‘l with a noluriiu^ roHj^aaiu’c 
bill auti U f\ f';, ic|i{f»jout till* 
HlrcuglliH of the t'tii irotn m the luttlcry 
UUtl ill lUt* tWti braurhen mI the external 

siirtaco rcHptH’.Uvi'ly, 

a^^C\+C,, (^r \ K A‘ in MW 

or 61 ?*+ f 4 r 5 f) /'Aumlrjir I * I r ,r /; /., “ / W 

If tlio valut' of from the ninatiou Kefure th»* last he 
aubatitutotl in the In.^l nation, we i»ei 

in '' iK^\ I (\h' ir f r, 1 AV. ? r I rp, 

wlioro U rf\ h r/‘3 f Hail f\ AV, /»M J e 

wliero Ai /f/ A, tc h < A /;»•* m' i r. ?, 

If tho main lurmiit be ninhlenly doHnl wUvn i th we have 

(\ P>Al e- A\ 

If, aftar tho rirauit Iuih beini cliwed for mane tiine iunl f*j Iihh 
attainaci tlm value /h tin' Imtlorv \n* Minhlenly sielaehoih 4* 
and Cs bacoma muUlanly otjuul nniiierically, 



or 


h . 6\ + + Q> + r,) (7^ - E, 

{L\ ' + h rj) 6\ + & . = E, 

h . a, + {L, a), + h + ra) Ca = E, 



I’la. 92. 


If W 0 perfovui tlio operations + Z> + ^ 2 ) h upon 

the two equations respectively, and subtract one result from 
the other, we shall get tlu^ equation 


L , . L , . 1)^(\ + [/v, Q> + ra) + L, (h -h n)] D,C, 

+ {ln\ + hT, + r,T.^C,^r,E^, 
whence 6\ s= r^JC/ (Jy)\ + hi\ + + A- 

whore X and /x are the roots of the quadratic 


X] • 4* [Xi {b 4* ^a) ”h Xa (h 4* ^’j)] ^ 4" (hvi + h\ 4* ^ 1 ^ 2 ) = 0. 


yig, 93 represents a WJieatstone^s Net which has self- 
inductance in all members except that 
which contains the cell. Using, as 
far as it goes, tlie notation of Section 
73, let us call the coefficients of self- 
induction of the branches which have 
Fio. 98. ^ the resistances p, q, r, 5 , g ; X^, X^, X,., 
X^, Lg respectively. Let ps == gr^ so 
that, when the mirrent has become steady, there is no flow 
through while the current 

r\^C(q + B)/{p^\^q + r^B) 
flows through and y, and the current 

■ (Qq e C{p + r) / (^p + g + T + s) 




through q and s. n, now* vno nninfu nn nimm^Tuy nroKen, 
trauHiont curnMitH (\,^ whit'h havt* tlu* initial 

valuos /V Vn» /V Vin ivflv* uinl tilt* Tumi valuo 

zero, will How thnaigli tin* nn*mlM*r.H td’ tin* ri'Ht tiT tin* nnt. 
KirchhoffH I^aws givn at t*vi*ry in.Hlunt 

P • • / V I r/ * ^ ‘ ^ V ; i f /*. * /V ; o, 

/v; 0 , 

^ V ^ ^ ’ ii 

If wo multiply (mioIi of IIiphi* oquatioiiH by intograti* Ui‘t.wiHm 
;i{ sK 0 and t — oo, urn I wriu* 

p.. f r*^; f//, p f%\ -.a 

m/Q %^ll 

a f f; ./f. 

wo shall got Uh' otpuitionH 

(j> -I- q) P i f/f/ P,> 

(r + ^}U A, /« A.a. 

/* A* ti. 

Wlience, 

(;/ 1 y 4 r f /?)[f/( /i 4 y f r I f t /t I h #M ^ 

or, HUioo ps — t/r, 

Q 1 A,/.t 

Uip f v I 1 1 « p I qnr f ni 

If Ay and A^ am both 7 ,«m'o cFig, IMn it im puNnihlo tu oIkhiho t 
ami p Huhjoot to till* roiitlili**!! p^ r/r, 
so that tli«*ro y^liall ht* nu tnumie*nt 
otirront Ihrongii //, nini in thifi oiiso 



00 xoimci. xnis inexnoa ox aetermiiung coellicients ot selt- 
iuductioii iH dc'scribed a,t lengtli by Lord Eayleigli iu the 
J:^ /uLoH()])liir.aL Tranmctions for 1882, 

If at the time t the positive ])lato of a condenser of capacity 
A”, which is bidug chargtul by a battery of constant clectronio- 
tivo for(‘,e /i/(Ifig. OH), has a (iharge Q] if r is the rcsistaiuui of 
the ^‘circ.nit,” L its {ioeJli(iient of sidf-iiuluction, and 0 ^ J>tQ) 
tlu^ charging (uirrent, wo liave 

jij _ Q I K ^ 7 , . j)^c ^ vG or L • ir^Q + r • D,Q + Q /K = JL 

The general solution of this erpiation for Q is the sum of any 
s])(Kdal solution (for instamu*-, Kh]) and the geiujral solution 
of tlu^ (‘([nation r()riu(‘,d by (‘.quating the iirst member to zero. 

If, tluu’efons /\i : ^ * r/2 A H- Ji ami sh — r/2 L — 11^ where 

- \.l KL, tlu^ solution rcMpiired 
is of tlu^ form KK + uiH + where a, and 
b ar(^ (jonstants to be dtdermimid from the 
initial (‘.on di lions. If the absolute value of 
tlu^ quantity ximhu* tlu^ rtuli(‘.al sign in the 
ex])ressions for Ai and A^ —taken positive, 
wliat(W(‘r its rcnil sign may be — is the value of the radi- 
(‘.al will b(i 1)1 or v)l according as is greater or h’.ss than 
4 A /A", If at the time ztuo, when Q tlm circiuit be 
sudd('.nly (dosed, 

Q - KJC + (Q, -- JOtJ) (Aa • -A, . / (A, -- A,). 

Tlu^ e.urr(‘nt has tlu^ value A,Aa((yo K/iJ) — eM) / (A^ Ai), 
and if Aj and Ay an^ real, it has tlu^ same sign for all values 
of f. If, how(‘V(n’, Aj and Ay are imaginary, the ex[)resaioxi 
giv(‘n ahov(^Jbr Q maybe more eonveniimtly written in tho 
form I\PJ + ” KI^))e' ’‘'^"^'(eos int + r/2 A?^z.‘Hin 7??7), and 



in Fig. 1)() oxhibit. Q and (' in U^rinn of f iu a nm^ whwre 
> 4 L/ h\ ■ 0, and thr nnnlinuaT is bmug rharg^nl; the 
(Uivvi^H in Fig. 1)7 (*<)rrt'H|HUul 


lio a viw wlunn* K 0 and 
Ijlio (a)udunH{*r ih diHcdiurginK 



it8(dr Uirnugli tin' riviniit. In v;\vU rant* tbi* .ibnulnir valun 
ol the cjummt Btarln at zwih atlaiim a maxiinutn, attil tluni 



X XXH U U X XVJX>i . 




that <4,L/K) the curve, the ordinates of -wiiicli are EK 
minus the ordinates of this curve, shows Q at any time while 
the condenser is being charged by the battery. The shape of 
the curve may be seen by looking at Fig. 98 tlirougli the 
back of the loaf and upside down. 

If WB diffevcuitiate the ecpiation E— QfK—L-DtC^rC 
with rospo(‘.t to w(^ get X • + C /K == DJi) = 0, 

and wo might dotormiue G directly from this last equation. 


If a condenser of capacity 7i, originally charged to poten- 
tial discharged through a circuit (Fig. 99) which 

consists of a non-inductive resistance and 
an inductive resistance arranged in mul- 
tiple arc, and if the currents at the time t 
through the branclioa of the external circuit 
bo Cl and 6^ n^spectively, + (73 = — E^Q. 


If we take into acco\int tlio induced elec- jpio., 09 ^ 
troinotive forc(^, we may a})ply KirchhofPs 
Laws direcjtly to this circuit and learn that Q/K-- CiT^^ = 0, 
and that 


Q/K-^ 

or Q/K+ A . J\ (E,Q + Ci) + r, (E,Q + C{) = 0. 

If the values obtained from 

the lirst of thest^ oquationa, be substituted in the last one, it 
booomoH //y • + I>tQ (Li/ Kr I + r^) + Q (vx +- r^) / — 0, 

and the solution of tliis is of the form where X 

and IX arc the roots of tlm equation 

L,x^ + (r.,/Krx + n)x + (rx + r,)/Krx = 0. 

After a and b have been determined in accordance with the 
given conditions, Xi and can be found directly. The equa- 


w 


wliilo that of (\ in A>,» anti undt^r !hi* intuditHtiin tjf this 
pvoblam 

Q 1 (AArj I I ] hr, A), 

Ci Q,AiP‘^<>'i 1 ^ 1 ^ ^ ^ ^ 

VuOiA>i I 1)(AAV, I AV;^|^4 A). 

If A and /a aro r(‘al, ^ '| diM’rPHHfM fnan thr c,^, Ar, tu /.rra» 

C% startH at y.oro, iutTouH^.s (mH‘tnn|iaia»*d by a iitdi indnml 
o()iint(nMd(‘otroinotivn IbrtM* ^»i that until 

it attains a maximum at ihn tium 

(Ictg A Ab 

at whioh iimt' l>^i\ vaniulu*^ and and thtut tmm 

tinually docrtniHoH* arromiauat’d hy a ?Hdl iinltirtnl puMitivo 
elor.trumoUvt* fnnas m that * ^V*r (\ 

with n‘Hp(u*t to Mu^ tinm frcmi / U to f it » and riumunhnr 
that A + /A (Ag + AVjri) / A^^ AVj, mn\ that 

A/a (Tj I r^i/A^Arjti 

wo shall obtain tlu^ vviudn llnvv (fi I r^ithroiii'li r,. This 
is tho saum (whethor nr not A and /i uri’ nmli m if had no 
Bcdfduduotanco ; hut if tlm I’irtnui Uv hrt»koii hi'furt^ tho iUs* 
oliargo is conijdotni a groator |H»rtion of ihr fdrrtririty will 
liavo gono through than would ho iln» rmv if A^ w«u*o vtmh 
If tlio (‘.ondon«c*r oonnortions havo a roimidt^rahlo roBiHUuit’o 
hj tho diffc^nmtial (H[uation lM*nomi*s 

KLg(ii + rj) I^f^Q -f [ A| 4- A (/ifj I I r, r^i\ 


denote DJi by wo have X- 1^(7+ r-D,C'4- G/K=E'. 
If It = ->/r"./t‘»~4X/j:, and 

a = (rJv -R)/2 LK, jS = (rK + R) / 2 LK, 
the general solution of this equation is 

C = (IC/li) (f'j" 6-P‘ • li' ■ dt - e'^'J' 0 -“‘ • IS' • dt) 

-\- A- + fi-f*'. 

If the polos of a battery of constant electromotive force E 
and internal rosistanco h are connected by a 
coil of rosistancio ri and self-inductance Xj, 
in parallel with a condenser of capacity K 
(Fig. 100), wb have 

^ I'lO. 100. 

Xi • A(7t -t-(5 -h n) -I- 5 • (73 = E, 
and E — Q / K= hCi -1- (i 4- rj) 

or h ■ EA + (& 4 r,) 4 Ca/ZC == 0. 

If wo i)erform on the first and last of those equations the 
operations [(/; 4 »•») />< 4 1 /Zi'] and h respectively, and sub- 
tract one result from the otlier, we shall learn that 

KA(h 4 »•,) JVC'i 4 [X, 4Z(:(ir, 4 4 V3)]X),(7i 

4(f-4r,)C', = X) 

and that (7, is the sxim of E jQ) 4 r,) and the general solution 
of the equation formed by putting the first number equal 
to zero. 

If the arms r and r in the Wheatstone Not contain con- 
densers of capacity Zv',,, K, resjiectivoly, the stc'ady current 




intlie rcmaming moKUHU'S oi not, uini ino cnncUMiHors will 
be discliargcMl Thn whnlo flnw tlivtaigh p will la* 
and that through r will ho (‘hK,. At. any instant during 
tho diaohargo inuiti|dy thi.H f‘«|uation 

by (U and iutograto btdwuon 0 and rx, it will appoar that 
tho whole How through y in (\sK, I’liia will hu '/nro 

if q/ii ^ a;/ AV 

86. Alternate Currants in Single Cirouits. In many pmn- 
tical ajiplioationH of (diM'.trioity it in ina'os.sary tt) dvnl wdtli 
induotivo oimiitH whinh o.outain ]*oriodio idoftrtuinitivi' ftirooH. 
In tlio Hiniplent cann the cdootromntivo form in luinnonic* of 



tlio form nr ilm form tHm(pf nh the 

aniplitudn k than ihn prnmi, T *^ w.p\ ihv jrnptf nr ij, 
n 3: p ! 'J, IT \ and the phnm^ ttup «, 

H\vo havnumio idtadromotive forrm. of tho i^nmo in’rimi, 
A • sin {pt • tt), H ■ Htn (pt fi), whiidi eunnpu*^ in a Htmplo lur- 
ouit, aro (Hjuivalent In a ninglt* nimple harmomte rlerlromotiva 
foroo fA8in(/i/ y), whmv j ^ o i;^ 

and tan y (A sin a + // sin /I) /f A vnn a I A «s»fi /|). I f a 
parallBlogram be oonstrimteti with adiip’ont eouivalimt 



of the parallelogram will be equal to (a — y) and (y — /?) 
respectively. 

If, starting at the time < = 0 from the position P^, a point P 
he made to move uniformly with angular velocity y* in counter- 
clockwise direction around the circumference of a circle with 
centre 0 and radius if he a fixed point in the plane 
of the circumference such that P^OQ — a, and if y he any 
straight lino in the plane perpendicular to OQ, the projec- 
tions of OP om. OQ and on y will he equal, at any time t, to 



K„ • cos {pi ” a) and • sin {pi - a) respectively. If 0$ be 
used as an axis of real quantities, QOP will represent the 
argument, and the length of OP the modulus of the complex 
quantity the real part and the real factor of the 

imaginary part of this quantity will be represented by the 
projections of OP on OQ and on ?/. 

If while P is movintr in the circumference, y moves parallel 


O 




it ('oiivciut^it tt» iiitufcinr fijj.^ 

ir ill Kig» iiuiiMrmly iu 

tlu')ilam'of tiuMluvgniin a h .iTi.-d.is ly 

angln J(^l^ /ii auii i! |ri^;:i.!.‘. m |, » ?|; .u.- . 

ainplitiitlc'H t»f I wn r-«tiii|»l«’ Is.uHiJ-hsr s|-i *mpf^ 

i) . I Ih* tip* •: f. /.'. .u^a # 1 / |»ivt. 

the tnirVt'H fl» /^ aii<l i‘Vriy J»r4;3i..d»' lh« *;njn .»nd «" iH tlu* 
Huni of tlii* c’iiirn*H|H>ti«iuii^ “* t?*'* utul /«, 

If ill Fig. ltl»t hn«'"8 1. «*/*, fu* frvulvp 

about (^ i» tho jlllUlP ««f tlp^ ili.n-jam !i-,» \AU.v rufihtatit 

p iyi|t5il-«r r, n.«’ mI tlir |srtK 

Jin'IiMir^ 64 ! llis -i«* ! Iis\r4 I4 ji[4 

|,?i ni 111*'’ |44-*’’ >^^41 i4 jj! i..iirup«iii«’ 

quillslllp'-s mI n.uj.r I s«-4|nr5^a'| i|« 

hut %li'llli |cli.r'^«' s **56r4 ‘j » »|si4i Im till* 

ls^’l%«'ru lb.*" Imr'i |>3 f =i*-r!rt;t. Th» 
^Ulll ul ihiMin'i l^.u I*' *|n4iail-rn inifV Iw'f 

i«| iLr I ’r.r U* 41 U|=«*SI ^ uf 

(jiK hIu«‘Ii riiiiJ % I ” I Ij*’ g«-t«surtria 

J4UHi (4 n 1^ , a ilUmt 

Q with augitlur vi*h.triiy /% 54iiriysi-: ,a iLr fuuur tinin 

with thu original Iuiph. 



If a ('ircntit m wlii«»li ban a r 4is«l a ^rlf Iis«|tfrt' 

ancui L rontniiw an Imj**' /;. *■».•. j'?, up lutvi* 

£» • /^|(‘ + "■ PiP4 /if, d Ihp ft iiv.v4‘i!*a n! !!.«• l U^-us! in lirg’ 

ligihlo, Tho riniijilnir ?ii4nl3»ftu *4 I'uri p..|n.il54-3s S’s iLp ?snin mI 

any fip 0(4 III milutinn lin«l thr rmaplrl*” n.>!n!ii-sa, Ir *, id Ill«‘ 
aquation fornit*il by wriiini* Ibr ikai pqnal 1 ** /rrn. 

To Hud tha Hiiwinl ^ohiticni tiop4p4, wp stisay rs.ims.lr-? firnt lht» 
aquation /#• /f,r + i-r K^iv%m ^ i-^ %Uiirh 


Substituting tliis form in tlio etjuation; to determine Bj we 
learn that tlio solution is 

+ or .K,,{r ~ Lpiy^‘<‘ / + LY), 

of whioli tlio ro!il part is (?• cos sin pt) / (r=+ or 

K 

•« ,,„j, -whoro tan a = Lp jr. 

\‘r + Irir 

The cuirrout in is, thercdoro, 

/ A — a) / 

hut aft(U‘ a (‘,{)iuj);irativi‘ly short tina? tlui iirst term becoinos 
iiegligibln, and then Iho mirrtmt 1 )(M‘.oiiu's harmonic with the 
saiuo jjm'iod, and tlie 

Same rnujiKmey, y>/2 7r, as the 
electromotive forcic*, but with a 
rttardation in phase of a. Tlu^ 
amplitude', is 

The radicial Vr*-^ + -.S: Z is 

called the iiniuulftnrc oT tla^ e.ir- 
(‘.uit and /y; = x its mtrtamx^ 

or IndHc.tlius rvaidanve^ uiidm* 
tlio given (urenmsta.ii(^es ; tin* 

Htdf-imhution of iln^ (dre.uit 
r('d\u‘,(‘.H the amplitude of the 
(iurrcmt in tln^ ratio of r to Z, The redation Ixtween tli(\ elec- 
tromotiv(i fon'.e and thr^ current stixmgth may Ix^ re])r('.seuted 
hy (‘.orix'Hponding ordinates of two eurve.s ]ik(i those shown in 
Fig. Khl. 

Tlie eountm’-(de(tromotive force of 8(df-indu(tion, sometimes 
called the haek ohxtromothH) forva of Helf-induction, is eKT[ual to 

— L . I>, (\ or . o.on (pt - a - 1 tt) ; it lafr,s OO" laOiind tlio 

z 



Fk;. lot. 


nil 




, . ^ uy 

6^,,,^ tlauuiiplitutlt' (»r thf^ I’liu*! rnmiil sv«' |Mr»’M tuavc^r- 

Ctiiut*. m'lf-ituhu’litju will Im »M!h^*i ilu* ttpjimmrU 

olootrunioiivo forou ur ilu^ r?jrr;/v rnmpnnrnt of 

^ tla^ t’hniruini*! ivr Inri’is Uii iun[)U« 
tuilo IM riir Htiiphitoia of tlm 

apptitd rlvrltinuidwt^ lurn^ f**^v()npt 

If a n^^lit iti.uH'U' ilrawn (Fig» 

Q ■ * g inr») ilii» *4 wlui'h t* 

Fio. 105, hp ^*u iiiiy tli«* hyj*Mt«MiUMo 

will rt'pri’Hiisi ^ Mil ?4.iini* Hi'iilo luul 


tho aoglo l>ot\Vf»(*n tho #* mol / ^iilr^ a ill ; ihp^, triitnglo 
ia tliu trmmjie af nmMtHiwtji, A truuigl«* t Ktg. lOd) 

similar to thin, tho nitlrn of wlnoh nro r»pi4l h* r(*^, 
and ZO^, may bo nalbni llio #4V/rrfrM«i..fi3v/onvj«. If 


the iigum ()Ql*H bo uuuio Ut rut4a«^ puniiu-rly aUmi tn with 
aoimfcaut angular vobanty p, tbo pvairvtumn at imy tiiutf of 


0^^, ()f\ OH upon any lino in tbo pbitn» i»f ibr' tlnigriun pitralbd 
to the original ptmitiim of (U* will guo lUv oloriromotiva 
fonuia at that iimtant. 


TluuiWuf*V//c»r thn ouorgy njNUifc in tlio rtr«nnt,ihtring nny time 
interval, at the oxponiio of tbo gonoraior tn llio hiih^ uiiogml, 
taken over that intc^rvah of Hi ' HJ mn pi mm | pi « | * /Z. 

The moan value of thn iw«tivity fur any num- 
bor of wholo pnrioda in f /*Vl» 

and this is the sainn a« if a litnndy ourrmit 
of iutcnmity /?„/ (.y^ hv\ nsjssfd 

through the eireuib tluriiig the iittervuj ; 
for tluH rmiaon A’„/ V5(?'+ /.yi w m,i,l t~ - -- --—Jq 
to Im the tnrlutil or effeetivri eiirreiit. The F»>» lo»^ 

moan valmm for nny nutiiln*r of whole 
periods of the current anti tif the soitnire of the ftirrent are 


electromotive force is V?, and tlie effective apparent elec- 
tromotive force is / V2 • Z. The apparent electromotive 
force would yield the current C if applied to a circuit of ohmic 
resistance r and inductive resistance zero. The activity, or 
power in the circuit,’^ is 6 (iual for any number of whole 
periods to the product of the effective current and the effective 
apparent electromotive force. For this reason the effective 
apparent electromotive force is frequently called the effec-’ 
tive enevf/i/ component of the electroviotive force. The first term 

the second member of the equation 
JCG ^ Oh + LC ' hiC shows the rate at which heat is being 
dissipated in tlio circuit 5 the second term, 

— M,fXjp • sin {pt — a) • cos {pt — 

the rate at which power is used in increasing the energy 
of the electromagnetic field. It is evident that the average 
value of this last (piantity for any number of whole periods 
is zero. Tlio effective impressed electromotive force is often 
called simply ^^the electromotive force.” Such voltmeters and 
auimeterB as are commonly used in alternating circuits usually 
indicate effeotlve electromotive forces and currents; their read- 
ings must be mvdtiplied by V 2 to obtain the nmximum values 
of these quantities. 

lb is often convenient, as Prof. C. A. Adams has pointed 
out, JvO regard the values, at any instant of the impressed elec- 
tromotive force and of the current, as the projections, on the 
real axis, of the radii vectores which join the origin to the two 
points on the complex plane which represent at that instant 
the quantities / (r + Lpi), This last expres- 

sion is the simple soliition already found for the differential 
equation Df^O + 0 ^ 

It in the problem just considered we reckon the time from 



tlioso quaniitioH uiay lu* n»ganl<Ml a . tin* |*riijrrt inirs nn thn axis 

of ima^nnavii‘S tlu‘ lutttluli oi A'.,, ’’ aiui A'.,, (r | A///). 

Th« (]\iautit.y {r I A/^/j han iM'fU I'allril thi- / w/irr Autce*, 

but Homo wfitorn givo thin uamr tn r A/. A 

If a linoar )>laui' rirouit of urra .(» n- M.ntaiu'o ?% atul 
induotantm A* iu autiiibrm tuaguoth’ m an t«t itittnoHily //, 
bo matlo to n)t.ato aiumt au axin }»rrj«ru«li»'ular tn thn Uuoh itf 
tho fiobl with angular voluiuly p, atol if a! fiino f 0 Uio 
piano of tlu^ I'inniit is jjurallol <u !lu' tirbl, llu* tlii\ *4 tin* ilrld 
through tlu^ foil at tlu^ tinu* i in AH mu pf, ;uul flu* iHur<uit (' 
HatiHtlos tho tMpuiUtui A-Za^’ 1 p AH mi that 

al’tor a fiuv ai'otiutlH t' H ip pf n t /, Tiio whulo 
ilow of oh'otrioity tlunuigh tho oinaui ilunug a p“-itno half 
vovohitiou in 'AHA X, 'Tho uun-hauuMl aoijuu hrUvi*»-u tho 
oimiit at\(l tho iiohl in iM|uivatoui !*» a i Muplo ilio imunout 
of whioh in rnimon tho mlo of rhaugo uuh rrrqirrt tn pt 
of tlm lluK AH Htn j>t through tlu^ vu\\. TUtn uuuuout in 
OHAvmpf.in* HKPji VMH pt {mn /sf ,i ) /, Uh a\<u*agt^ 
valuo in ^ H^A'^pi\ A ;uul thr work ihuto aguiirU H in a 
ninglo vovohithiU in H'KPrwp '/'K KAimod \\Mik iuu*U lu' 
done to turn tlu' ooil agaiuHl tho riuuhiauoo nl tho. OMnnh% ami 
tho (Hpiivalont mf thin work in all \inial in tioatiug tlo* oiroiui. 
If tho riito of rotation in Ht» rapiil that tho nUu* of r !»» Lp 
in Kmall, u in noarly ot[\ial to | ir, autl f* \n uoarh oqual to 

///(HinpZ/A; f'A in tho itux through tho oinnui of thi' 
liuoH of itH own Ihdtl, flA nin pt in tho mrroMpMUihug ilux of 
tho linos of tho oxtornal holtl^ and in thin vnnv tho huju of tho 
two is noarly 

If two ]iointH A and II in nn inditolivo rirruit ho hdnod by 


SlinpiU tUi’UUiU VVIliUll UiUTiUS LlitJ ULLLTUIIU • 13111 — a) LiltJrtJ 

is an oluuic rosistaiHiB r and a self-inductance L, the difference 
of pottnitial between the points is evidently 

Vv’^ + • sin (pt — S), 

where tan 8 — (r • sin a — • Lp (‘,os a) / (r • cos a + Zp- sin a). If 
the tevniinals of an alternating cuirrent voltmeter were attached 
to A and Ji, tlui instrument would measure J ^2, 

If ac-irc.nit whi(*.h carries a current (7^„-cosj>if contains three 
coils in seric^s which have resistances Vi, rjj, 7*j{ and inductances 

horizontal line in succession 
(Kig, 1 07) the lengths OA — Erect 

at Q a vi'.rl.ieal line and lay off tm it the lengths 

QI>—ZxV(\a'^ Zip(\,,, FP^L^pG^,,. 

Then OF will iH^prt'smit tlie amplitude of the difference of 
potcmtial betwcum O and .I\ and QOF will ho the angle of 
advance of its phase over that of 
the curiumt. The linos o rep- 
resent similarly tlio amplitudes of 
the diffennutes of potential of the 
(uuls of the separate coils, and the 
angh‘S wliich these lines make with 
th(*. horizontal the ])has(‘ differencos Fm. 107. 

hetwtMui tlu‘Sii potential differcuces 

and thi) c.tirrcmt. Starting at the time zero, let the triangle 
OQ/* iH^volvc^ about O, in th(^ idanc of the diagram, with con- 
stant angular veloc.ity p, and h‘.t the initial position of OQ 
ho d(mob(‘d hy OQ ^,, ' Lid the ])oints of intersection of the 
lincm a, h and V c he dimntcd hy G and //”, and the projections 
of A, //, M K /\ (B /7npon hy corros])onding accented 
hd'.tru'H ; tlum the huigths at any time of the lines OG\ GZP, 

iff Til mo '.roU'irtO /-\p (C £^^nA^■:vA’mn■h^VA 



(HUuhioturH ia purnllrl ^ tOK|<)f resist- 
aiuM' r|, }\ iuat nf hoU ' imlurtutipj' //j, 

Li • IK(\ < ( r I r| ) f \ I r( . vmpt^ 

I rf\ f (r { 

If r Ib iu‘gligibU% 

.K„,-vm(pf t Xt>' A vtmlpt ti^)^ 

anti 

6g - h'w * ^h) / ^ i %)i 

whom tan at — tnn 

i\+(\ «)i 

whore f f 2 A rtm (it, u^} 

and tan a •- (.1 • niu «i f // • nin / { J > nm mj f It • tnm o^). 

If in Fig. Itm, n/* tuni V^/* (H^i Ar^, QP^ 
yiX,/;, and A oan ho roiiroHonUnl hy a hniglh hud tdT from 
() on i)Q. A Himilar ona«l4ntotii»n* ro|iroHinit<n{ hy tlu' tluttiul 
linofi, may bo naulo ft^r //, Tbo diagtanil UH tjf tho par- 
allelogram, two sidoH td' wbioh aro 
the linoH whitdi ropronont J iuhI It, 
reproHontH If oP outB tbo 
oircumforonon in iXI n^proftontM tlio 
produot of roBintanoii ctf 

tlm divided oireuit. 

If a Himplo harinonio difforotma of 
potential AX, ‘Ooh pt bo applied to two Fia. 109. 

points A and B whitdi are oomumttKl by n ** 

simple oonduotors of rosi^tanooit r^, aidfdiuluotiuieis 

‘ j iiujJodamHm Zm'" J if the sum of 

tbfi n frantinnM nf tbo fnPiYi »♦, rUouitnU hv 




Fm. lOH. 





ill all the conductors is 74 • cos (jojJ - a) / where 

tan a = X / IL 


If a non-inductivo circuit of resistance t containing a con- 
denser of (5apa(*ity h and a generator of electromotive force 
M ^ he suddenly closed at the time t = 0, and if Q 

is the charge on the positive plate of the condenser at the time 
% B— Q/fc = rO, or, since (7= JD^Q, 

r . DtC + P /Jc = • Q 08 jpt 

From this it follows that 

C s= + 74 . sin (pt + 13 )/ V^+ 

and + 74 - sin {'pt + ^ — -J- tt) / p VPhF^ 

where m == I /ji7c, and tan ^ = 1 /rplc. 


The exponential terms soon become negligible, and if we 
assume that Q is zero at the outset, we shall have eventually 

C ^ 74 • sin + P) / vV* + m\ 

or jpi4^ * cos(jr^^ — 8) / Vl + where tan 8 ^prk ; 

Q » 74 • sin {pt + ^ — /%) 


Here the phase of the current is in advance of that of the 
applied electromotive force E by the angle /3 and in advance 


of Q by 90®, The electromotive forces 
of the oondensor and generator conspire 
in direcition when pt lies between mr 
and niT + a, where n is any integer and 
a « 90® — /3; these electromotive forces 
are opposed when pt lies between wtt + a 
and {n + l)7r. The electromotive force 



Fio, 110. 


(Q Hi) necessary to overcome that of the condenser lags behind 
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■jLiio real paru ot any solution ol tlio equation 


Z. I),H)+r.J),C+ C/h = 

(and one ovidcntly exists of tlio forjn will be a spe- 

(*,ia.l solution of the ecpiation just formed. It is easy to lind 
.It by substituting in tluj new equation, and to prove 
tliat A;,.sin(jf;^ l/ 7 c ^^)2 and 

tan a === is the result required. To obtain 

tlu^ (H)mpluU^ solution of the (iquation for C we should need 
to add to this sptHual solution the complete solution (found 
in tlio last S(U5tioii) of tlie equation formed by writing the 
(lr>st meiulxu* cupial to z(iro ; this solution is exponential in 
form, witli negative indie.(^s inerc^asing in absolute value with 
the time, so that aJ’ter a bw s(‘(U)nds the current maybe repre- 
sented by the equation C — — a) / It It is to be 

notie(Hl that the capacity of tlui condenser tends to offset in 
some r(*sp(‘(ds tlie tvITcuU; of the sedf-induetion of the coil. Since 
r- r'^ 4- p^(^L — 1 / p'^ky^ and tail a — p (/S — 1 /'>% it is 

(dear tluit tlie current in tlio (drenit is the same as if the con- 
dims(‘.r were rcmioved and the s(dr-iiuluetanee decreased by 
1 / ly^h, Th(\ maximum curremt is obtained when both self- 
iiuluc.taiuui and c.aiiae.ity are absmit, or when botli are present 
and sucli that Lh/r^ 1. Jf (>„ when 6' lias its maximum 
value, the differenim of potential ( A*) between the plates of 
the eondenmu' is k -- vm{iyt a ) and if the 
denomiualior of iht‘> haviuonie. term is h‘,ss than unity, this term 
will have an amplitude grixiter than that of the impressed force. 
If wo make k inlinito in tlu^so expressions, they become 
aiiplic.able to the case of a simple inductive edreuit containing 
no coudenHiu’. The radical It, wliicih is (uilleil the Inq^edance of 
the circuit, becomes Vr'^ + j}ji^ when h is infmito. 


LHh 


Ti- 


Fiu. Wll 


Ihi* I'hH’lrtuvto uHv'tl HUil iiu' nixe 

and material tjf tin* Kx|»c'rinH‘Ut 

HlunvH that if Hiinilar |>latiniun rh^'t rnili’a of 
nuHl<*mU‘ nhv Ut» \iHi»d,tlM' oaiairity, ju^r 
luillinuMn* nf tlin Hurfanp nf idtliiT idtn’trntlo, 
will ho alHiut (MMU. O.OHlh ihlHll, niioru^. 

farada, aaonrdinj^ an tlit» olortridylo in a diliitn mihithm in 
water of A 7 Y, Kfh\ or A 7 , 


If hotwecni A and /I in a niinido rirniit cKi^' lid) whicli 
oarritm tlna aurrtnit (' tu thorn in a rnaintanoo r, 

aaedf-inductancu^ A, and a oondonHor of oa|»unity k in ^nrio« with 
the 8(df»induDtanoo, the difforourn of iiolrnitial Iw^wnnu ihoHO 
two points is A* /^7' d Q/k. If V whan t* 


this is Qtt/k + * Vr® f ( Ap I //4* f ( pt S), 


whore 


^ rn«stn a + f t /A" i.p'*\nmtt 

tan 0 " ■ ■■ . i .3 tt 

rp • turn tt + ( isp^ I . A' j MUi «E% 


If the ends of a coil of resistiinet' fi ninl atdf induotanee A|, 
whieli is joined up with a generaitir td’ roisintanoo r a!ul eh'otra- 
motive foroe A’^-siu p/, bo ounnootod by 
leads of resistaneo fg with tint tenniimb 
of aooudensar of capauity k^, the tudl and 
the oondanserara in parallel (Kig, 114 )* 
and 

Lx • I),(\ + (r +• r,) t\ + r(\ < !>:„ ■ sin }>t, 

T< J),Ci + (/•+• j + l\/ i'l 




(\ === 7!^;, . sin -cl)/ + L^Y 

and i\ — i ) • cos {pt — /^) / Vi-h k/^pY, 

where tan a — Lip /vj, and tan /3 — ‘prJc,^. 

In many practical problems r ,2 is extremely small, so that 

is negligible. 

If thcj terminals of a generator of cdectromotive force 
J{J ^ • sin pti of selMnductaiKK^ 7v, and 

of resistaiuu^ v, bo coiuuuited (Kig. 1.1 H) 
to the ends of a (soil of r(‘sista.nce and 
8(dr-iuductan(».o Xj, and if the coil ends 
are attaednul by h^ids of resistane.o r,^ to 
the coatings of a condenser oC capacity 
/r^, we have 

[(X + XO I), + (r + r,)] C, + (X . A + r) (7, = • sin pi, 

+ [X . I)/ + (r + ra) 7), + 1 / XJ C, - p2S,, * cos^^. 
If X = 0, we have the case last considered. 



If the terminals of a generator of resiatanco r and elec- 



tromotive force • sin are connected 
(Fig. 110) by two conductors in parallel 
having resistances n, capacities /q, 
and aelf-inductauees Xj, Xg respectively, 


Fid. nc. lait no mutual inductance, 


Xi • J>/Oi + (r + + r • + Ci/ki — • cos pt, 

Xg«iV6\ + r-A<7i + (^ + rg)AXg+ C, / k, ^pKr<^0Bpt 
T f WA atndv the oTicrator f X« • -I- -4- ra')D. 4- 1 / to 
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IMjUillilUUtt iliiu OiUT U|)IU«LUU)U OIL I,lUi 800011(1 110(1 MlU- 

trac.t ono of tln^ rc^sulting O([uatioos iToin tlio other, we shall 
eliiumat('. ( V and g(^t the homogeneous liiic'.ar equation 

(X,/;, -- +{rJ., -h r,L,)J),(\' + 9V'/V== 0. 

The general Holiitionof this e(|uatioii is of tlu^ form 
whore X and /x are tlie two roots of the equation 

(XjXy d" ^*i^’2 ^ 

that is, 

(7*oL] + r, Xy) dt V { ryX, Xy)- •“ 4 7Vy (X, 7vy — .4/“) 

2(X,Xy 

I f we ('liiuinatt*. ( V from the original equations, wo shall learn 
that (V H" where X and /x havti tlu^ values just 

given. HoUi X and /x are negative, sine.e — Af is positive, 
and both arcs real, siiHiO the ('xpn'ssion niuhu’ the radmal sign 

may Im written (X,ry ' - X^ri) - + 4rjry4/l The ooelHcionts 

yli, J.j, Xi, Xy in th(‘ expr(‘Ssion for (//, (/.j are not Jill inde- 
pmulont, for we find when we eubstitnte these expressions in 
eitluu* of th(^ original (‘quations that the ratios A.^/ Xy/7h 
jmifit have tlu‘. lix(‘d vuliu'.s 

. M\ j (XyX “•(“ or (X^X •+“ rj) / AfX 

and -- M fi/( Xg/x + r^) or — (7vj/x 4- rj ) /.7I//x 

respectively. I f we douott^ those ratios by a and /3, we have 
C\ - 76\/ri + Aia>^^ + ^ M^/r^ + a A^eA -f where 

X, a, ^ depend only upon the forms of the circuits and 

till', materials of which they arc made and Aj,y 7h are to be 







form asoh^ticm oftlu' c^riKi^al i‘qitatuntH. iiut tluMiiH'ra- 

tor f^ualHiuH autl the 

opomlior ( .1/ • />,) U) tin* Nin’ninl au«i i.irt iiiv: unv \r%\\\i from 
the otlio.r, W(^ Ki't 

(Aj/., \ M-,/, t I 

an (M|uatitni which evidently han a ?udiiinni mI the I’nrin 

and if wt' HiibHtitute tliin «'5^|»ie^^^ne|} ui the e.|ii4ts«iu, w«* irmni 

that 

/^--/C(raf A./nh/l'/v*, I irj., I n/,,)/i/j. 

The real pari (/) t»r /»#■»'* ia. therefore. 
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*j' f M’j/.J I 


where 

tan fi 

/.,/< (•., iUul 




tan 0 

< ‘‘ill'll' 

I'-.''.- 


or 

X 

A ena ( /ff Hh here, if 



L 

/,, .i/v.,./.- 

1 /.//•'■ » (VI 


and 

r 

i Jfyr, , 

t ‘/I. 



A 

KJ v /,’/-’ f 

1*', illlli t;ttl I. 

/ /• J-. 


The primary, tht*rer<n*i% hehuven lik*' n nn^-rle ru^ n$t fat a 
(liatanea from all utherKt uf nmiHUinee r, v^ientrr th^n jv aiul 
of Bcdfdnduolant'e A, lenn than /*J d'he pieunire of the 
Bwondary eireuil tmiken the laii in the pnnouy lem ih ui it 
\vo\il(l otherwise he. 

rn\ 
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wliere tan (^ -*«)== The lag in phase of the secondary 

circuit behind the primary is tt + a — or tt + tan"'i /r^). 
The lag of the scutoiulary current behind the electromotive 
fore.e is tair^ \y - AP) 'rir,] / [2> {rX, + r^Xo)], The 
avei'age rate for any nimiber of whole periods at which the 
goinn’ator ruruislies (‘.nergy to the 
primary is the averagt^ value of 
• (U)S Jit • ('.os ( jit — a), which is 
i • (U)H a or JCJr/2{IJ\j;^ + 
this is gr(»at(U* wln^n tlie stusoTuhiry 
is (doH(ul tliau wlKm it; is open. Tlie 
averagii rat(‘. for any wholes number 
of p(n*i()<l.s at which (mm-gy is used in I’m. 120, 

heating tlie siMunulary is tlu'. average 

value of f ry or r.jr^ j)K[-/'J:,{L.l ji^ + v,?)) the ratio of this to 
the pow(*r nsml in tlu^ primary is c.alled this (\(fi.v,i(m.r.ij oi the 
trails formation and is (Mpial to i\i\I“ji^ / r{L?]i^ -h r,}). The 
eloetroiuotivi^ forci^ indn(u‘d in tlu^ sec.ondary is 





The probhnn li(‘re considcMHul is in jirinciple that of the alter- 
nate c-uriHUit transfonm'r (Figs. 1 20 and 121), and it is fre- 
tjuently tlu^ (‘-asi^ in prac.ti(i(‘, that the ratio 
of Cy to L<,p is v(‘ry small. Under these 
eirc.umstanc.es v, tlu^ amplitude of Cy, 
and (-i - a are m^arly eipial to 





Xj • » /)/ y Xy, h r,JP / Xy^ ilXl /Xy, and 0 

resyieetivcdy. Both einmits are usually 
wound on a soft iron core (often a ring) 



Aa AiautttAj lUNA**/ I n*»’ »n. vHf’ iHUUDer 

of tj\irurt of tlu' rinnntj^ uo l lu' tM*rr, ;tu»l tmUi'r theso 

ciroinuHtaiiooH h in a|>j>roxniial»*ly 1*4^1. d h* u^A . Ko|. 
oxluuiHbivo tmiUiu'ui.H td' tlu' prnhhnu ui tIuH .Htn'iinn, whioli 
IH of iimc.h pmnUrul imptnliuirts thr rradrr t'* rt'IrrnMl Uj aiu-h 
boolcH an Kli‘ining'H Al^rnutft^ ('urrf'Hf /r»n#.vflirwrr ,• J, 
ThoinHuidn Eh^mt'nt^ uf Einirl^ iiff tsmi , Niphnr’a 

frrVfttiHr on FJvHvkUn nmi Motjuttmu i au*l »S|fjtuurl/‘ii Alitr* 
nntintj iUtVfrnt Fhvnomtnn, 

88. The General Equationi of tha Elaotrom&patio Field, 
Wlu'u a iixi'd, imd-allio, Uinsir i’lmut .>« ui npi’i dtr r«iiHlu$*tivit,y 
X^il/tr, at a luiifuna tiaiijiiaiUmr thrMti|*hnut* rarrii'?i an 
iiuhuHul ciirnnit, iioj^itivi^ rdrfifunty ih ur^*'*! lutautil in the 
(Hmttiou of thn tnirrcnt by »’ Hniiifihin|( ut tbn niiliira of an 
oku’.trcmlratio iU*bl/‘ tlnmi^b wn ilu nut nml iMUHnnun^ tlmi tlm 
ia alwayn duti to cdootroHtatiiudiarK«»>», If wo ib'nnio thn mu» 
pumnitH of tlio liobl at ovory jHdiit wit bin nr withnnt tlia 
conduotiovH wliit’h fi»rm thfudnnnt liy A, W /. tlio Hjh' intn^q-al 
of [A* • (’oh(j*, ,v) +- )"■ cufi (/A f / - rttH f 5, I j, fnkon anumd ^ 
in thn dirt'otitm of iho tnirmut^ \n tb«» inb^rual rb ot rtiiuntivn 
forco and in (•{|u;d tt) thn nopdivn uf thn tinio rato i*f nhanK« 
of tlio ponitivn flux of tnnknndit* iinlnniton ihroiii^h tin* rinnut. 
If tlio cirntiit bt^ rtJVf’mrl bv^ a (*Hp S, if n doin»to« thi* dirnotion 
of tho normal trt S drawn towards thn jModttvi’ idtbn and if 
nro tlm nomponmdH nf tin* nia /indir itidiirthm /I, 
thou, on thn af^numptitui that IdiouriMn tiiay ta^appliiHl 

to tlio vnntor (A; F, Z}, vvn ahull hiivn 

// - a >') ») HtKX i\y.) rimtf/, t$) 

f !i^ A“ If mia (m, n i ] dE 

‘ vm (x, ft) 4= • vtm ( 1 /, #i| 

+ 1 1, < r»« m n I J dSt 


so that the Oxornf^Minn 


integrated over any cap bounded by 5, whatever the forms of 
tlio latter, yields zero. We are led to assume, therefore, that 
at every point within or without any such circuit 

- DJi, D^X, [209] 

and to say that the negative of the vector the components of 
which are the time derivatives of the component of the induc- 
tion is equal to tlie curl of the electric field. 

i} Vi ^ components of the curl of the magnetic 

induction ./y, and if the components F^ of the vector 

F are defined by the equations 4 ttF^ = Pot 4 irFy = Pot >7, 
AirF^ ^ Pot F is a vector potential function of Ji. By its 
aid we can transform the integral 


Oa ^0 + • COS (ai, n)'] dS, 

0 

in which the integrand is the component normal to S of the 
curl of I)iFf into a line integral taken about s of the tangen- 
tial component of D^F, We have, therefore. 


J* [ JT • cos (Xj s) -f- P* 00s (?/, h) + Z- cos (^, .9)] ^5 
" J^[ A Fa, • 008 (a?, s) + D^Fy • cos (y, s) + AA • cos (?¥, s)] A 


and the integrands can differ only by the tangential com- 
ponent of some lamellar vector ( Aj Aj A)) which adds nothing 
to the integral tsJken completely around 5. Since this is true 
whatever the shape of we assume that at every point 



and writo 


^ t^K 1^10] 

Tlin mwlnr nhoultl (M^nipart' tlii'H*' i“*|u:diniri with 

Wibhiii tilt' (’tJiHltit*tcjrH w'hirh h'ltu thi^ 

{tti Vi io) (»f tlu' tuimlut’iinii t'urn’ul (71 M;uwi*irH cur- 

rent equatiunH 

4iTu ii,y 4nv- iKi. /^ a ; 

4wfv /hJ/ /I,/., fini] 

where A, 4/, art' the t‘mu|uuiciitH f»f tin' inai'iirfic fiidtl, lual 
u -- XA\ ' (ftti V tri\ X tfv\ 

AtuuiriUu^ in hypnlhcni^^, a dirlcrtiic runniints^ of 

perfectly tunulut’iiiii^ imdcculr-H irMiu rarh lUhcr by 

perfectly iuHtilatiiig Hpacea, tin* j'lH-riiin’ lu^hirtivi* I’aiue’ity ( A) 
depmuling nu'ndy upuu Uu* raiii* t«l the iMlmur t o| the lipaccH 
oemijiit'tl by Um^ nudiHuilen and vnuu-t ^iparrH. Krem 

tliia peiiit tff view, theri* h a trandi’f <•! i h-rf t irjty tlirtni|(h 
every mohuuilt^ when the dirleetne ih U iie./ pMlaiii/eih nne 
pertieu ef the uurfiun* t'f ilie uinhnaih' Un’uuutti^ pnHiltvely 
eloetrifu'd by induetinn luul nnether pi»i U hu iie|.^iiivrly idee- 
trifled. ICvery ehaiii^i' in the |»»!ars/4ln»n tn aecMiu|.,tni«Ml hy 
the passage nf eh't^tritdty thnuigh th«’ nuiHfi id t!*r iiinleeule, 
ami we are tn aHmuut' tliat tinring the ehange r\f*iy nudeeule 
acts (deetrnmagrn'tieally like a enrnmt elentmt, Whab'ver 
our theory, the appeamnee (if tin’ itninrrd ehargi’n which 
aeoouut mathematically for tlu^ phetiuineua idrtrrved when a 
dieleetria benomes pobiri/etl, involve?* the diftphn’ernent r»f 
eleetrieity, and eorrenponding eleeti'einitgnetie elFeetn, fn his 
famous paper on A Dynauiieid Tin »nrv «»f the Kieefrmnng* 
netic Fitdd/* published in tlie /Vi/Awfip/iiV^f/ nf 

j/L ^ m 1 ev * . * j 1 « « a k k ^ k . « 


pjiwiiuiuuiicij UijLtj uu ur, iuuivwa xur eij[ui vciiuuu iiu biiube 

would ac('.om])auy tlio presenco of currents, called displacement 
cur rents, in tlie dielectric doiined at eacli point by the vector 

J>t^^j,/4:Tr, D/l\/4,7r) 

or (K^:i),X/4 ir, 7C.Z),F/47r, K^D,Zf4:7r). 

A(u*.Qrdixig to this aHsiunptiou, 

.,d TT + X-V, = I>l%/4: TV + XY, 

q(}^ t.- AtT * 4 “ XZ, 

wlierc^ 7 /.', v\ 10 ^ are tlie components of the total current, and 
wo may writi^ the (uirrcuit (‘([nations in the geiuualized form 

4 irid : ^ + Attu = J>yN — 

A 7r/4 L I "h 4 TTrV — J)Sj — 

A Trie' •: i “b 4- irw — — DyL, 

in whi(di v/, v, w r(‘[)r(‘H(‘nt tlu^ eoinponents of the conduction 
current alone, In (U)uduc4ors the (lis[)lacoment currents are 
iu‘.j^di[(ihlis in a ])orre(vtly insulating dicbctric the conduction 
(UirnuitH vanish ; both arc sup[)os{‘.d to coexist in dielectrics 
wliitdi are slightly e.onducting. Witliin a conductor, since the 
(uu’l of ilni iuagn(*l.i(‘. I'onu^ is sohuioidal, + DyC + J\w == 0. 

If at hnisli tlnit ])ortion of the nia,gui‘tic indu(‘4ion near the 
c.urrtmt w]u<*.h c,hatig(^s witli the tiling is induced in soft media, 
and if /x is tlu' ma.gnt‘ti(‘. indu(4;ivity at tl)(^ point {x, y, 
wo luiv(‘ ‘ (i* ^ ^ = /A • and 

[209] b(*{‘.onu‘H 

^ /i.. />,/. - I>yZ - I),y, ^ I>,x- I>Jj, 

l),Y-^J>yX, [213] 

or, if tlu^ nuulia hoinogcmoous, 



t and thi* vuituss nl i^i^x A, A frcim [214] 

in tlu^ V(‘HnltH, Wi* n\ni\\ k»’ 1 A»r inuu{i|.r*‘UruuH uirdia ihvm 
oquatitvhH nf thn ft^nn 

li\{Kx D^KV + ^iw- n,u} Vhi /^,(/V^ \ /V‘ t x\ 

that is, 

/4X(/C‘ /A^r +.4 tr • /VO r \ iw i\v\ x\ 

/aA{ !< ' /V^/ i 4 ir \ [L»in] 

Wlinn^ thcrt' in no rtnjihu’iinu t‘urr»'iit In’risnin 
/a/v ^ I)?x VAV, ii K ^ V j; a /v/ [ 2 U 1 ] 

ir W(' Huljf^tiUilc' in tlM‘ [LM I j flit’ vahifH tif u, r, 

and //• fvnni (211 j, wi* j^hall ^dnuin hujnH|»inn'«*UH nnnlia 
thu nqiuditinH 

Anfik^I^J. rA. /^l/ VMA 

d^r^A' /VV rAV. [217] 

Tha tmargy nf thn ihdd in 11* i V’whnri' 

o If *' * “ 
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MISCELLANEOUS PROBLEMS. 


1. Tlie astronomical unit of mass in any lengtli-mass- 
tiine system is the mass whicli, concentrated at a fixed point, 
would cause by its attraction unit acceleration in any particle 
at the unit distance, The astronomical unit of mass concern 
trated at a point at a unit distance from a particle of mass 
ecpial to the absolute unit would attract it with a force of one 
unit. Sliow that the astronomical unit of mass in the e.g.s. 
system is If), 430, 000 grammes, while in the f.p.s. system it is 
903,000,000 pounds. Bhow also that the mass whicb, concen- 
trated at a i)oint distant 1 centimetre from a particle of 
Ofpuil masH, would attract it with a force of 1 dyne, is only 
3928 grammes. Prove that tlm earth’s mass (Problem 9) in 
astronomical e.g.s. units is 3.98 x 10®^. Show that a mass of 
1 kilogramme must be raised about 3 metres at the earth’s 
Hurfae ',0 in order to reduce its weight by 1 dyne. 

2, Prove that two equal marbles, each of 4 grammes mass, 
must bo placed with centres a little over 1 centimetre apart, if 
the attraction bt^tween them is to be 1 microdyne, and find tlie 
attraction [f)f)35/c7r] of an iron cylinder of revolution, of 10 cen- 
timetres radius, 1 metro long, upon a marble of 100 grammes 
mass, with centre in the axis of the cylinder and distant 10 
centimetres from the nearer base. If the specific gravity of 





tWO’CtlUal plU'lil’li'H t itH»t Atn\ r.M'h t'l iU-lsn a tUlK^H aS 

an that {>r a «‘ul»ir tnui n! \utt« r. umuI 4 fir t« the 

wt'iglili of alMUit (T/Ji “ M*‘ f 

{I A.ssuiainK ^****'’* ‘‘fan^lra! !m \\w ^vrii^ht of ^ 

lUllHKiJr I j ' .‘r‘ i US *j.t Uioi ir 

attirac’.tintt m!it^‘, lual tin* r.nln *4 r»|nal 

Hplu'ViVH whioli, iiiaih* nf lualt'^rM! «i« u lU Tt. all raot tuu'li 

oUior with a rnri’i‘ «>[ I 4\r}.;l9f it !iu-\ urm |ihuM*{I 

in (•.oal.aci wit-ii isii’h n!h*a. |t»s u<"i I 

4, Ahhuiiuiik that I iIvim’ n* r«|ii.il Im IAJ^Su.ihh} -ilmuhite 
atlrarlinn tiiut i ;UmI tliu! I |n.usul.i! m !«» \l\,K2t) 

(lytu'H, nhow that it twu I'qu.il hMiuM|.»rsii!-uiin >ii ihaiKity 

p, whini jjlat’iul in oMiitini, ailriu'lt rip'h Mflsn with a funn* uf 

* f’ 

/iiyiU‘H, ihn ratluis ul rarh in ah»ail « I.’’. iU , rm., <uh 1 that 

two ('(jual hnnini'rariiUN ^i|4irrr'i i4' lia’ 4*”ir'4i() i»l malrf wlirU 
in (Mintai't will alfiari iso L miIh'I a Imi* *’ m| I liynis I 

f(raninn«’H wni^^ht, I |inniola!. »«r I |«»aus4''‘ ai'roriiinK 

an itu’ radiuH of raoh iu i'rtduiirit« ‘i m I.'* 4, *J llf.l*, 
or 1 11 HA 

fi. iSlitiW that, Itaviin-t iHtiipl lh»' valnr m| Up-* atiriW’tion 
unit of fiin'i' in aiiv Imuth ni.i’r> luaf’- s% m lrrni?t of the 
abBoIutn unit of ftirrr in fhnt ?4y’4riii, upi tmv IispI iho value 
of thn uttrnoiiou unit «4 luirr m .uii ry^ttirtu ihr rathm 

of tlio futnlannuilal umln of uhu-h !«* mI iIip «.hl 

aro A, /4,, and r, by* mtiliijilunf^ flir i’msupI •k.dnr i*) ^ • 

Ch Hhow that if tw«i f^idirir’s *4 iii.os's anti 

starting from rest wiih iN-uirm la n 4ini*uirr isfnjft, iunvp 
toward tnu’h otin^r nmlrr thnr myin.fti .ilft.iriyai, iiu4 $f atmiy 
biiun /, «r rnprvMiniin ih^ tliaiaurr U^wrrn iJir 


^'^li kluH^ jvi'o. - x) + atan-'x/^}- 

Ilciu’.o ])V()V(‘. that il the Hphoros ar (3 each one foot in diam- 
t3tcu* and of d(3nHit;y (3(j[ual to the earbh^s mean density, and if 
their surfacA'-s ar(3 \ of an iiudi ajKirt at the start, they -will 
eonu3 tog(‘.tIun’ in about iivi‘ minutes and a, half. In this con- 
lUHition vv(*. may nott? tliat if /?/ is th(3 mass of the eartl), li its 
radiuH, p its motan (hmsity, a, ml k the gravitation constant for 
thi3 ])artie,uhir units usial, 


!/ 


M 


and 


Jl£^ 

I ttM/c ‘ 


ir th(3 fivst Splu^ro is fixed whih^ the second, of mass mg, is 
free to move, 




' km ^ {a — vr) 




If in this c.aHO the radius of the fixed Hjihere is Tj and if on^ 
is eomjiaratividy small and infinite*, the velocity with which 
tlie secumd Hjiln'Ve rt*aches tlie surface of the first is some- 
times called tlie.y///r// rv/nrUp for bodies falling to the fixed 

Hphm*(3. Its value is or Vliy'* r, where / is the force 

of gravitation at tht3 surface of the fixed siihere. 

Show that if the dianu'tcr of the sun is 100.4 times that 
of tlie earth and its mass 001,100 times tln^ eartli’s mass, 
the final vidoeity for bodies fulling into the snn is 55 times the 


por Hinnuid, 

7, vSlitiw that if a iiu^h’ur ialln tipMU a pl.iuri uHh vidtuuty 
('([ual ii> that wltifh it \\tn\hl ari|imr il H ti ll li«an ii’.Htataii 

iiillniU' dintiMHM' litaii tht* jd.uirt uhdm tijr idatiri*!* attia**tiuii, 

ilH kiiadat* will hr |n»ip<‘itsias4l thi* piMdiirt uf the 

radiilH id* tin' |danrt aihi tin* Imm'i* hI |.»r.aily int itn mirfarr. 

8, (livt*u that a failing Inidy ii arlu H thr tsulha ?»iudiMie 

with a vtdotnly /%„ rnmindr tht^ h«*igli! tluoiigh \v!u«di it haa 
falUni fruiu vrat, liral, uii thr aH'iUinplinn that tlir fuf4*r which 
urgi'd it wuH I’nitMiuni, and, , ««h chr a^'^tiiitiitiiiii that 

th(i fiircn varinl iuvm^tdy Iht^ ?jipiarr uf lh*» dudiuirc uf tlio 
body from tin' nurth^H cmirr, and priivu that thu dilTnrcucft 
botwtM‘u tin' r<nd]irut‘ab uf Ihi^ niniwio.^ ynit ubtaiu in i’i|nal ta 
tlin rtM’iprunal tif Ihu raiih'a radiim, 

h. (Hvmi tlin rntiioH uf ihr isirth in milunrlri'M clbdT x lU*), 
tht' maHH of the raiih in grauuncH |thM * M*' w Un- tadiuH of 
tho Hiui (d.ilT X thu inaiu^i uf thu fioti I'J.ud x and 

ilio moan iliatainM' Uotwrun ihr rrulrra uf ilu* railh nnd aun 
(Ldll X Ud®}, ihnl the iinio wdiru llu' %nn and ravlh wtmld cninc 
togiddnTi if huth wnr*MU*rrjtfril in tlnur patltn. Pnnu that the 
muudi'ratiun diu' tu gravity in at tlm lanu alwait L*7Ji (j* 

1()« A body td unison m falln frum rt' d m ar ilir wnrfaco of 
tho earth and in roturded by Ihu ri^jantanru uf tliu air, which 
in dynufi when the vulucity is i\ Sh«»w thnt if m rupfuaunt^ 
tho Hpano jiaHHud ovi*r np iu tin* timn /, and if ^ A/w and 
-dugfir I im/«c lug{*-^/|V^-- r®}], 

( 1 . #1 tug rush 

Show that if thu hudy wrru Ihruwn upward with initial 
Yclmnty r„, wu ahunld have tan f ly*)* 

If in the cane uf tin' falHiiK Unly r is thu actual vidiH’ity 
and id tlie velueity which wunh! bu fuipurud by falling 


11. Show that the periodic time of a planet moving about 

a fixed of iiuihh vi in a circular orbit of radius r is 
2 whore 1/k is the ratio of the absolute unit 

of foiHje ill the given leiigth-mass-time system to the corre- 
Hpouding attraction unit ; and, assuming that the diminu- 
tion of gravity at the o(pxator duo to the eartlds rotation is 
about whoh'., and that the moan distance of the 

moon from tlu^ earth\s centre is about (JO times the earth^s 
radius, c.oiuputi^ the length of tlio month. 

12. Wlnm a piirti(d(i move's in any plane curve, the tangen- 

tial and interior normal aecoleration comjionents are D^v and 
v'^ / p, whil(\ the atjceleration compommts, taken along and per- 
pendic.ular to the radius vi^ctor which joins any fixed point in 
thi^ idane nsc'd as the origin of a system of polar coordinates, 
to the ])artiel(^, are and J>t(;r^ ^ J)tO) /r respec- 

tively, if the resultant ace, id, oration is always directed 
towards tlio origin, J>t(;rV)fd) — 0 and >J)^0 = 7t, so that the 
ariuiB of the siudiors swi'.pt over in any two time intervals by 
the radius vector are to each other as the lengths of the inter- 
Vids : if r('.])rt‘.seuts the ],)('.r])eudieular lot fall from the origin 
upon the tangimt to the ])ath, vj) — = Jl 

The acceleration towards the origin is 

Ji r ( Dfiy - 

and, if n ri'pri'stmts the reciprocal of v, this maybe written 

(u + J)q^u). 

Whum • 

i I), (rf h'^Dpi {a + Wu) ^ . Dp\ 

Ju i\n\ (Nine of a ])hin(*t describing a plane orbit about a 
fixiul j)rimary cenln^d at the origin 


This is tlin oquatidu of a tumio Hooiitju to a fotnm as 

origin : if e \h tho (‘otunitririty and m tin* »iiHluiM‘o df i\w fotms 
from tho dimarix, I /m uiul rm. 1’hf juigk^ ^ 

In^twcum tlio radiiw vcn-tor, drawn from tin* origin to any |>oint 
on the orbit ami tin' iangtmt at ib»' |idin!» Kivrti by the 
oquatiou, otu i/r ^ r* f '• An A?^HUiiuug that» wlu*u $ 

is zero, iff • «, r o, and i* nlmw that h fv# • niu n, and 
I — ^ (2 /a'-^ IbmnoiH HO|»araiti*ly Um three 

(UIHOH wln^ro /’o® in n*a]it>t*tividy Iohh than* m|ual ten and greater 
than 2 and lind the bmgtbs c»f the anniuJitm of the orbit 
Hliow that, if a W and if tin' orbit will Im nirt'U- 

lar; hIiow also that, if T is the iierb'dit* tune nf the jdanet 
and a tho sinuiaxiH major t>f its orbit I 

Id. AHBiuning that tin' equation 


f 




VI 


- F i,Hin I It, 


nuri I aanr^i#i 

wliero sin ^‘sin | a sin | and « is the angular aiiqditude 
on ono nidn of tho vertieuK gives tlie tiiin* o«n‘u|decl by a 
simplo pendulum of lengtli a in going from the vertieal 
position to a position in wliieh the thread makes tin' angled 
with tho vertieal 5 ami that tho oom|ilete tiino of swing is 


V t! 


[1 d" I I a '!■' Min* I It I' ' ’ * 1 1 


asBvuning also that a rigiil body swinging alamt a Uori/ontal 
axis under gravity moves like a simple jamdithim of h'ngth 
P/A where A in the distaneo of the eentreof gravity from the 
axis ami k is tho radius of gyration ; show how a pendulum 
may bo imt^d to measure the fort'*' of gravity at a point. 

If tho earth were a humngeiteouH sphere, would a eloek 




t >‘±0 


at the equator respectively i7x = yo (1 + .005226 sin^X) and 
= 978.1; show tliat the lenpjtlis of the seconds pendulum 
at the north ])olo, in latitude 45°, and at the eciuator, are about 
99.6 centim(‘,tres, 99.8 centimetres, and 99.1 centimetres. 

A pendulum which beats seconds on the earth's surface 
gains n S(‘con(ls per day in a mine metres doep„» Show that 
if po ia tlu‘. nu'.an (hmsity of the earth and p the density of the 
surface stratum, 

2 approximately. 

Po J 


11 _ irli / 

8(i-IOU 4T(? \ 


14. Assuming that tho earth is a homogeneous sphere, of 
radius 6.87 X 10“ (‘.(‘.ntimetres and of 
mass (>.14 x 10'**^ granuues, rotating 
uniformly about its axis in 80164 
seconds, so that the, v(do(uty of a i)oint 
Quthoeciuatoris about -1()8 luetn^s per 
siKiond, show that tlu^ angular vcdoc- 
ity of the (‘jirtli is 0.()()0()72i)2 or 
about (18718) “'* radians jau* second, 
and that tlu» downward a, e,c, deration at 
the (upiator is by 8.89 lumtimotros per 



Q 


Fia. 122. 


S(‘(umd p(u* Hcc.r>nd, or al)out loss than the acceleration, 

Jn9 


at the poh'H. Show also ( Kig. 1 22) that the a(‘-(;eleratiou of grav- 


iiy towards tin* (‘arth’s c.entre at the latitude X 
tlie d(‘.viatiou of tlio plumb line 




G 


\ rn'Mj 'll 


ro8poo,tiv(*ly, tho nl tin* «*arth’8 

(•.cutvn in latitmln A i.n (f/,. hin A ^ y. .ssMi \Uv titnbtiou 

of thn plumnint fnau tin* gtnunrh n'.d in 


iau 


I nm A n»‘n A I 
y^^MtrA ? I 


I 64 A binyt’ln atnl itn rnltn \vi-iK*b iMitrtlirr T.% 

Show that if tin* tiisu'hili** wmi' dtivni lu I r.i waiii ainl tium 
woHtwaril in thin laiittnh*ut a v«‘h«Mly **! in mrttr"* |«»t «nnitul, 
tho tlilTcnvnn* botwrini tin* mu itnaunl tii thtt 

two cuiHOB wotibl Ih* alKitil |thr» ^rninm^'n 

17« Thooontrt* tif n phiini «*[ ia«lHr» iaMV »‘^4 jirM.iimf afumof 
mtiHB J\[ in a chrmlar orlni njf niiliu** r t 'Mutiiniir ih** prmminm 
axortt'd on tlioHurfartuif tin* pbiiirl Iw** |kii lu'tns, tnu*h 

of inaHM i//» aitUHtntl tm lb*- «»!' ihn 

noaivHt ami fnrtlmHt frcnii tin* ushl Mi«nv ihai ihr tbUnrHifia 
l)otwtH*n tht*a(^ pn*?JHurrH m HiHall r«*iii| 9 iirr 4 with tin* ddlVrnnM 
hntwnon tho att.rm’litniH i«f fin* nssu ttp««is ihr-jr pitrtirfu'H. 

What h tilt* tliflnrnm't* Iw-lttn-u tin- ;i|«p.u*-u! nf a 

body of ma«a m (»n tin* narlfdii tn|UiiiMr uls^nii. «Hr|«ii*iisil»nr *Jl,at 
noon and at mitbuKhiV 

18, Two rtitla J/f ami r/i, k«t!i *4 bii*- 4*“is?aiv am phuuHl 
parallel to oimh otlmr* Sli«#w tluii tin* l^irr mis nilmr ui Urn 
dhactiun of ita limictb in 


P 


§ 



AC \ 4/1 I f7^ 
4r‘ f At* ra 


Ini? 


ii*" ^ m* I ir 71 1 
nr t Hi* r/^ I 


Tha oomponont of tlm mntnal |*i»*r|»«ni«li*nsliir to tha 

rods in — ttl* Ar I- wbrro r ir* tin* 

dbular dktanoo lw*twt*i*tt th«*ni, 

19, Tho iidoa of a triiuinlo uro b^rsoril of’ ihmo linn imb 



20. Every partKdo of three similar, uniform rods of infinite 
length lying in the sanui plane, attracts with a force varying 
inversely as the square of the distance : prove that a particle 
subject to the attraction of the rods will be in equilibrium, if 
it be placed at the centre of gravity of the triangle enclosed 
by the rods. [M. T.] 

21. The attraction of the straight rod AB at a point P 
is the resultant of two forceps, cacli equal to /, acting at P 
towards the extremities of the rod, 

where / es 2 m ^ AB /[^{AP + Biy — AB^\ 

Eind the value of / wlicu P lies on an ellipse the foci of which 
are tlio extremities of the rod. [llouth.] 

22. If the direction at the j)oiut 0 of tlio attraction of every 
portion of a uniform piano curvilinear wire bisects the angle 
subtended at () by that portion, the wire is either straight 
or has the form of a ciroumfovcuico with centre at 0. [Eoutli.] 

23. If the law of attraction be the inverse square, two 
curvilinear rods in one plane exert equal attractions at the 
origin if the densities at ])oij)ts on the two rods on any radius 
vector drawn through the origin are proportional to the per- 
pendiculars from tlie origin on the tangents. [Konth.] 

24. Prove directly from tlie formula for the attraction of a 
slender straiglit wire, that the attraction at a point due to 
an infinite homogeneous cylinder of any form, is twice that of 
so much of the cylinder as is cut off by a double cone formed 
by the revolution about a line through P, parallel to the 
generating lines of the cylinder, of a line which cuts this line 
at P at an angle of 00”. 

2C. A uniform wire AB in the form of a circular arc has 
its centre at 0. l^rove that the component of the attraction, 
at any point J\ in a direction perpendicular to the plane 


2(), Prnvt'lluit th*’ aUr*ni imu in ! IhmIii r* ! imh ^ ;il a 
P on ilio cirtMUninrniU’r ul a rirrU^ \hv rrutis' ul wliirh in Oj 
dun io an itiliuiivly Unnu ^4rau’h^ lil.unrni mI vtnm diuwty 
paHHiug tlirnUKdi a [nuu! in IIh^ rnriuiil«n»“urr and 
dimilar Uj itn |»!uni% t'* tlu* j^amt’ ^vh» irtn fhr |»uiut (/ in. If 
tlin iilaincuita nf u r»«biHi5iar dr t lalml imii «»f givna 

maHH pi^r tlllil Inngtli am m* ari,iiii-:«'d fhal *irrittiri ig 

a rirnlu paHning tlinaigli a in.iiU /*. attiarfnai nf Uid 
(lintribulitui tin P will l»n a maxuntsHi. I I ailriMiii j 

27. A watnr t«nv!*r \u lln' diia|H’ *4 a * \lu&d« t mI rrvulutiun 
18 too fnnt high and U* U*ri ludiann lm. I b*- nianji uf th« 
towur atul tHmlnni-H K-|n«i p.niud?4 p»'i 1-^.4 mI hri^dii. With- 
out thn ludp nf |H’urd itr |aj<«n\ !«» w itlsiu t*in» j^r 

(.unit of tliu triltlu (hr vahi*^ us I'pn. affna^inai nf tlm 

horis^.outal cnMnpnnmit m[ iln* aUriniiMst dsp^ Im ihr tMwnr at a 
point at itn ftait jiuit tmtmdn il 

2B. Vrovn llint at n pmtd nn liar id an udiiulr liiniith 
gtnuuuiH nYliiulnt* «d ^itnnn’itrnliit ^sn-tnait, I Ii8° rMnupitninilH 

of Iho iittnintiun ui’rnHH \ Ur jdanr farr pn pr? ds* ulai !m tiu^ anis, 
and luunuat in tUr faur, arf* ^ and ir->|«"rtur!v, and 

allow tliat gravity tn diimnndjrd l«\ lU»^ li.rUnni at 

tho iniddlo td tin* nurfanr id a Imu^ ’diasgUf ranal td ?4inui” 
oircuilar H(*c*tinn, n Uring tlir radur^ «d tU*" ?!*-iiariirlr, r tlin 
radiuH of tlin .hiiImu'umI nailU. p* tUr 4»^unt\% *4 that 

of tho mirfmw Hlmt.iun ut lUr r^ailU. and lUr r.ylh*^ lliran 
donaity, 'rho rurrrH|«»ndinn iiniinid) m r.ra’ id a ranal 
•if rootaugular id ds^uU »i and hrradlli 

wJ J^JngL* :ia 


p l» 


kp ^ li a tan / a) + h • log //»^] ^ 

and . kp \ 2 b tair • ' {a / b) + • log [ {a!^ + h'^) /<t^'\\. 

If tlio ratio oT b to a is largo, tlio first of these quantities is 
noa.rly (Miiial to rcapk. Show that the apparent latitude of a 
point on one edge of a long, dcuqi, narrow crevasse of breadth 
a., ruuuiug oast and west, is altered by the angle pa / 4-. p^^r^ 

nojirly, by the i)roHeu(»,e o£ the crevasse. [Thomson and Tait.] 
;h). Assinning tliat tlu^ attracliou of a .liomogoneous cylinder 
of r(^volution, of d(uisity p, radius <(>, and height h, upon a unit 
particle at tlu^ (uviitrci oi one of its cuds, is 


or 


Trkpa j 

1 ..^.L 

^ 2-A: 


1 -1*3 


} 

T“’ 

2 - 4 :-(>‘ 


itkpk 

r, A 

, 1-1 


1‘1'3 

A” 

L' 

■^'2 -4' 



' 


+ 


+ ' 


■] 

■] 


according as a is small or largo coinparod with A, and con- 
Hide.ring that tlu^ nu*an siirfacu} dmisity of tlic (uirth is 3 times 
and the nu*a.n dimsity of tlu'- wliole earth 5,5 times the density 

of sea water, obtain Siemens’s (ixi)rcssion, dimi- 

nution of gravity at a ijoint on the oc(‘.an where the depth is A. 
Is the intensity of gravity at the ecmtro of tlio month of a ver- 
ticial miu(^ shaft 20 lent in diamet(‘.r appreciably less than 
Ixiforc the sliaft was dug ? Show that if A — a, the attraction 
dub to a cylimhu’ of rt'volution, at the centre of one of its 
ends, is 27rkpa(2 ^ V 2 ), The attraction duo to the earth 

f/r^ 


at a point /' at a height A above the surface, is or 

.(.-¥) approxinvattily, wlioro r is tho radius of tlie 
earth. If po is tho earth’s mean density, y = J •n-kpov. If F is 



at tlu* noutn' c»f n wiiii* pliiiMu h ni.Mlf «*f nuitti^rof 

dt^nnity /i, tlu* iiddttitaial atlrartiHU »lu«’ ih*- |44f»%tn inalmut 
2 irkplh ul* tifji , '2 p,j\ lh,ti il P I t \iV \% hid*’ iiltfiirtion 

in noarly 

31, A vurtiual j«dul c'vUiulur *d hnvdit and riiduw r k 
dividml into iwu jiHVin Uy a jd ui*^ tliiMUkth ihr a%i?4. Show 
that tlin roHultfUit hnn/uiiUl uUr;uiM*Si mI ntlifr |»url at tho 



mnitru of tho Uwu in 


2 pti • 



\ a 

ti 


^ I I- 


)• 


32. A right oirouliit ryluulur in s»f luliiiii*- hnigih in an© 
direction luul m hc»inngriu*HU^, |*ruv*^ lh»it it Ihr liiiitr 
ity Im out oiT iH*r{H*iHUt*iilHrly U* Itiu altraoUtm 


on a unit paptiolt' jdaeoil at ihu tliiH vud is 


2 Mk 

■■ t 

a 


wlu’ra M 5h thu nnw lH»r unit uf Irnglli, If thn ryUndrrho 
cdliptio^ of tho miniu doin^tty and p*n unit id huigih m 

Imforo, and of mnunitrunty f% thru tlu* aUr.uiiMU wdl ha rt 
timtm thn furutur valui\ wliuro 


n 





33. A hamogtuu*ou»t right r'ir«nil#4r uylifsdrr of tlunwity p 
atauda cm tho jdam* t ■ (h and m inliinto in iho jim^^iuvo 
dirnuticm of tha luk of H!is»w tbiit tho rMinpuiu'iit of 
its attmotion at a piniit /* of iu hmp isi kpi, whuro i is th© 
perimr'tnr of an idUimo liiunug thn hanu for tho uiii^iliiiry rih’b 
and r for ono !mm. 
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35. Hliow that tlie compoiKint perpendicular to its axis, of 
the attraction of a thin, homogeneous, circular, cylindrical 
sheet of height 2 h and radius a, has at any point on one 
of the circular hounding edges of the cylinder the value 

1--- --- r - wliere = 

30. An iniiniti'ly long piano sheet of constant width lias 
a amall thie.kiu'HS S and is made of liomogcneous matter of 
density p. This strij) cuts a plane perpendicular to its long 
edge's in tlu^ liiu^ yl/^ ; show that the attra(*tion of the strip at 
any point P in this jdane has a coinpoiKmt 2 kpS log (/V^/iVi) 
])aralhd to JI>\ ami a (sompanent 2kpB'Z.A P.P perpendicular 
to yl//. 

37. hlv(U'y (Ua,nu'ter of a certain circle subtends a plane 
angle 2 0 at a (uu*tain point P on the axis of the cirede ; show 
that the (drele subtends at P the solid angle 2 7r(l — cos 6), 

38. (Jompare the attrmdions, at the vertex of a hoinog(‘- 
neous oblique cone whicJi lias a i)lane base, duo to tl)e whole 
eoue and to so much of it a.s ]ic!S between the vert(‘.x and a 
plane which bisec.tH at right angles the perpcndicirlar drawn 
frotn the vertex to the base. 

39. l*rove the truth of tlio tlioorem which Newton states 
in the following words : Si corporis attracti, ubi atbrahenti 
contiguum est, attinmtio longe fortior ost, quain cum vol 
miniiriD intervjillo Htq)arantur ab invieem : vires particuilarum 
trahentia in receasu corporis attracti, decrascunt in ratione 
pluaquam (lui)lieata distantiarum a particulis, Si particula- 




point on tlio snrfac.e of tlio Hinallor, in tlie ratio of tlie sqxiare 
of the radius of tlio siualloi* to tlie square of the radius of the 
larger. [Mine.liiii.] 

4(>. Trovt; that if I Ik^ an external point and C the centre of 
a sphere'-, the sphere on U) as diameter, the sphere with centre 
/ and radius or the polar plane of 7, will divide the sphere 
into two pnrts wlii(*-li excut ecpial attractions at i, according 
as the law of attraction is the inverse scpiare, the inverse cube, 
or tho invcrsci fourth power of the distance. [St. John’s 
College.] 

47. 4Vo sectovB are cAit from a homogeneous shell bounded 
by two conci'iitric*, sphericcal surfacics of radii and by a 
couie.al surraco of revolution of half angle 0 and with vertex 
at tlie centre 0 of the shell. The attnictioiis at a point P 
without the shell on the axis of the cone, on its inner side, 
at a distanee c from C, duo to the portions of the shell which 
lie respectively wiLliout and within the cone, are 7\ and 
Hhow that /'\ is (Mpial to the difference between the values 
when r — and r i\ of a cpiantity yl, and tliat is equal 
to the diffcu’cuiee between the corresponding values of a 
quantity H wluu’e 

A j Q ^ + 0^ cos^ ^ cos 0) 

(* 

+ cos $ sin^ 6 • log (oil + e cos 0 )'] , 

7}^ = [ J + 0)4 (I ■!» - ij + (■“ (iOH^ 0 + i W COS 0) 

— (JOB 6 sin^ 6 • log (a)^ + r — cj cos 0)] , 
and ui ^ c® 4- (’r c.ob 0. 

The aUraetions of the halves of tho shell farthest from F 
and nearest to it are 


k.\f 

2<'^ 


(' 




) 





whe^ro L ifi any |H»iiit nn ilir r«*}iiiii«*ts tnn m! iIm» 

48. I'ruvj* thnt tln^ attrarlaia ihir Ih .i htmii« 

aphi*n> t)f nitliiw r in /rr*> at a |♦?ituil m ih*^ :%%in t*! thH lii*mi« 
HplH^ra clmt4Uit | r iip|»rraitiui!«*ly flir nf thf» 

49. A. Bi*giiu*iiit uf lit'iglil h, nil frisiii a 

of lUnmity /» aiul riutiim »* Uy u plains tt 4 fvniii thi 

oontro of tlio H}ilH»ns aitrat'l^i a noil |arlO'l<^ mu i%xh af 
til© aogmont at a lUHlaui'i^ iu i>:rratrr iluui tio* riulmn, from 
tha cunitr© uf tlu* fspht^r«% with ii 

2'ff‘A’p 4^ I .liif’ir i*Jr^ f ,'l fi#’ f (th f- M) 

Vr^ i I j- * wlii’ra r’ ■■'■ 4 --- a. 


If M Oj tlik 1 hh»oiii©^ 2wkpk I I \ I ’ Afiaisiliilig tlua 

to bo true, ^how that thu aWmotiiiit of it lu^tuiognmnw liiHiib 
apliDro uptm a partial© iit jIm vi^rlax t« U* ih© alirarlion of th« 
eiroumaonbing nyliiolor of tb© mini© il©ii«ity m fiL*!! to 580* 
nearly. Hhaw tbat tb© aiiriiaiioii, at iia v©rir^, of ii pHra 
2 miles thuik out from tli© ©iiritu imoI ib© iiilriirtion of 
m iiUiuit© dis© of tlm mmw tbirkiu’^m itiol ibnisity u|H.m a 
point at the ©tnitru of tiu© «if it« fa©©.fi* dilfrr l»y alMUii tma 
par cant of aifcb«‘r. 

60, Hhaw that if tba earth wi*r«^ iiiii*i© up of two boiiittgriiaimi 
solid bemispharai of dormitiop p and p* iaparatiul iny the plana 



oi iliw oiiu uwvitiiiuii ui. cue piumD line irom tne zenitn 

/ 2 Q 

at any point of tlie equator would be tan""^ ( - • - — — 

\7r p + p' 

51. Show that the attraction at the origin due to the homo- 

geneous solid bounded by tlie surface obtained by revolving 
one looi) of the curve r'^ = • cos 2 is J Trakjp, 

52. A mountain of the form of a surface of revolution with 
vcu'tical axis and elliptic outline stands on a horizontal plane 
which contains the centre of the ellipse. Find the horizontal 
component of its attraction at a point of the base. Show that 
if the mountain is 2 miles high and 4 miles broad at the base, 
and if the dcuisity of the mountain and of all the matter in its 
mnghborliood is half tlie mean density of the earth, the plumb 
lines closer to its base on the north and south sides will make 
with each otlior an angle greater by about 51 seconds of arc 
tlian the (iorresponding difference of geocentric latitude. 

53. The attraelion at the point (0, 0, — b) of so much of the 

homogeneous jiaraboloid as lies between the 

planes z ^ ^ h is 

2 Tr/cp ^ “j™ hX. *4* X • log ^2 & -f- ^ 

+ i X . log ( V(rrA)” +hk + 6 + A + ^ \) j . 

54. If a body M be divided into two rigid portions, A and 
//, the resultant action of each portion upon itself is nil, and 
tlie attraction between A and B is tlie same mathematically 
as the attra(‘tion between M and ih To find, therefore, the 
attraction b(4;wcen two equal homogeneous hemispheres so 
placed as to form a sphere, we may integrate through either 
liemisphere the product of the density and the component 
normal to the fiat face of the hemisphere, of the attraction due 
to the whole sohere. Rliow* that the result is 3 Mf^/16 a\ 
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is oqual to tho masH of oithor part iiuilUpUrtl by Uio iuUmsity 
of gravitation at ilH c(‘ntr(' of inasH, 

no, Provo that tln^ proHHnri' por nnil of hnigth ou any 
normal sootion of a Hjiliorh’al nholl ui' juana ,1/ nut\ nuliun a, 
duo to tho mutual gravitation of tlu‘ part irb's, UmuIh to the 
limit /^‘/l/YI5 7^n^ as tin' thitdctioHH of tho Hindi in iiuhdiiiitoly 
diminiHlu'd. [M, T,J 

Tho maHH of tht' unit hmgth of an intiuito lunuogouoouH 
c.yliinhn* of nu'olutJou of nnliuH o whirh in tliviiliMl inb) two 
parts by a plant' tlirough its axin in J/. Shtuv that the* pros- 
Buro In'twt'im tluv Iavo partn dut' to tboir mutual attraotiouB is 
4 /r/)/ y.d jmr unit hmgth of tin' (’vliinior, 

57, If H and *V dnimti' tho onmpojnmtH t»f ntiruoiion (jf a 
gravitating Hyntom Hynunolrioal with vonpooi iu a Hlraight 
axiSi takou along and porpomlit'tUar to tho juin. thou 

njt f I S/r U, 

whoro r and x aronohunnar ooorditmtoH. | St. *lMhn*H (^olh'gt*,] 

58. If tlio point of appUontimi td' a foroo F uuivt' by tho 
patli a from tln^ point .1 lo tho ptuid F, tho furoo in said to 
do iror/c during tho jtmnu’y, oipial iu aninunt tti tht' lino inte- 
gral taken ahmg ^ of tlit' tangential oomponont td' P\ If the 
oompoiumtH of F parallel the ootirdinulo axon are ,V, )\ 
and if ////, an* tin' projt'j’tiouH on thoHo uko.h of an 
olonumt dn of tho path, we have the expmiHiuim 

r F* (Mm (H,F)dii 

rn 

A’[(U)h(/', m) ’ vm F ) 



/I 


s\icli a is (uillcul a potmtial function or a force 

function of t.h(', givou r()r(‘.(^ TIk^ work douo by a force which 
has a ])oi(‘.ntial func.iioo, when its point of application moves 
comphittdy around any (dosed path, is zero, and such a force 
is said to couHcrvutlcc, 'Tlu^ work done by a (jonservative 
fonui as its point of apjdieation moves from ^ to is inde- 
])end(Uit of th(\ path s, 

Prove by ac.l.ual iniit^gration alongthe diffcn^ent paths, that the 
work doiu^ by the forec^ A" — ,‘5 + 2//, y — A if + jir= 0, 

wlum its point of appli(*a<tion movers from the origin to the 
point (2, 2, 0), is 22, whetluu’ the ])ath be a straight line, or 
the }»arabola - 2 .r in tln^ rn plamn or a (Combination of a 
straight lim‘ from tln^ origin to (2, 0, 0) and another straight 
line from this point to (2, 2, 0). Show tliat the derivative 
with respec.t to x of a.ny funetion of the form d- 2 xi/ 4- f (y), 
wlnu’e f is arbitrary, will yitdd A', and that, by a jeroper 
(dioie.e of/, tln^ dindvativic with ri‘Hi)eet to // (Uin bo made e(xual 
to T; so that a fonx^ fuiudhm exists. Trove by actual inte- 
gration (dong the iniihs that the work done by the force 

A' . 2 d 2 //, A f d- :r, 0, 

as its })()int of appli(*ation movccs from tlie origin to (2, 2, 0), 
is not ind('pen(h‘nt (d tln‘ path. In this ease no potmitial 
fiundion exists, siinn^ it is impossibUc to give smdi a form to 
/ in tlu‘ gt^iHU'al (‘Xpression [x^ [ ^ ‘^// +/(//)], wliudi luus X 
for its juirtial dcudvativi^ with ri'Hjssd to ;r, that tluc ])artial 
derivatives of the (‘XjUM'SHion with rc'speet to y sliall b(3 K 

Sine(^ tlu' onh'r of Huecc'ssive partial differentiations of any 
analytitc fnnetum is immaterial, 

or DfA I)^ r, I>,X JKX. 


foivo f\uu*i.i<»U in uIj^u a tim*. 

nil Truvo that if havi^ laaitin' a!Uai-t<nl ti» auv number 
of lixtul (mmiU’oh with fori'i'H |siojtut!i«nial tt» utiy funrUion of 
tlui (U.Nt.am’t\ fir if wo huvi* noUtor vwty parlirlo fif whioli 
alitraclH ovtu'y oi.h<*r partirlo Hr»'i»r4uu: ti» any tiU4<'tn»n of the 
diHianct' hotwofut tiit* ihint* a |u»tt*ntial fune- 

iiuu tho durivalivt^ nf wluoh m auv liiii otiun at any point 
givoH tho intonnity of tho for<*o wiiioh wnuld hhImuI a unit 
(jUunUty tif nmttor ronofuitrutofl lU tlo* puna ii» inovo tn the 
given diroetion. 

dO. If r ropnwntH tho ilintaiioo itf any jn*int nn a mir- 
faiu' *S* from a \mn\ ptniit i\ atnl il ** anrtlo InUwoon i*Q 

ami tho normal to S at ij, drawn alwa^M from tho name mde 

of tho Hurfat’o, j ^ ti,s\ taken over any pMrtion of the Kur- 

fane, given in almfduto vahio tho ladid angle fiuhlemUnl at /' 
by thin jiurtitun lunh itt the ea^o nf ii t'ko^ofl nnrfaoo, ihia value 
ia 4 ir* 2 TT, or t)» aeiMirfllng nn t* in wiihin, t»n, or w ithcuit 
Ih’ovo that thf» vohimo tff tin* ?folni emdtmod hy any Murfiwm H 

ia the ahmduie vuUu’ of | | takou over tlio anrfiiee, 

whether /* ia wnthiti or witlumt *V, Slmw that it ia {Kwaihle 

to Ihul ati analogona expreaaion* | j for the area 

cmeluaed by a pliino eurvts and oxjtlmn m thia eaae the 
nntatiom 

01. Hhow that tlio ahHtdnte value tif tln^ ooitiptiiHnit pantUel 
to the axia of ;r» of the foree at a jaunt /*, w iiiiui ur without a 
hoinogeuetma acdid Inaly t»f any fnnn, flue iff the nttraetiou of 

this body, iap where n ia nn interit>r normal, 


with generating linos parallel to the axis of z, is of the form 

2/aJ^co9 (.r, n) -logrw/.s', whore the integral is to be extended 

around tho contour of the section of the cylinder made by a 
plane tlirougJi P perpendicular to the axis of z. 

G2. Th(^ space within a closed surface S is tilled with homo- 
g(‘,noous matter of dimsity p. Trove that the value at the 
points ./^ of the potential function due to the distribution, is 

i p wluu'e a is tlu^ angle which the normal to the sur- 

face, drawn inward at any point Q on it, makes with QF, 

()3. Two distributions of gravitating matter possess a com- 
mon oIohcmI ecpiipotential surface. Ih'ovo that if all the 
matter of both distribiibions bo within this surface, the 
potentials at tlu^ Hurra(‘.e due to tho two distributions are to 
each other as tlui massc^s. 

64. Trove that if two differcuit bodies have the same level 
surfaecH throughout any luupty spaci^, tlieir potential func- 
tions throughout tliat space are coniuiotcd by a linear relation. 
'That the l(W(d surfaces should be the same, it is only neces- 
sary that thi^ vi'sultant forces due to the two bodies should 
coincide in direc.tion. 

06, Sliow that if two distributions of matter have in 
c.ommon an e(|uipot(mtial surface wliich surrounds them 
both, all their etpiipoteutial surfaces outside this will be 
common. 

OG. Show that if we have matter every particle of which 
attracts iwery otlior jiarticle with a force proportional to the 
7 ii\\ power of the^ distance, the attraction at any point within 
a quantity of the matter will be iidinita if yi + 2<0. 
[Mine.him] 

67. Hhow that if h, c, and w are any three solutions of 
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G8. Show iliat iho ixdrntial fuartinu tint* tn a m\u\ lunui- 
6j)lu‘ro of riuli\tH a uiul ihaiNity /», at- an jxiiut P 

Hituatod on tlio iixm at a tliHtatu-i’ i Irtnn tin’ miitris in 


V 





the vippor or lowi'V nign hniug iaktnt acfurding an i* in on the 
convox or plain' hUW of tin* hurl) . 

GO. A Hphoro with n*ntrn at tin* urigin han a rudiuK r and a 
douflity givtm by Uii» law p nr | hif | n, Ib’ciVi' that tlin 
valuo at any oxtt‘rnal point (x, ?/, ij, at a dintant’i* h* from 
tho origin, of tin' potential fuin'litin «ln«* to tin* a|»hi*ri*, m 
4 d ’ /v/ d / IH /i^. 

70. An iutiniti* oyliiuior of radina n ban a rvlimlrioal aavity 
of radiuH h out out of it, Tlw hwh of tin* ryliinh^ra uro 
paralhd but not (‘oinaitlmt, and tin* hurfaorH tin not iulurHutd, 
Show that tho otpupotoniial Hurfm’i'Ni an* oylindora thu taiua« 
tiona of which an* ; 


(i) f \ within tin* cavil y; 


(ii) rj - *J //•* log within Uo* tnmn \ 


(iii) «®log 




r \ in tiiilMido apace; 


whom and am the diHtauce« from the iixi'h of tin* cylinder 
and cavity reapetdaVt'ly. 

71. From a homogi»nemm iiphere uf dcnmty p and mditm a 
is cut an cocontrin Mphcricul cavity of hmIuim A l‘he dintanecH 



according as P is within the (uivity, within the mass, or with- 
out tilu*. mass. In(lit‘.at(i by a rongli duawbig the form of a 
lino of fore.o within tli(^ cavity. 

72. Show that the linos of i'orco dno to a nniform straight 
rod arc hy|)(n*holaH whic.h have the ends of the rod for foci. 

73. Sliow that formula [»7i)] might bo wiibton 

/> ^ II . log (c.lm 4 PBA . (‘,tn ^ PAB). 

74. A nnmb(‘r (//) of (‘([ual, inlinitoly long, homogeneous, 
straight iilamonts, all parallel to oa(*.h other, cut the xy plane 
normally in points w]iic,h lie uniformly distributed on a cir- 
(‘umfiu’cnuu^ of radius a with curntni at the origin. One of 
tlu‘H(^ ]K)intH is at the point (r/, 0). Show that the value of the 
potential fune.tion at the ])oint (r, 6) is 

VI ‘log — 2 (U)S nB + 

7r>, If th(^ law of attrae.tion \Vim\ that of the inverse rith 
power of the distanci^, wt\ should havt^ 







P 

I) 


Ff the dtmsity had tlu^ sann^ sign throughout a distrilmtion of 
matt(u% the ])ot.(mtial function (*.ould not bo constant in any 
r(‘giou of empty spacer unle.ss n were ecpial to 2, 

7(). In t.he east^ of matUu* ev(‘ry ])article of whicli attracts 
ev(‘ry otlnu* particles with a forct* })ro]iortional to the prodtict 
of tlndr jnass(‘,4 ami a funetion (/) of the distance, we have 



300 


MIH(’KhI.ANK<>rH !M;tUU.KMS. 


77. ir nf tln’ pnhir «’nnnliuHt.r'i r, ?/, tfi, flu* ituit'ju'ud- 

(‘tii varial)h‘K arc t\ /i* </). wlcTt'/t rn^ iNu .stnr.H Kquaticju 

l)tUU)Ul(^S 

/VhJ 1 ^ 

78 . If oi' the suhcvtcal ccuadiuatr^ r, «/i, tlu» 

dinaU'H h, ht' tiMiMh wherr it I ^ i\ uiul //■ lu^ tan 
Laplutu'.’H Kc|tuiiiuii bccunnvs 

Hiir‘'(iHan I iK»/} » /\.^r 0. 

70. Show Uiai if Juattcr he iIinI ji\ uaurinrully alumt 

an axin, and if 4 lie the httm.i u-ct.i t>! tie* tuo ctuifocal 
paraboluH, with thin litte u.h h^lh, v\hieh im-i-t a! iiiiV (uhnt, 
Laphuudn Faptaiion may he written lu tlie tuna 

/^.,(o/i,r) i 1) th 

80. Prove that at the Hurface nf an aft tael iuv; htuly, 

r artMliHcrnit ininniH in finch u niatinn that U n repre* 
HontH an interior normal tlnnvn to t he jiuifaer, i h«- \ alucH of thent^ 
qnaniitii'H at any pfiint jitht wilhui tljc at tract no.; niuHH are 
smaller than at, a nei^hhtirin^ ptniji jien ujthnn!. hy the 
qnaniiiiea 4 coh® (.r, «), 4w/»eoH^i v. «>. 4 ff;» cm%'^ t;, a), 
rcHpee.tivt'ly, 

81. A portion of a Hpherieal imrfar'e in ticcnpieil hy a thin 
shell of matter of uniform «lete*ify rr. wlorh a! tracts, aec'onling 
to the Newttmian Iiuw, Pn^vr that the vahn*. a! any point on 
the remainiiig portion of the finrfa»‘e. of th*- poh nlial tnnetion 
due to thin distrihut ion t»r matter, i » ## ir *.«. uheic o i'* the 
dianietm’ of the Mhlit»re and m tho mdiil iUich’ f^uhtenilctl at tin' 
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83. The potential function at all points external to the 
(a;B“ + + y~^ + 2 a'yn -|- 2 jS'xa + 2 y’xij) 


Show that if thoro Ixi no nuittiu* in this region, a, p, and y must 
satisfy a ciertaiu relation. Show that if inside the sphere the 
density be uniform, tlie value there of the potential fuuctioix 


will bo 


a + X-r/-* “1- iki/ + + 2 a'yz + 2 fi'zx + 2 y^xy, 


whore o, X, /a, and v ar(^ known. Ifiud the condition that under 
these cireuiUHtanciOH the ecpupotential surfae.oa inside the 

i2 2 <2 

sphere should bo ellipsoids similar to ^ + ^ == d« 

m 00 

84. Provo that if ^ (r) . dr (r) milj' r- x(r) dr s 

r r 

and if <jS, ‘A r”ani8h at infinity and are finite for finite 

values of r ; inmJ x 0*) rei)reHeuta (1) tbe work done under an 
attracting foiMu^ mm' (r) in bringing a ])articde of mass m' 
from infitiity to a point distant r from auotlier mass 7??.; 
(2) tbe oompoTumt, ])anilUd to the rod, of tlu^ attraction of a 
particle m on a straight slender rod of line density if the 
end of tlu\ rod is at a distance r from m and tlie otlun* end at 
infinity, Hhow also that 'Zira-ni* reprcRcnts (1) the work 
done in bringing from infinity to a point distant .u from a tliiu 
lamina of surfaec density (r, a particle of mass 7 ??.; (2) the 
attraction of a ])avtie.le w, plnecd at a distance from the plane 
surface of an infinite solid of constant density o*. 



ovory point, of i‘Xt('rnal .Hpurt- ^ a (i iixt»tl 

in tin' botly, thn Inuiy in h;{u[ lu br #> ^ rt. .iJul O i.h inilliHl 

tlin hiirir ’Tin* luma nl Imiit im r\i«niu»i n|iari‘ 

atnuKht liinss puHaiuK (hitMi|»^h aji»i iIh^ i nil HurfutH'H 

arn Hphnriral HiU'fui’t’.H Wifli at fhr P.ui. rf inrr. Show 

tliat tlu' wlmln (‘xtnrnul innNl itusP r tln-' i- ntrumHlauct'B 
bn l.hi‘ watun an that dun tn a nm .h r.pial ih.u id tla^ IhhIj, 
nouci'nirat.tMl at (K J^iniw that \t id uit«uiuil pinidn almi tha 
linn uf antion ul thn lurnn alvvav^ pa^ m - t fhiMnnli n, llm ilnuaity 
of ihn lauly in a fuuntiun onl) id ihr ilndannn inu»\ f>, Tlia 
tunitvo of gravity of a ruuin rnnliMlMin' ili;4iilnition in thn 
barit' rntiirn. A ihntrilnilion t-anuMl b.- nmirMliarin anlm 
nvnry axin ilmwn tliriti 4 !b itn n-ulri" nf im a principal 

axin. If for any linitn Hpam* ont-.nb' it it nnii robaria, 

it niUHt b«* nmitrobarir for all ilit» rr ti mI mu! uil**' Hpiim, A 
(lintribution whinh vtnmntn of n Hplanrtrul tlrdiibidintj and a 
(lintribution ilio potmitial funnlnui du** to wlio'li at all outfiido 
pointH 18 ’/(‘to \h ('vidnnlly riuitrolAiinr 
H7* Show that if h a hxnd i‘ru:iH nitliin or imur a 
(liatributiou J/' of uttruftini^ nr n^pnlluo: ni.iifot, if /” in any 
point of ,1/^atul /* any point without I/’ nour ili .taut from 
0 than any point of M' in, ami if I* < r, x u /’* 4r\ 

OF ; r, r\ F(U** tho Viilun at I* of tln« potential 

funation dun to in ih|uii 1 to 


r* ■ rofi ^ r'“ 


/Xf 

M' \ r r r , 

r / 7 I ‘ ^ 


'■'■ I iht$ 
r 



K.xiww - , . 3 .A ,«A,v- UA4W XIJV/X 1 J.UHUO Wi JLli.Oi-Ui.fcl Ui irjL 

about tho 00 ()r(UiKitn axoH and about OF respectively, 

A + B + (> — ^ ^ jj A'^dni' and I = • sin^c^i!) • 

and that if 0 is tlio centres of gravity of M\ the second term 
of tho dovelo])nunit vanishes so that 

Vp == M'/r + (A. + B + a - 3 /) /2 r» + 

If AP is e.imtrobaric and if 0 is the baric centre, V is a func- 
tion of r only and tho coelUcientH of r in tho general develop- 
nuuit ar(^ to bo considered as (‘constants. 

88, I f tho law of ai.trao-tion is (•.x[)ro8st^d by any function, 
of tho distaiuuN the intcniaity of tho attraction of any 
homogtuuunis solid, OHtimat(Ml in a given direction, at any 

point /*, is (^xj)r('.Hsed hy tho surfaco intc*.gra.l J" </i(r) • cos k • dS^ 

whoro r is tlu^ distant^o from I* of any ])oint on the surface 
bounding ilu^ solid, dB tlu^ olonnmt of this surface, and k the 
angles nuuh^ by tln^ normal to tiu'. ehmnmt with the given 
dir(‘(dion. [Mimdiin.] 

80, Th(H fumdion / (ir^’//) can satisfy Laidaco’s Equation 
only if /; - ^ t, or 1, or 0. 

00. 'Tin' invtiriabh^line whic.h joins tluumntres (ylo,./^o)of two 
liomogtmtums H])h(H*(‘H, A and B, moving under their mutual 
attrao.tion, nwolvc's with uniform angular velocity, co, about 
tlu'. centric of gravity, f of tlm two. One of the spheres, A, 
does tu)t rotaUs btil (*v(*ry lines in it remains parallel to itself 
(luring th(^ revolution. Sliow that (W(‘ry ))a.rti(de of yJ moves 
in a e.ire.h^ of radius (‘tpuil to tlu' distanct' of /Os (umtre from 
C\ and is at c^very instant at tlu^ end of a diaiiuder ])arallel 
to BnAn, Umbu’ l.lu'st'* eireumstanCBB a 1 ooh(\ particle at J) on 
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If WO denoto thn radiiiH tif J by f/, tho diatunron 
by d and i\ and tin* jiihhh <4* It by J/, tlit' rt’HuUuut force nu a 
pavtitdo nf uuihh m nn ,( at /> j biv:. ban Uio 

intouHity . kmM.d'^ and a du’cctimi /^/* parallel to 

wldlo the aUracliun of /♦ \ 1 }hmi I lie patlnde ha^ tbr 
aity luul tlu' direction /^/v Slmw that if// in 

fahdy Bmall oomparctl witli d, a count ruiniiat force cipud to 
3 akMw.{m\ 2 0 ) /(2 f/ V), where 0 i\ilK itmnl be I'Xerted tm 
min a direetinn ia*rpendicular In to prt^vetit ita nlidiug 
QU Hurfacu'. 

Afifluiuing A to be the t‘urth, of iuuhh J/' and ratliuH tt, aiul 
Mf the moon, uf miwn ,1/\ with I’cntn* dintunt tUto from 



the earth’B eeufcre, prove that the rnaxtnmiu hori/onial lunar 
tide-goi\omting force mx the earilda aurfuci^ \n to the fori'c 
of terrestrial gravitation m I to I UfitHi.tHHb nearly. Kincl 
approximately the “vertical tide^generniinn force” ut the 
points on the aartldn surfime nearejii and faiihi^Ht freim the 
moon. 

[The student is strongly advised to read jn lldNi connection 



l°Cu Show that tlio radius of the sphere is about one- 
fortietli of the nulius of the earth, if the eartlds radius be 
Gin X Id'’ ('.(Hitiiuetrc'H, and if one water-grainme-oentigrade- 
degreo be (‘(|uival(uit to 4.2 x (ugs. [Miiiehin.] 

1)2. Th(^ vahu^ n,t any point (.r, v/, r:) of the potential func- 
tion d\io to any systcun of jittraeting nnittev at alinite distance 
is F, the forcu^s d\u^ to the attraction of this inatter at any 
point (.!•', //', is the value at this point of the potential 
function K', and the (hniaity p'. Show that 

2 ttJ J J [(.r' 1 xy ^ zyY 

whore th(^ intt'gration taken in all space, 

lb*ov(^ tluit the rise of sea hwcd in a shallow sea caused 
by tho attraction of a honiogoneons heimaphcrical mountain 
of radius r- rising from it with its l)aso at sea level, is approxi- 
mately f)’r^/2 f}(t, wlnnu^ fi' is the dcmsity of the mass of the 
mountain, p the m(‘au dcmsity of the earth, and (^nts radius. 

1)4, A 11x(h 1 gr,avitatiing Hplnu*e is [>artly covered by an ocean 
extend iiig (»v(‘r tlu^ nortlnum sidt^ of a ])arall(d of colatitude X. 
A distant ilxed gravitating body M is situated on the north 
axis (jf this small einde. Prov(i that if tho scdf-attraction of 
the ocean be neglecdUMl, M will cause a rise of water at the 
nortli pole fipproximately ecpial to k sin^-J-X, whore k is what 
the rise wotild Im if the whole spliere were covered. 

1)5. Hliow that if a finite distribution consists of m units of 
positive inaUer and m units of negative matter, anyhow dis- 
tributed, it is pf)SHibI(^ to draw, with any given finite point as 
cumtre, a Hplu*rieal Hurfa(u\ ho large tiiat the whole flow of 
force through it, rt^rknuvd (trithmeilntlin^ shall bo as small as 
we please*. Ib'tjve* that the line's of force are all closed. 



iUCbJk 


, ^ . 

Twill Uu‘n lu‘ givcni by an (M|ua!it»n «»f thr Iimui I ^), 

wlu‘rn I>J\ vauinh at /*. uial A* in the 

lUrtu’tiou of iiin .r ax Ik. If V ih a jimnt iomt /* on tin* aea- 
lion of ihn Hurfaia' T ina«li* i»y tUo ,r\ |»laui\ uud if \n^ 

(Uau)tu Iho (HJorilinatoH t»f (J by {Axy iK tin* nuliim of 

» uml m iu 

goiKU’al of lugl»‘r tmh*r than Ax. 


(mrvalnrtuiL /* of Huh KiM»ti«in in 


A.! ^ \ 
A.J 


fV I Ax. i^y I A^ /^,r 


I |Ax^ /f/l f trrinn i^f higbor onb^r, 


Himu' /'g and vaiUKbim nt /*, • l^ro 

nimilarly that /y J’ andtboiuby laijilaorV Kquiilion^ that 

"il . ' /lO- 


/b^r F 


IlluBtmt.n thoHo roHnllH i>Y an t‘xasujib\ 

1)7. If a diHtrilmiitiu of ju’tivf* niafl*’r w kv mniotrii’al abovit 
a Htruigbt lino (tho axin of x) and if r rr|»ro?H.ntr4 tho dmtiinoe^ 
of any point from tbia axi^, tbo puiioiUal innrtnn* invcdvoH 
r and x only and tho mpiipotonlnd r ^ aro ^tirfnnoH of 

luwolution. Hottnidot ono nl iln’nr loiiiaorri, MU whic’li F 
ha8 tlio valun Tp, and lot tho *» tbix uf furri’ ihrMtigh ao nnitdi 
of Afl an lira botwnon Hoin** iixiMl pbun* n r xj ji**rpomUtndar 
to tUo X axin, at\tl tho plain* x x, bn rnprivnontod l^y tho 
function 2irfx^ thou if tk in thn obuinnit of tlin giuiorating 
curve of *SJ, bt«twf*c»n x and x f Ax, and if r m ibo iliKt 4 UnH» of 
(Ih from the x axin, iho area r»f tin* Kirip of A*, x aiul 


and, II a IS the angle whuih tlic exterior normal to ds makes 
with the X axis, 

74^ ■ sin a — 7>,./x • cos tt; 7>„ V ^ V • cos a + V • sin a, 

and the (uj^uation l)e(U)incs 

sin a (7V - V- . />, V) - c.os a (D,fi -1- ?• . = 0. 

If this o([uation is to liuld (W(n’yw]u',rc on every cuinipotontial 
surface, tln^ coeillcients of sin a and c.osa must vanish and /x 
is det(UMniiHul (apart from an additive (jonstantto be (dioscni at 
pleasure) by the e(piati(ms D.fx — 7>,./x = — r-71,. F. 

H]u)W that th(^ vahu'S of /x (‘.orn^sponding to the three 
fainilin^r potential funetions I\lx/{;r^ + -|- ar)* 

ar(i ^ -V,! r\ j)fr^/(r^ + and - Jl/x/{7^'^ + Discuss the 

pliysh^al nu'anings of ilu^sc* results. 

The. fiuie.tion /x divlined {ibov(^ is sometimes called ^sStokes^s 
Ifhix hhine-lien.” It is e.h^ar that the level surfacs's of the 
rnnetiuns F and /x, both oT which are symmetrical about the 
X Jixis, mit (Sie.h otlun* orthogonally and that the. gtmerating line 
of any hwid Kurfac.t^ oi' f.i is a line of I'orc.e, Although any lunc- 
tiou of /X ecpuiU'd U) a constant would serve to represent tlie 
forms of analytde limm of for<u‘, a sismial advantage arises from 
the \iH{^ of /X itH(df from th(^ ra(‘t that if /xt and /Xii are flux 
functions corrt'sjxmding to two difh'.nmt potential func.tions, 
Fi and F^, tliu^ to two distrihutions of matter, Jlli and A/g, 
aymuH^tritud about the x axis, /X| + /lu in a fhix fune.tiou ol 
Fi + Fa, tin' jjohmtial r\inetiou du(^ to My and JU^ existing 
toK(dh(‘r. If geui'rating liiu'S of the /xi surfaces ho drawn 
in a plains fur i\w nunnuheid vahu^s a, a -h 8, a + 2 8, 
a + 28, a I -1 8, (‘tc., and tln\ lines of tlie /xa surfaces for the 
valueH /s d 1 2 8, A | ,2 8, h + 4 8, (‘ic., 8 htung any (U)n- 
veuienfc interval, tin* inb'rsmdions of the curvim — a + ‘//8, 

..fill lii. fUn liiinH fif 


I / 


3i)8 




WO Tnay got juuntn cMuuigli t** uh in ilraw Urn lino 

fXi + I \ ^vith .Htilllrirhl .i»‘\ . I’litH gmphi. 

cal mt‘tlio(l of ilmwiiig liiM'M of |t»n‘r|[Mrrf|ui pniruti.il foirfam) 
luiH jirovinl in tho IiiviuIh nf Mawvril .mil tillu-iM rMunnoly 
Cniitlul. Draw arcntralrly j'^rvnal t<f liiir t mI lurrnhii? tu 
a chargt* 20 Juul a rlmrgo I ti rmin'iJl rat rii at pMuifn 4 iuoliPa 
apart. 

9H, («) Show tluit if i\ /*' nro luiv ili^isutr pair uf iiivorac 
ptiinlH (Unlant n'lipiM'iivrly r uihI r’ I mm tin* rrutn* fMif a 
aphoriral Hnri'iwa^ #V of rmlnm o, llir ratm /*cp /*'n pipial tu 
tlio couHtant ti /r* wiiomvrr no X tlir pmut v toay Ur, lloni'e 
hIuiw that if Tin llo* potrotial iunriiou dor lu a lirtE^rogruiHma 
surface tUHtrilntlion im »sf, 

!>• IV(o/r’)autl i IV t t r ' T/r’l 

(//) rrovn that iKl ^ I IV]*'^ 

f Uimtiu 1 

(r) Prov(^ that iui Indti r and r ar«* lo.idr in approach a, 
liniit (/^../V + ‘ ^ V) ^ (Stnkr?i. j 

Oil, If /*j /'^ ari‘ atiy thdiiulr pair ni utvornr poinlM with 
rcajaavt to a right Htudiou of an inhoitrly loug rylindriral nur™ 
face of lawolution, nml if ho any vanaUlr point on the 
aimimforon(’(% i*Q in inpml tntho r\'n, iShow 

that if tho oyliuilrr ho rovr'md with a iiuprrth'ial diHtrihtiticm 
the daimity of which varion front fdaiomt tn filatnrui of tho 
stirfacm, fV fV ‘ ^'Utg(ryn| - J/» whom .!/ ia tho iifttoimtaC 
matter on tho unit length of tho nurfarr. 

.100. F is tho ]jotontiid funotitm duo to a vnliuno diatrihu* 
tion of dmiKity p in tho rogiuti 7*iuitlii. murfaro duHttnUuliou of 
douaity cr on tho mtrfm*o S, F' U tho unirtaial funriimt tlue 



Aj iM Hill ui. wiujiiui. sjauwiii, biitju v uaii- 

iiot (lilToi* from at any point outside Sj and tlxe algebraic 
sum of tko matter of eitlier system is equal to that of the 
()tluu\ 

102. Trovo that the Ic'.vol lines of tlie function u = {x, 

on tlu^ siirfact^ h\ (x, y, ;:j) — 0 have direction cosines which are 
to each other as 

and 

and that if (piantities be represented by X, /a, and v, 

reapectivoly, tlu\ directiou cosines, at the point (a:, i/, ^), of a 
curve which lies on a.nd cuts orthogonally at that point a 
level line of u on the surfaces, are to each other as 

(/A . JKF, V . j)j\) ^ {v * J>J\ ^ X . J\F ,) : (X . D,F^ - /a • D^F,). 

In particular, if xi x jx and if ./'I (or, y, x) se 

tlio level lines of u on Fi are straight lines, the direction 

cosines of which at any point F are in the ratio 

and since the siiin of the squares of these co sines m ust be 

equal to unity, tlie oosincH themselves are f Vii? + 1, 0, and 

1 ! 4 * I . 

103. In tlie case of a eoUunnar distrihiition the density of 
which varies only with the distance r from a fixed axis, the 
lines of force are straight lines radiating from the axis (Sec- 
tion 34), and the potential function V and the resultant force 
/>^ Fare functions of r alone. If we apply Gauss's Theorem 
to a cyl indrical surface of revolution By coaxial with the distribu- 
tion, we learn that 2 7 rr = 47r times the mass M of the 
unit lengtli of so much of the distribution as is enclosed by S. 


STO 


Mmc*KLKANK 4 H >4 |*iU UU.KMH, 


Blum that if th»* ilwlrilmiiMU i=* 4 rapiU- 

iug c.yliu4i*r nf tiMliu-i .iis 4 sl»’n?-ii!y i\l L* irpf and 
f' • t *«' \> ^'' ^ grnatet 

than ti* Ik ^ *■' ** SIm*w alnu thui; 

if tht» ilintriUnlinii v\ -4 rh.u/«‘ u| ilnuiity cron 

a cylitairiral .^tul.nri' 1,441^4 ^ I I »<j»r Imi^ *f wiUnn the 
cyliiub'r, untl I i 

104. If r 1^4 lli«‘ ^;r.4Vil |M strut 1. 1.1 huuiiiiii lw*hmgiiig 

tu a iltHlrihnii»«i$ M *4’ 4 Hr 4 'tintL* in.iHrr. ^aisl if k k the 
minHt4int nf j^riu it;iliMit, ihr mI i.-;? 4% iLU i^u at iiny j>oinfc 
in anv dirin’tiMii inriy^inrsl lu 4 ui«*^s, s-^ al l!*ai point 

tjf k' Ik ^*‘4’ iK^ r.i W'lirir I I I , iin4 V' I ., I wlp. Prove 
that if J/ Ih* Iiiii4*^ t*4 ImI.iI*^ Ah>ml fhr 4^r> » 4 ' roiiitant 

angular vi4«M‘ily «*), jf ii I »*/', .r® « v4, .ui4 il I ' ^e + 0| 
tlu^ aplOlfinit futrr lit .iiiy |h4siI ns 4u_i itbn-si u»si m in IK^ * liud 
V®./*' 4 ffl'p f I* 4l''4* ih.a §!' X rr|*ri’!iinit8 the 

Hurfiu't'^ (*f J/t iMJ«l w a n«nuui! 'inrf.r*’ 4r»iwn }iiWiirtlH| 

if V in tin* vuhun** nf «finli4»4t psu. 4^4 gf li iti mean 
lUuiHity, 

4 wkvp^^ t I I ^ 4,S, 

[R» H. W<KMlwsiril, llip t*r 4 vsla!n»S 84 l ri»nfitaal iismI the Mean 
Deimity uf l\w Kartli/' IH*4H, | 

If M rpprmniiji th*^ «Mrlli, a th^ nryius^sn isiajMr, iiinl ethe 
iHHumtrioity tif tli»< rilipnr ui thr r4rth'ii ii!|fheroid* 

^ ami A thf^ latiitali^ iuhI *4 iiS, nv Ij.ivp 

i) .^'5 J Vi r-K tiS ■ ■ I r' l # 's/*^ 4x ^ 'i I 


Sliow tliiit it xir:r. Kill il>, 


*S'=: 

and 




f dx r-’^ , 




dX 




and, aMH\uuiu{j: tluit: liJjj; v- ■■- ■ lojjj a — S.80470, obtain 

rrofcHHor Woodward’s (‘(juation, 8(;7<)7 x 

Kor a disoussion of l.lit* vahu'. oTp,,, a<*irPi‘or. J. II. royiitiiig’s 
Adams Pri/a^ Kssay on ‘‘ Tho Miaui IhmsHy of tiu*. Earth.” 

lOf), ir f( is singlc-va.lutMl a, ml hannoiiic, at all points of a 
^nigiou but ouo. (tlu' (^xc.optioiial ])oint ludng an intcndor point 
,/*), and if // bocomos inlinib'. for all i)aths along wliic.h tho 
point (.r, //) approarlu's /*, tlum n ran bi' wvittini in tbo form 
u ^-<r *log r I- wlmro. r is singl(*-valiu‘d and harnioiiio at all 
poiut-s (jf tin* rngiou. [ HdtdHU’. j 

lob. IF i.lio s\ip(‘rlic.ial (bnisity of a mass distributcnl on a 
s]iboi‘ir.al snrFaoo is iuvorsoly ])ropovtional to tho c.nbo of the 
(lista.m‘.(‘ From a lixod point ./, (,ln'. distribatiou is (amtrobaric.. 
IF .i is insido tin' surbuM', it is tlu'. baric. c.(mtrt‘ ; if v/ is (Uitsidc, 
its inverse point is tin* baric. e.entr(‘. 

lOT. I F tin* superlleia.l dtnnsity of a columnar distribution on 
a (ylindrieal stirFact^ oF revolution varies inv(*.rs(‘ly a.s tlu‘. 
square of tin* distaniM* From a given lim^ jjarallcl to tho axis 
oF tin* cyliiuler, there is a bari(‘. lim^ M^ithin th(‘. distribution 
iiarallel to the axis. Wdicre is this line? 

lOS. A certain distributi<»n ill has two mutually ('xcdusive 
(doH(sl tMpiipi»ti'ntial surFaei'S, and tipon whiidi 'K has tho 


MlHi’KI.UANKnl N IMUUILKMS. 


dminity (r - ^ ^ tt»),^*tlu’r witli h.u iiuu*U uf M lyj 

without ilu' 

lOU. Tlu* Hiraij^ht Uuo hnutiijt'i a l«an! !u a tulu* uf force 
wliit’h iuuIk thoro, ovid»*uU\ h»ria a rioir *»! drUiusIr j^uhil angle. 

A uuiubt'r of jK»iutr^. /V ^ mj, Wg, 

i‘U\ Show that il at any »ai*’ ♦»! ila nr |’Miiit'» thiU'o oimI two 
tuhoH tin' Holitl angh’H of Um' t'nnr-. nl ula» h ava m ami the 
How of ftua'o in Iho oiti* IuIm* ih t** fhr ll»o\ «*i Unt v in iho other 
an w : <♦^^ Show ulm> that tf a tub*' Hiart i \uth nMlnl augjo 
at a point /\ wht*ro thi* ohargr in m., and riolfi vvttli miliil luiglo 
Wp at a ptiiiit I\ whoro tlm rhargo m m,, tn nniiiortoully 
(upial to 

lU). All thn tuUHHt'H fit a rtnlain «lri! nlaih«*n In* within two 
oloHcal Hurfut’on A’j iiml X, ulurfi rx^'huU^ ra«*h mjImt ainl are 
(Hplipotoutiuh All tho linr'i *4 iMS^r n hirh abjif oil 11 CtUV 
timunm portum J t»f n\\ al^o ataii «»fi X. Alt tfo* liima ot * 
foroo whioli aimt <01 Xj luitHnl*” «4 I at*' <n»rs4» w liilr noun of 
thu linoH which abut tui Xj at»^ upm, Sbnu tliai mm ijf the 
iMjuipotoutial Hurfa*’»‘H up »4 Iwm b4ii< i, mo' of which 

inchuh'H ulom* nntl tlo» oth«’r Xj an4 X. Srparnting 
th(» t'bmtal liiica of forro Irmn Ih*^ up* ti mio h \h a nurbu'e 
which paHHCH titrmigh lbt» p«»uit whm*’ ilo* of tin* nur- 

facn juHt nnnilionosl am ri»iini-cir«L All iho I’spiiputcnlial 
HurfacoH arc chmmb 

11 1. Tloi p«»tmitial funefimt *liic lo a rrrlain ib^it jbnlitMi of 
matter han a value at any j^mni y winrii 4opon»fn only uiK»a 
the dintaucc, c, of V from a pmnl ‘I'Ihii value k 


112. Tlio linos of force duo to two similar, homogeneous, 
iuiinitoly long, straight liliumuits of repelling matter, parallel 
' to the axis and (uitting the xi/ plane at the points (a, 0), 
(— a, 0) arc hyptu'holas of the family — 2 Xxy — = a^. 

11, {(t) ]h*ovi‘. that ■when there is symmetry about the axis 

from which 0 is measured, • /',„(e.os 0) and where 

./*„ 4 ((U)S 0) ia the coelllivii'nt of a’" in the development, in ascend- 
ing ])OW(n'H of a, of (1 - 2 a (‘.os 0 H- are particular soln- 
tiona of Tjapla(*.o’H lOcpiatiou in polar coordinates ; that is, of 

r . JK\r n + . /)o(8iii e . :d, F) = 0. 


Hon(M\ allow tliat any ex]>reaHion of the form 


ylo + Air> /h(coH 6) + • I\ ((‘.os (9) H h • P^(eos 0) 


+ 




.^,3 -b i“ h > 


wh(n*(^ /A„ -li, /hj Ao, //g, ('Ic., are arbitrary constants, 

HatiafioB ih(' e(|natioii. The /"’a here introduced are soine- 
timcB called Lt'gm\drt‘.’H Clotdlicienta, sometimes Zonal Surface 
Spherical 1 larmonicm. 

(/>) Show that 

J'M-p-) I 

(c) 81iow that wlioji $ !s= 0, /’„(ooH $) or P,„(l), the coefficient 


giv(Ui liiM' a.H axin Irtaa whu-h N n ruuii% niagltv. 

valutnl fiuu’tinii whifh Iviuahnu aiul far all 

paiulH on tlu'giVfO liar nU tho |«nr 4 llV 0 hSifr nf fi, nQ 

aiat /* . 5 ?, ban iho .Miituo v;thir:i m tin’ gjv»’U (iiviai the 

radiuH oT oonvorgomn' of ilia !ir?^i \ii s? luti what limits 

(uui wo HalVly ttnt* tho It any tif tho 

givtai lint' tnivinHim a rogtnn of t'iii|*fy npio **, tiMpn tho mnv 
sorioH roproHonfc tin* )jntri4i»il fumisMis ai all ptntitH in this 
rugiou within thn limits of I’niivrrg* nr> »4 fhr:?»rrirf4? 
lin, Pnn'o that if in any of liynnnirtrv ah«»ut a lino, a 

couYorgont mnaoH I I 1 tho valuo of the 


poteiLial runatiou, tho j^orioa 




I 


I 


■ th 


\ 


foniunl by writing iimtoad i*f J[,| in tin- furitH'i i^orirfi, ^ ^ 


will roiiroHont, ho hnig aa tin* now M*ttvn ih «-uttv0rg«ntt» a HniUs 
Bingh*»vahio(l function whioh natnsh"'?^ !v|natnmaml, 

for all pointH tnt tln» lino on tho jHinittVif’ jodo of hiiii iha 
aamo valuoH uh tin* givon Hori*^^. 

IKh l*rov(^hnttho putontiid funotmutlno fnaiMiifotnu-iroular 
ring of inaHH J/, of railiuH a, am! of ?niuill rroji’^ -firriiun, ***jnal to 

> 1 n® > j I g ii* /*j ti (fl| 

ry 2 V» { r* 

if «<;*, and t>{|ual to 

if/- t r*‘l\(t'nH8) J..'l r* (?! 

'2‘’" «* 2 4 .*» 




if <x. > r, whore the ctnitre of the ring is the origin, and the axis 
of the ring the axis from whioh 0 is measured. 

11,7. .I.h*()V(^ that th(^ ])()t(‘iitial function due to a uniform 
cir(nilar disc*, of mass M, of radius a, and of small thickness, is 
0 (iual to 

_ J , 1*3 a«.P,((‘.os<9) 

a'^ ’ /• ‘ I ‘ ^ 3 ! ' 

if a < r, and to 


5 M/ 

.A"" 




1 


P.(i'mO) 

a 


1 -2^(008^) 
2 ^. 21 ' a}^ 


if d' >v*, wh<m the e.cmtro of the ring is the origin. 

11 H. Show that the expression ±(/*^ cr + /y of equa- 
tion [21], pag(^ 12, is numtu‘ic.ally equal to the length, of 
the cliord of the sph('r(s, fornuid by a radius vector drawn from 
P to a point 1 j oh tlu^ surfaius distant y from 1\ Tho sign is 
to ho iabm m^gativt^ or j)ositiv(^, according as L is or is not 
visible from /*. Ihme-i^ iind an expression, 7r(m.(/(:i ± 
for the iid.iuisity of \]n) attra(‘.tiou of an annulus’’ of a tliin 
si)heri(‘,al shtdl lying betwiuui two parallels of latitude, at any 
point P on the axis. 

119. A thin Hphmue.al shell of radius a attracts an internal 
partie.le J* at a distance r from its centre. If tho shell be 
divided into two parts by a plane through P perpendicular 
to the radius, the rc^sultaut attraction of each part at P is 
2 7r<r(t [a V rr'*’ • e’*’ | /a\ [Todhuntor’s Jlhforn of AUraHlon.^ 

120, Th(' ('quatiou of Urn surfac.e of an infinitely long homo- 
gemeouH eylimhu* of density p, the lines of which are parallel 
to Uu^ z axis, Isnng r /(O), a filanumt of tlie cylinder of 
croHH“H(‘c.tion lulrtli) e.ontrihuU^s to the components (A\ F) of 
tlu' attraction at tin* origin the amounts UpoonO^dr-dO and 


pniH'ljUll HU’ 'M « U. «»««»-%»• 

in ihv. Iona 


iju wnuen 


r L*(/*V,t cnm $ | " run'll [ 

AHHtuniag tlavi 


f/r 1 

it 'f h IjUi”' X tt i> 



t;m X 


prove tlait in tliin t'iiHP 


X >i rphxu / {fi I y '1 ^ 


and that the n^nttlfunt fnrrt^ Ii;tfi Ui»^ intni ary I 
wham M \n tin’ noaiH of llio nial IriiKih **1 tho rvliiatar. 
l^rove alm», by a laoihiMl analni^aiii.'i lu tiuit of Sootiou 12, 
that the attriit'lif»u tiao to n hoins^i'oiirMirs filie4| iKiunded by 
two coueentrits Biiailar* nud finaiLulv |44*'r*l ulUpiir rylm- 
drieal Hurfneea in /.orn within tho idodi, ^ad ili.it tho uitrartiou 
ocimpoiuniti^ (.V» Y) at any pumi wulun a mdid Uoui«i|^nau‘tnm 
alliptin oylindi'r aro pn»pnrtiiHiuil fo r and v rr^»Hrrii\r|y, 

121* If two oouftH’al tdhpHrn i 4ud Ys li.iiii" nuiaiiixfM i#/, 6) 
and (^d| /d], a ixdiit (x^ i/i un s Kiud f*» r»'ri * in h |Kdtit 
(^*» //) on h\ if x/x' a /it* iiiid V v* !*' Muiw that if 

luul l\ urn any two pniiitn tm m uml /V’ and /V, th<» nirrs- 
aponding points on /» t\l*/ l\i\\ llrnru |»j.niMS»‘eUnnfii) 

that, if two Inaaoi^tnH’fnm, siohd, ronlnrah rllspfir n^lmdorsi of 
the aanie dennity W divided into i‘Mrir^4|»t.ndnn-: thui ^trijm by 
planoH paralltd to tin* .rt plants thr x rnioiMOirut of the attrac- 
tion of any atrip of tin* flrfd at a j*niiii /*' *«ti tin* fioronil, m to 
tlie a* oomponoiit of the iittra«*tton of tlm rMrrt'^iipnnduiic strip 
of thn HtHumd at a point /* on tho hr^d t*nrtu’,pi*ndiii|i to l*\ 
aa h ia to if*, Tlio two ooni|wni«*niH t^f iho altrsirison of tho 


problems, that if the coiupoiioiitH at au outside point Q' of 
the attraction due to a solid homogeneous elliptic cylinder of 
density p bounded by the surface .s (Fig. 124) be and F, if 
a surface .s' confo(Uil to s bo drawn tlirough Q', and if X and Y 
are the components, at Q on .s which corresponds to Q' on s', 
of the attraction of a cylinder of density p bounded by 6-'; 
XJX^h/h^ Y/Y^a./a\ where a and h are the semi- 
axes of ,9, and a' and b' those of ,s'. Show that X, Y are the 
oompouents at Q of the attraction duo to a cylinder of 





Fro. 124. 


density p, bounded by a surface s" drawn through Q, similar 
to bK Show also that, if tlie aobrdinatos of Q arc jr, y, 

X' « 4 irpbx/(a^ + //), F = 4 7rpa?//(a' + 

Prove that, if a « 5, « 4, and 

rp 0, 80 that, approximately, A"'!^12p, 

F«13*42.p. 

123. Two parallel planes, the direction eoaines of the nor- 


g7b ^ 

tlio Hurfacns liiv (a, /*, ami (a i t/ f, i* f »/A, r \ lir) whore, 
Hincu^ tlioy aro uonfnisil, Slnnv Uiafc if 

piuul;<+<//^ an» iht* h^UK^hn ul iIm’ |h«i |H ai.hfnlai.s 

fn)m Uu' «»riKi“ |»lani“i. /*• i f o'V, 

aii(l/^‘<//^ I nt^ 1 n'' »/m ^ ^/r ^ s ‘U that (/;j 

in inviu’Hi'ly prujun’tintial tn /». U th?' anua»’*^‘» lumhil a luanu- 
gtau'.dUH hIu'II, thin in railrrl a ihtn Slmu that tho 

tliicknt'HH tjf thd .nlidll a! tin* |H'nU /* tisltr'j-. hum ,ip,U at 
all, by an iniinitnHimal nf hiitlmr Mr»!rr. an»i that a *»u|H‘rfh‘ial 
(liHtributinii on uu t*IU|»Hnnl with jautarr invrrHoly 

prujuH'tlnnal tn iMitiivahnii !»» a thin IhimImuI liMiunlod 
iiittunially by tin* unvfaiv, *rh*^ t!ui‘hsi«' > . *4 a I fun bMUuiHJiil 
at any pniut in iHrin-tlv |nn|HHliMna! u* /». 

124. Slunv that if tbn nnt»*ntial iiuni mu 4 a ilnUnluitian 
of matUn* huH thn vuIuj^ /nr»» at all * ♦•nt a»b’ Itin rlii|wml 

Lv^ + %*•* I I uiul tlm valm^ ^ l/r^ .V:.«) 

at all inHibu pninlH, tln^ 4i%lribuftHU r»ui a?4n hI a b»niiM\,*iiu‘nitH 
nllipHoid nt tbumitv /u /* i I/ i AA 2h uu*i a ^4i|i«^rUi‘ial 
Htrattun nti it ttf Huriuct' iliunaty /i wlM-m /< in tho 

Uni)=(tb nf tli(^ |H‘r|H'tHH«’ular «irM|«|H'4 h»an flu* Mtmjui iiu tho 
taufjjniit platn*. Stunts tUn Hurlanp ili U tsbni i»*n s » r6|uivaloiit 
to a thin fnnilniib it in rbsir that Urn |(M!i*i8ti.i! tniu'liun tluo 
to a huuin^ontMMiH nlli|iHi»id Iiuh at toif 4»!«^ |t*antn tin* naino 
valuOH m tho pniiUitiul funritnu «bu' {«• a tbiii fM«*atusil of tho 
8amo nuiKH noinoidont with tho mirfat'i^ i»| th»' i4lijonm!. l*rovo 
from tluH that otuiruoul uf mjnal itianH Uavo oqual 

potontial funntiouH ut pointH uiitnido but h. 

126. d'wt) homo|^t‘ii«nuni, i*Mufu«'at i‘!hp'^ia«i t f*f 

Ml and d/g attraot any partioln miinuh* IhUIi witli iMr« «* 4 wliioh 
havn Urn Hamo dirootiou aiul aro Im <’aoh ullirr an ,1/, in dL 



duo- to aS’' at the point on S wliioli c-orrosponds to F', as 
tlio areas of the prinoipal swdious of S aiul S' perpendicular 
to these compoiuuits. [Ivory.] 

1117. Wi' know froiu the eijuation.s of page 191. that, in the 
case of a prolate <!llipsoid uuifonuly polarized in the direction 
of the long axis, the d(^polai’izing force is 




Ih’ovo tliat if the ratio of a- to /> is large, this is nearly equal to 
— 4 IT ./(/''■*/ "■•‘jl log (H fr.//)] • 1], and that when afli=~i, this 
a2ipr()xiiuati'. vesidt is in (wror by about -t j>er ee.ut. 

Show that if we thniote the ihquilarizing fore.e in an ellii>s()id 
of is^volution uniformly |iolari'/.ed in the diiss-tion of the x axis 
by XA, A. has l.he. values 111. .17, n.ld, 4. 19, 2.18, 0.9.'), 0.2,'), 
o.oon-l, 0.001 1), O.OOO l, aeeording as n./b is equal to 0, 1, 

2, 4, 10, too, 200, -lltO. 

12K. If the ipiantity r on page 121 be sui)po.sed to inereaso 
without limit, the limits of the expressioius for -1" and Tare 
the foree eoinpoin-nts within a homogeneous elli))tic cylinder 
of HOiniaxes a- and b. Making use ol the integi'al 

/' .Htv + Zi)' 

.* (.r -1- 1- ji)^ (a - ji) (if- + a)* 

show that thi'se limits are •! Trbpx / (a + h) and A Trdpi/ /{<)■ + b). 
Using the form of inti'gral givmi on page .124 in the seventh 
line from the botl.iun, shtiw that if c be ma<le to ineituise 
without limit, the limit of -V is -- A Tpbx/{ii' + b') and that 

the eorrespondiug limit of 1' is I trpo ;//{”' + b'). 

Show that the eipii))oteutial Hurfae.es within an inlinitely 
1 1 \ ilui (>f 


m 


I'UnULEMH. 


121K llniiiK tlio iia<M:ralH }*ixvn mi ll»». «luiw that if 

a (i e \itni if < ' f tln^ <‘Xpre8. 

niiiiiH for tlii^ uttnirtion wiihm a homogoueous 

ol)lat« t'llijjHoiil tif rrviilijtimh ui tlio iMim 

( a J/.r;2AV»|Uu * A A il I A^ ), 

( ;; %/2AVi(laH ^K A » I f A'lj. 

( ^ a J/.i/AV^I( A Um *Ai. 

lo{). Sliow that if in tho viw* i»f lonhai* oUiimHil of 
ruvoluliou whtuH’ it v - h, put A ?.« « , thr t'luiUHUumte 
of attraotioii at tla^ iij.Ni«U» |uuiit t # . i/, u Itr wnltmi 

(»’lJ/*i*y^AV^t[A/ n/ 1 I A^ h»giA I ^ I I A^i ], 

(a %/2AV«|[!n|,MA I vl I A^i A \ l f A'J, 

(a il/^/2 A®f*^|( lt»gtA f v'l I A'U A \ l PA^J. 

131, Tf thoHt' foroi* H U* |«y ,V, l\ Zf the 

tiuaoUty (A'/^r f K/// t / i * ouuuTir.slly rs'iuul to 4 wp 
williiu uiiy olti|>Hoiii ol ruvulutiHu rhi^t tiu«* ui tho oa^o 
uf ovary alli|moi{i, m lNso4f4m<’.H tviMaluui 

132. If t 4 /i : it'\ y r\ afa! il h‘,, I« 4 -m vatuo givtiri 

on pago 122i 

h I" y ■ i 

and -'(« I>J,\ 

The ixifcfmtial fmti'titut rHHliMUcH tln’ l■>{tl>ll)lllt 

r« 7 r^«/«'(r;„ + ' . /I/;.. } 'jy i -’ 5 ’ />,^4) 



til 6 potontial iuiKition due to at an external point may be 
written 

M \ (T + 2 + 2 i / . + 2 

where I m ^ n - c'l [Tarleton.] 

133. • Show that if Y, Z ar(', the components of the body 
forcciB applicnl to a mass M of liquid revolving with uniform 
angular vidoe.ity a) aboub tlu^ axis of and if p denotes the 
pressure at tlu^ point (o!, y, rj), 

(ip sr; 4* (/x + ( 3'^ + (kihj) dij + Z dz, 

so that at a frta^ Ruvfaetv 

(A" + o)^.r) (Ix + ( F + 0)^1/) ili/ -h Z dz = 0. 

134. If tlu^ li(iuid be homogeneous and exposed to its 

own attraet.iou only, and if tlu' bounding surface be tlio ellip- 
soid 4 tdrh/ -p idh'^x^ ■- wo haVC X = — ^ 

Y ^ /T//y„//, Z -- ' ■’ ^ {ind at the free surface 

U^v'^xdj' + ah'^i/dy + (dU^zdx — 0, 

HO that 

(a»* g MK,)/d^r^ 3 /idv^ - 3 

Show that this condition is satisOed for a given value of o) by 
an oblatt^ ellipsoid of revolution (ICxami)le 129) for which X 
satislieH tlm etjuabion, X tan [(3 X + 2 (i)V/4 Try) /(3 + X^)] ; 
but that a jn’clatc^ tdlipaoid of revolution is not a possible 
form of the bounding surface. [Hcaant’s IlydroviacJutnicSi 
Vol. Ij Laplaee’n MfmnU/ue. (*UeMo., Vol. II L] 

135. I4ove that if F bi^ the |)otential function due to any 
distribufcit)!! of mattt'r over a closed siirfacei aS, and if cr^ be 
the density of a superlicial distribution' on aV, which gives rise 
to the same value, F\ cjf the jiotential function at each point 
of aS' as that of a nnit of matter eonoentrated at any given 



at tin' point- in th»* i«*ii lu thoco^iat^g 

(J, |» J V1.M in Jio { r» \ LM, I"’itiai hoiwtuni the 

vi'i‘linMiilTi‘ivutial p;uMniot«n »*!' \Uvi liituiis»u .io»l tloMhroatiuu 
juHt (h’liutul, at any j‘oinl of lla’ plinr r» r « i - vL* 0, 
at t*v(*ry [uiint of tin* lino \ y n, r , ,4U*l at tin' origin, 
Show* that it in iu*t t«* tiial a aralar liiartniu ilu* hiycl 

aurftu’i'H of whit’li out orlhogsuially tho hurM of tUi‘ vwtuy 
(x 4 y, y). Stiow Unit tho novtual 4oi u ativo of tho fimotuia 
ilt® + y \ X with roHporl to tho fiuoinu} j- ? y i i: ih /oro at 
ovory point c4' tho piano x t. Trovo tfiiii if h iunl aura 
tlu' iliHtuncM’H of tho point t r, y, i from uvo tixoif poiatgj 
(. 

147. A hutnuiuii' ftitirlion whioh lian a ooiiHtant graUitnit 
difforoiit fnun y-oroounnot vani?i)s at inliiist) liko tho Nowtunmn 
14)t(‘ntial Funt4ion duo to a finHo man *. 

14K. [/(.f% y. . 1 ), U, U ]. (.tM-rn th j. f - 1 . iK tt !. t\w firat 
of whioh in noithor’ lauiidlar uor i^olruouLil, iho nsi otaol hinud- 
lat U\it iiot Holmuiidal, lUid iho third H*»h OMnlul hnl jh»I lauitdlar, 
arn oxaiaph'M (if votd-ora th«^ lirtmi of wlarlt ato p.u.dlfl ntiaiglit 
liiiOHj though till' ifitouHitioH nrv tH4 ooo-aasd Ihovo th.it if 
in any rogioji tlu' linra of a vindor whndi i t l»*»fh htnn'llar and 
stdcuioidal an* panvlUd ntruight Unmi, tho inirnHity of tho viH’lor 
in ovorywhorn in ihai rngion Ihu nmm\ 

149. (2 vf/r* 2 y /a 2 and c»in y, \ ^h oom y i. thi* lir*it of 
whicdi in lauudlar httt not aolonoidal and ilo* noofuid Moh'iuud il 
but not huuollari am i'Xiint(dna of ri'riorn with roioUant intiun 
aitiaa, whiuU havu litum whhdi am not ?ktnugld paralh'l 

to nauU otlu'r, l*rovn that if Ihn Iihoh of a huindhir |«uiit 
function whiuh haa a uoimiant tnuior am pantlhd straight 
liu6B» tlin vantnr ia aalutioidah l*rovo iihio that if I ho Iinim of 
a aolnnnidal vc*otor point fuindion w hirli haa a roisHiant ionaor 


aro all ovnr tlio Hurfac.o + 7 / — 4 .tJ- + G = 0. It 

is ovidiuiii, tli{U*(‘r()r(‘, tliat siKtli v(u*.t()vs as these are not deter- 
miiKul wlu‘.n tiudr inirls and divcn-p^eiun^s aro given. What 
additional inronnation would deteriuine an analytic vector 
wliic.h do(\s not vanish, at inliuity ? I^lio scalar potential 
ruiKh.ion ol* a (un'ta/m vee.tor lia,s tlu^ value unity from r — 0 to 
r-- 1, wliere. r . - h //“ 4' -4“; and the value \./r from r = 1 

to r - - 00 . is tlu^ vi'c.tor (uanywlann solenoidal and lamellar? 
Can you (h'U'nuiin^ an (werywlien^ ]a,ni(‘llar and solenoidal 
vee.tor whie.h has the. valiu*. Id at; inhuity? 

MI. If at any surfaia'. tln^ normal e.omponent or a tangential 
e.omponi'ut of a. viMvtor is (iise.ontiimous, ninst we suppose, that 
there is divergem^^^ at the surfae.e,? llhistrate your answer by 
a simph^ uuuuu’ie.a,l ilhisi-ration. 

Mli. is a portion of an analytic. Hurrac(^ boinuled by the 
elosisl gaue.he curve .s'. A" is a suri’ae.i^ whie.h divides space into 
two portions in (‘a.eh ol’ whi(‘.h the {‘.oinpommts of a vector Q are 
ri^pn‘.S(mt(‘d by analytic, rune.tions. At somo of the coin- 
junumts of parallel to tin* surfiuM^ an^ dis(umtiuuoiis. A"' cuts 
A"' ill till' curve .s*' whii'h divides S into two jiortiouH, A\ and AV 
d'wo eiirvcH in A'j and Ay respee.tivi'ly drawn paralhd to .v' and 
very closi' to it shnll be called .s*/ and a.J, shall be the con- 
tinuoUH couipoui'iit, in the direction of the normal to S, of the 
curl of Q. That portion of which witli ni' embraces practi- 
cally the whole id’ A'l shall be called ; that jjortion of the. 
remaiudt'r of a which witli t'lnbrac.e.s nearly the whole of 
Ay is to be deijott'd by s., Apt»ly Stokes’s Theori'iii to A\ as 
bounded by .Vj and .'ll' and to Ay as bounded by .s*y and and 
show that l.he line integral of the tangi'iitial e(nn]>on(Uit of Q 
around .H is not in gt'iieral aisiounted for by the surface 
integral of over A', uiilesH we assign to A'„ on . 1 ' a value 
Hueh that it.s line intt'irral almur the liiu^ is liniti'. Wha.t is 


143* Aanuuiitig that, tin* “i thv nurmiil out 

ward c{)!n{Km(‘iil tif aiij vmiur takru ta*«r miy rl.^ru si Htirfaae^S, 
within anil on wdiirh iIh* vtniur 1,4 itnalui*’, tcj the 

vnlumo itiingml uf tlu^ iUvi‘rn»'U«'*^ «d * tnr tltrcmgh. 

o\lt ihi^ Hparo within tln‘ ll .if si tn ^jih^rioal 

cunriUnatoH A‘, («), «t» nw tin* rtnu|Has»ni! » *•! ;i f»»r taken 
in tin* diri'rtitniH in whtrh n ^ sin luMrU r*t|iiilly, the 

divnrgtnian nf (J in givni hy ihr 


iAC^^A’) • / I /^^C^nn B H| ■ r jnss (i | /yt» ' r Jiiu 0. 


144. AHHiuniuK that, if (* ?;, i arr thrr** iin.ilyhr fnisrtume 
whitih dt'fuin a nyntnin t»f inlliMi^Msial risrvslssi*%^r «‘i»Mrdinate8j 
ami if /f|» h^iiw Ihn gradirsitji i»l’ list* 

fiwu* intngmh taknn nvi^r nny ^nu hirr X, «4" r vm 

(wlmrn in any fiim’tiun unal)ii*’ ^uflusi iispI tm X, ami n) 

iB Urn angln iH^twnmi t!m tiHuiMl t»* X at any finint au 

aV, and Urn dirwlimi at llsat i^nsau ssi whirl? ( ssn'rr.mrn immt 
rapiilly) i« mjuul tt» tin’ v«4iitnr siilr|.fral r\f?*udr«l thmugh the 
B\nim inu’hmml hy X, nf /i| | r h,, J * i. hUhw that, if 

Qli 4^^* arn Uin nifiij«tinnitH sn thr thrrri its whis-h i|j 
and I iunmann iinmt mjhdly, *4' an asinhiir \rrtur the 
normal aumimnimt of Q intruriiUnl all t*%rr X 



Writn dawn an t»^|.irm^r-ii««n fur ilsr ilivrrtt»’in*n uf im iiiiiilytic 
vector in tenun of and, ly^^'^nmsisn ihai sn ilm ni 

sphariaal otHlrdinalni k, • U ■■ I n 1 frmt iho^v 
that thii yifdda tlin rnanlt aiaii^«l in ih«’ hmi pfMhlriis, 

I4fl, Let hn a flKnd {mint and /* a nnsvahh^ Indist in thf 
unlimited region 1 \ without a given ^ssrliim X, amt let /y-' 
bo donottnl hv r, Hhow that tf a fiiiti’t hilt (£' 


mass, iV is unirtuo. Show also that if G = (?' + 1 /r, and 
if V) is any fvuuttiou luirnioiiio in which yaiiishes at iiilinity 
like a Nowtouiaii Ih>tential l^hmction and has the value 

at 4 7r^^>o^ ^ 10 ' J>Jhl8y where n represents an exterior 

normal to X Some writtu'S call G » Grreeii’s function” for 
the given ty and the given others reserve this name 
for Attach a physical meaning to ff, IMine a Greenes 
Function for sj)a('.o inside a closed surface S, 

Show that if 8 is a i)lan 0 and if r’ is the distance of P 
from the image, in the plane, of the pole 7\, the function G 
is 1/r - 1 lr\ 

14(1 Show that the expression 

whore is any (‘.onstant, might be used for the logarithmic 
potential function of a columnar distribution of repelling 
matter. 

147. Show that in gcnieral the surface density of a charge 
distributcKl on a conductor is greatest at points where the 
convex curvature of the surface of the coiuluetor is greatest. 

148. Sliow that if m, n are scalar point functions which 
define a set of orthogonal eurviliuear coordinates in an electric 
field in air where the potential function is T, and if P, Jf, N 
represent the force components taken at every point in the 
directions in which the coordinates increase most rapidly, 

hi • Di F, - //,, ‘ F, iV® - /i„ ' P, F, and I^aplaco's 
Equation can be written 

A (/^ /K • K) + (Af/ht ‘ K) + P„ • K) - 0. 

14{), Trove that if a distribution of electricity over a closed 
surface produces a force at every point of the surface perpen- 
dicular to it, the potential function is constant within the 


JJ 2pi.log(r/r„)-dAi, 
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fXjHKSt'd In rarh utUiTVi njtiu»'5u*i- s It .1 » h.n ;'<• rUiHiit«of 
t'h'i'lvii’it V lu* Ui titr i mI3s|i, *%?!«' r.*u4ii- iluit 30 

UliilH will tn rharit»* th»’ ruji.ilaa* s*- .U3*l |h t<s tho 

laVK»'J’ ‘'lOan'r, U \\v urvto'ii !‘h*- rq.u ii) *•>! 8htjw 


alH«) that. Uh' Iimi'iimii in fh*^ *'.v>r “l ihr 
[un* Hqnart’ luiit, t»f .HMi liM **. 


raMialSrr ‘»|»hrt'f' IH - 


I'l) 

m 


ir>t, ^riu' Ihiit mI thr»'»^ uji! n|4p't»’ s, f, /j\ ami of 

nulii 3, 2, aiul t vi‘H}«‘«‘Uvrh , tj um‘{i iimiu t»u«’ aimtlnw, b 
tOuir^t'd in [iiamtiiil 3, !i I I"** «»nus«rf«ti /♦ for aa 

iuHtiuit, by umuiiH mI a iiitr \\su-. au*l it ibru /• \\v rnnain'toil 
with r in Ihr haiiM- \vu>, imII isr ll r'*. |SfMm\ j If^ 

in Um' litMi rxam|4<% all llm'r t MipIsn i*-! * U»* rtnuH'riml at tho 
muiu» titms TV will h*‘ 4 A. 

152, A ohata^{M»l’ M tuul’K mI rlvr\tn-%i\ r-. siininj’atrfl to 

a f(nnlut‘tMr iua4r ufiui i*am ni*|iatMtri[ t4H|v» 

Boidal nl {irmi4\rH il, 1 aii4 I, H rrn|*ri‘hvi’l\\ 

OunniH'ltnl by a tim* wul^ Shuw that Ihr » !uiu*»' ^ mu thp Uvo 
ollipHuidH W’ill bu I ,1/ aiitl I M ir rin r|\ . (’t4iiij»an» tlio 
vahu'H uf 2 fTtr"* at t*Mrirh|»M!Mluut pMUil?i»4 iIsm t w «» 

153, (htu twu biuiu h uitr.u t m? rs'itn'l ciihtT 

wluui no linoH of lurri’ rau ilr.uui ItMus lao* IhuIv tu tho 
otlmr ? 

154 » Tw'o oomhiutorH, J hiuI /ni’Muunird wiiU tliM rartlt are 

t'XJJOHtul to tho imbU'liVr Us*UmU nf a iblld Iniily, Uo 

A aiul // m‘t ujHiii farh oflou ? If ?jM, |4Ml(% ’* 

155. A H|ihtu*ii’al t’nudui'tMr b t.uhun »#, rbaia^nl with M 
uiiitH of c'liu‘tririty, i.’i jmrit»nudr*l b) « «'Mii,lursu4|.r ^jOu^rioal 
sIuOIh oourontrir with U. hUrh nhrll tn mI i!jirku*-in aurl in 
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157. All iiKSulat(ul and luioliargcid spluirioal conductor of 
radius 1 (iiuitinudau'S (iontaiiis au cccciitric spherical cavity 
the radius of whie.li is 2 e.eutiiuetriis. At the centre of the 
cavity is a ijoint c.harge oT 11) units. Show that the charges 
on the iiuuu’ and outer surfact's ari^ uniformly distributed and 
that the value of the potential ruiuition at all points within 
tin', e.avity is 10 jr 2.5. 

158. A spheri<*.al c.oiidiulior oT 10 (unitinietres radius is sur- 
roundml by a e-one.(uitri(*, e.oinlue.ting spluulcal shell of radii 
12 e.entinud.nis and 15 (UMitiin(‘.tr(*s, Tin', sphere is at potential 
ziu'o and tlu^ shell a.t jiohuitial unity. Show that the charges 
are • ' 00, 00, and 1 5. 

150. Prc)V(\ that tlie (d(‘ctrie,al c-aj^acity of a conductor is 
less than that of any otlnu* (U)nductor in which it can be 
ginnuetrieally mudosed. 

too. Show that two (‘Ka(*.tly similar conductors symmetri- 
(‘ally situab'd on opposib* shh's of a plane, so that one is 
tin' o|»ti(‘-al imagt* oT the otlu'rin tin', piano, rcptd each other 
if raisinl to tin' sann^ ]){»t.ential. 

lOI, ProV(^ that tln^ following sbibniu'nts are trvK', : If any 
('.ondindors, sonn' or all of' whieli ar(^ charged, are (^xposod to 
oiH' n,n(jUu‘r H influt'nci's but an*, far reiuovtnl from all other 
charged boilies, the charge o\\ one, at least, of the conductors 
nuist have the sauu' sign throughout. If two charged con- 
du(d.or.M, unindui'iieed (‘xe-eid. by eaeJi other, have ecpial and 
op[joHib^ ehurgcH, tin'. Hurfaet^ (h'usity at (wery point of one 
has oiu^ sign and the siirfae.e density at ev(U’y })oint of the 
other tlie opposite sign. A ehargi', - I, concentrated at any 
point P prodiU'cH a distriliuthm of oins sign throughout upon 
a c.onductor P wliiidi carrie.s a total e.hariJre of 1 + a, a bdng 
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aru at opponilt' putt^ntiahi, iIh* iliH!nl»utu»u in tuu*h him the 
sauu^ nign t»vrrywlifr»' that t!i«^ p**! initial tiiurtitiu haa, A 
(‘Jiargiul coudarUir ahvavn a!tvai't«d. m Ihi^ almrui'M of 
othui* fliargiul liy v\rv% uifiri r.*u4n»*tMt% m iia ntngh* 

borhotnl, whitdi in put tninuili< j t^ulirm | 

IT/i in tliH nuuilMT i4 unit Ktiad.n tsil**' n pm* fa|UHrfM*cmti. 
nu'tris which pa.HH thr«Migh ativ ?uua!l jMitlum n| au iHpiipijttm. 
tial Hurfiun* uf nu lichl ui air. ih»’ alrciigtii nf tha flold 

on UuH Hiuall urea \h 4wij. 

Ui2. If when a mut charge h placrd mi* a etuulurUir (■ in 
the prcHeuce uf cnunlurtisrji ^ V hepi at pMleiitial the 
uhargi^H m iheni’ are Cj, » , ; th^n it (" dinrharged and 
iuHulatt‘tl luul raiHnl In puirtiiial^-i I f\. the jHiUnitial 

of (' will Im Tj I 

1G2. A Huap Inihhl*^ *4 .nutlar^i fruniun t haa a eharga 
Show that iy diaineler in #,4 

104, Prove that lh»M*ap4csi) m| « r.|uah»|4jerM'a) t'lmiliniHera 

wluui arrangini in raBrinh* in t»nlv Sh hI the rapacity of 

ono of the noiHleiiHr*rH ; hut tlial if ihe inner nphereM of all tlie 
aomhnmern he cunnrrtinl tingiilier In lint* wurim, and the miter 
omulucfcora In* nhui cnutierted li*grih«’r. iht^ ciipaeiiy of the 
compltix comhuiHcr Uiui^ foruant in alkali n iitneii that of aaingle 
ono of the miniietinera, 

105. A conductor the m pint ion at ilw aurl’ami uf whtoli ie 

I 

’-’ft ir, y 

ifl charged with HO unit^ nf rh^riricii) i what m the density 


any point oi yl to tho walls of the room without encountering 
one of tlu^se otlun* eouiUn*.tors. Will there he any induced 
cliargo on th(‘ walls oF tlu^ room? 

1G7. Assuming that in tln^ case of a conductor surrounded 
by dry air, HOOtt dyiu's [>er s{piaro (umtimetre is the greatest 
prossxire tliat a charge on the (‘.onductor can exert at any 
point upon the air without brtjaking down the insulation, 
show that a H])hm*i(uil c-onductor must have a diameter of at 
least 0.120 eeutiiuetiH^s in order to hold, in dry air, one elec- 
trostatic unit of ch^ctricity. 

108, Provt^ that two pith halls caoli 4 millimetres in diame- 
ter and 3 niilligraninum in wtdght, auspouded side by side by 
vertical silk librcs 10 (ientimetrcH long, cannot be so liighly 
charged with ehu‘.trioity that the lihr(5S shall make an angle 
(jf 00® with each other. 

101). Dine-usH tlie following passage from Maxwelhs EUmenv- 
tiiTU Trrathi* o)h ICIvdvloltij : 

«^lJet it be required to detennine the oquipoteiitial surfaces 
due to the (d(*{d.rillc*.aii()U of the conductor C placed on an insu- 
lating Htand, (lonneet the conductor with one electrode of the 
oloetroKcope, the (ddier ludug couiuw.ted with the earth. Elec- 
trify tlu^ exploring and, (tarrying it by the insulating 

handle, bring its (umtre to a given point. Connect the elec- 
trodes for an instaut, atid then move the sphere in such a path 
that the indication of tint cdectroHcope remains zero. This 
path will lie on an (‘(piipoteutial surfacic.” 

170. A etmdmmer (tonBints of a sphere A of radius 100 sur- 
rounded by a (tonceiitrin, slicll tlie inner radius of which is 101, 
and out(tr radins 150, 3'he slndl is put to (mrtb, and the sphere 
Inm a ehavgtt of 200 units of ^amitive eleetrioity, A sphere B 
of melius loo outside the cemdenser can be connected with the 
oondeusePa sphere by meatiH of a fine insulated wire passing 
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MlHOKI.LANKOtrH 1»U(UU,KMH. 


tlurougli a small liolo iti tiu» h1m*1I. with A\ 

tlio (umimniiou in ihon hnikiMi. uu*! I* «liHi'harv:*-ii ; tho con- 
nootion is tlu‘n tmuh^ anti brukfN jih ;uh1 /* in again 

cliHchargtHl. Aftnr thi.H prtirnf^.H \mn Wvn Ihrtnigli with 

ilv(^ iiau'H, what in J’h putrutial V Whaf \\Multl it lun'cmui if 
tho nholl wnra ttJ In* nnaovatl willitnil iMiirlitug J? 

[2(H)l|V(lUlfA LMHM r diCr.j 

171, If llu^ n(}n(h*nH4»r luantnairsl in hint |trfil>h*m be 

mBnlatiMl and a nliargn e*r bMl uiatH rh’ftrichty 

ba givc'U to thoHhtdlt what will 1 h« ihi^ initi'otial ut ilo' ?4|iht^rn? 
of tho HhoU ? If wi* thoii rtmia'oi ih*’ >»|ih**ri^ wUh tho oarth 
by a lino iimuhitod wiro paHHiug through i!i«» .nhrll, what will 
bo tho ohargo on tho unlHitlo of tlio filodl? Wh.u will ho the 
]jotontial of tho nlndl? If »l ho lU’oilali^d, and tho nholl 
bo put to oartlu what will ho J*h |o4riiti4l ”* What will ha 
its potontial if tho nholl ho now wdodly r«’in«»vi‘d 

[2/a,2/a, - d(MP/ll ; (bh* ll.h\ iWn ‘J 2n:,. Lnrj/Lm] 

172* A ('c^ndncior in tdiarg«*d hy ropralod «•l*ntaotll with a 
plate wluoh aftor oaoh nnitip’i rorhargod with a quantity 
(/?) of cdootric’ity ftann an «d«*otropht»ttoi, |*rov»' tiuit if o h 
the obargo of tho oondnotor afior tho lis?it ci|M^mtion» the 
ultitnaio cdiargo ia p' o /t o|, 

172. If oni^ cjf a nyntom td n oonduolttm onltroly nurrimndH 
all the others, 2 (a - 1) ut tho otadlloionla of j»oiontiid havo the 
(Hunnum valuer //, If tho mitnido oondnotor pnl to oarth. it 
losoB a quantity y nf olootrioiiy* 8h*iw tliai tho onorgy \mn 

in 


])liuio at a (liHtaiKU^ .r Ironi tlu^ line of iiitcrseo'-ioii of the 

■ 4 ah(\r /Tr[{(i^ 4“ Jr + x^y — 4 rrV]. 

175. Tlio onorgy, ])v,v unit of Hurfa(‘,o, of a plane parallel 
j)latt^ (*ontU‘.nH(U‘ in wlii(4i tlu^ Huptn'lic.ial c-liarge density is 
tr,, is 2 7r^r^^(( wluni tlie. (liHta.n('n l)(4;we(‘u the plates is a. Show 
that if the distaiuui lu^ (lt‘e,r(‘.ast!(l, to a — Aa the energy is 

2 - Arr) 

if the (‘.Inirgi^ laniniinH e.onHtant, and 

2 7r(r„’47"/ (jt ^ - A(t) 

if tln^ ])otential remains eonstant. Ifenee prove that the rates 
of e.hangf^ of tin* imergy an^ (‘(|ual in vahie hut opposite in sign 
in th(^ two easeH. 

17(>. 4'1h' foot of the perpfmdie.uhir dropp(ul from any poiutP 
u])ou thi^ liiH* .'ll Jm shall he ma-rked ;!/, At vlj is a])oint e.liarge 
;uul at. a. point ehargi^ iii,,, hidng gn^itev than 
d|/' r,, A.J* dpi/ .r, MJ* ^ /A d,da a. //xl 

Show that tln^ Hurfaee integral of mnanal fonu'. i)arallel to 
the X axis o\a*r an infinite plane through M ju'.rpendieular 
to r/,dy is 2 7r(V//i 2 tt ( ///, + 0<;r<a; 

and 2 7 r(my x* Jh 'I’he indue.tioii outward through 

an inrmite sjiherieal surfaee with eeutre at any iinite point is 
7 r(///i md* that tlu^ vahn* at any point on a spherical 

Hurfaoe of radius r,, with eeutre at dp of the normal outward 
e.omp<ment of tin' foree is «‘.os (r,, )\) / and this 

is pn^^itivi^ for i'Vi»ry point of tlii' surfata' if }\> afx/ (ii -- 1). 
It follows from this that no liin^ of foree e.au e.onie from 
inlinity to ihe e.hargi' mt dyi hut ‘1 of the 4 TTm^ lines 
whiidi start fnnu ,4j remdi dy, Show that all tln^ lines of 
foria' whieli eross (lu* two plant's drawn iKH’peudie.ular to 


,i|/ig aiHl au- a rirt'in}U»"r«’urr in.mr WIUI aa 

cuniiroaml MUhh ratliuH. I*»t fis.* auA*-^ ^UtuU f^/i* and 
mako with tlu^ lin*' trmu t‘* J. i‘»‘ tu i llimi th*’ imlue- 
tion th«< fdrrh* L* ?tf l ^ ^ Ijj 

or 2tr[mj(l nniu»j| I u-.'fnr4uiL* an in 

groati'r illHtl nr IihhUivi*. .UoI Ir .-. lli.m ^ 1 . It in tijn hiflt 
tho riulitUi bo an fdiiOiru that til?' rn-rb' Ifii*!qiii? ill! tlm 


m 


uBii which converge Ut wt'* tb«? ifiilurtinn to 

4 irWf. Thl^ yiolcti #ij iKii W| w j, wiiioli tnity 

bo regarded a« the equatimi nf *4 

between the lina« which gr» fmtti 4. in A mnl wliirh go 
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of force, Since every meridian curve of this surface is itself 
a line of force, the equation just written may be regarded as 
the gcmeral (Miuation of the lines of force. If = mg, the 
lines are Hometiimvs called magnetic lines” In this case 
tlie equation hecsonu^s cos o)i — cos =: const., and the lines 
have the forms of the (Uirves which pass througli the points 
AT in Kig, 125. 

Show that if /X — 1, if It is the resultant force at any point 
J\ and if Q is tht^ point where the lino of action of It cuts 
./^/[Hiu (r„ ?•«)] (/£, =,m/[rj=' sin (i£, n)] or, 

sinco sin (-•(, rQ) ^ (sin PQA,) (A^Q) jr,, 

and sill (.'/a/’ V) (sin FQA^ (QA^) /?*j, 

Tf is fixod, /’ must movn so that J'l/rj is constant: its locus 
is, tlinrcfiiro, a circlo. [Sue Mascarfc et Joubert, §§ 108 and 
lOi), and also Ni|itn’r’H K/rr/nciti/ awl Magnetism, Oh. III.] 

177, 'rwo (snndi'nscrs /I and li have cajiacities C^ and C 3 . 
A is chargetl by a e(>rt,ain battery and then discharged ; it is 
thou eharged ami its charge is shared with /?; finally A. and B 
are both diseharged. Show that the energies of the different 
disohargoH are to ciw’h other as 

(f.'i + ffj)* * + ^s) ■ 

[Clare College.] 

178. An oarth-eonueotod oirmilardiao 5 centimetres in radius 
in aiiBonYitlRil litirly.outa.llv from one arm of a balance, and an 
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179. is an (»cjtii|jr»tnnt!al 4ii«^ tn a dintrilmtion of 

inaUnr of whic’h it inn’luHt’H a l/j. .uh! a jjor- 

tion /1/g. Is*t Ml lit' tliHlrsltutrsf no S Ui the law 

4tf£r flnni un iIh' ihuri furinctl tlm 

nt'^ativi^ of tin* tuHgiual ,hu4«*jiu ’««» an !i» ha\r tla* .HtirfiM'ci iJ? at 
y;nro potr^ntiul tluo to tin’ doitniHiisuii mu h iin«l !i» thi* ni'Kative 
of 4A within \U Whut will im»\v !w« th^ \,i\nv nf tht' {Hjten- 
tial funntitin withmit S7 At a «h 4 .inr** I min thn writre 
of a Hpht'rit'al oavity t4 mduiH r. in 4 I'MinlnrtMr whic*h ia at 
potmitial '/t*ro, is a jiniiit rh.iri^r t4 iisiii'4. Fiini iiy aid of 
tlu» fornuihiH i^ovtni in r»A Un' ib iifafv nf tlu' rhiu’ge 

on Ihn wall uf ilm ravity. 

IHO. If a laiinlnriitr (\ wliirlt nniir*'ly foirnnunlii u syatom 
of nhargtsl amt iimi{hii**«l innutnriMf^, t»r 4I nr 4 injiiilatrd and 
at potential T, am! tlmii put lu s ariln thn pMb'utiahi nf all the 
inU'Htir t*iimhu*ti»ra will \n* ilinnm? 4 iin| Fy V. If thin systnia 
bn nt»w tlistdiargnib Um hm:i m| f’ungv m ihr haiuv m if r had 
not l)cn»n put to t'urtit hut hml liatl sin* inliuior «‘*»mlurtnrs put 
into nonnnntion with its inm'r [ M. 4 *. j 

181, Show tliat r/ ^tliM nf tlsiMuiit harinl.n prt«rniHling 

from an cdnntriliml partn’ln, at a i!ini4m r h li*un fhr nmirn of 
a ncmtluntiiig aplmrn nuliUH r, miorh i ^ pni rnrih, nau^t 
tlu' Hphnrn, if tlu'rr aro \w nlhi^r rumlinios ^4 m iln^ muglthor- 
lumtl, ami that thn ront go off in inlitnl>, 

182 , If a c'hargo ih phi«“«'«l at a pntuf Jj iluU.ini from 

thn nnntrn () of a nomtuntinii fiphrro of noliuH r fSf'rtmn Of)) 
knpt at pott'otial /.t'ro* t.h*' nhurgn nii ihi' ^uiriant* hm 

tht^ (hnmity tr -■ #nj (1/ at ii pMint distant r, 

from Alt and tlm totnl lumaifit tip* smlurt^d rdmrgn m 



tho XI ew IC \ r^r and tlio attraction 

i [mrr Si / (8,^ ~ --- y;;., V, r/S^^], 

or 8, / (8i^ • liJ /Sf — ’’/V* 

This attrac.tioxi is y.oYo wln^n Sj satisiioH the equation 

A’ 8, (8f • ■ r ) “ — Wy (2 8i^ 

If HI + iiiyr /S\^ tlu*. total cliar^c^ on the s^diore will be 
zero. In this caHi*. - - //q/8i, and the force of attraction is 
;//i'h’‘‘*(2 St’^ r) / r‘’j"8i‘‘: this (‘.x})reH.sion is always posi- 

tive. 'rhe ([('usity on tin* splunu^ is v<ero, if anywhere, on a 
(urcumft'nniee (U'tinnuiiUMl by the (‘([nation 

A’ I ///, r/Sy • • m, r(Sr — ■)^) /)\\ 

0 and are iuv(‘rH(^ points with rt‘Hpect to a splierical 
Hurfaen S (d* nulius \/8," r, tlu^ e(‘ntre of which is Jj. If, 
tlu'rcdhns T is any point on S, .!.//’• 8, O'A- VSj^ — and, 
if: HI - my r / \/Sy'^ r, tln^ poUnitiid fmndion has tlic same 
unifonn vaUu' on S and on tlie e.onduc.tor. Tlio intersection 
of tln^ two HurfatM’H is a Htu^ (if no fore.e. and no density. 

'riu' ptiteutiid fniietion dm to lUy iiloin* is the same as that 
diu^ to my and tlu' (diarized Hjilawts at all [ioints on th(^ spherical 
flurrn(‘(* n/*/ .1,,/* ,l/8j/;;/,r: if A^ ■ 0, this is the jdane which 

biB(‘ctH /lyH at rij^ht an^^h^s. 

'I'hi^ mntnal potential tmergy of the [mint (diarge and the 
distribution on tlu^ Hjdien^ is 

r"A.r/8V ;/^,Ay8, lm.y/Sy^Sy^-i^y 
HhtJW tiiat if a idiarKcd conductitig sphere of radius 10 eenti- 



nuuw jiinu ^ 'r ’ «'» im ujq 

(hninity of (.lio HurHirr r* /rr.*, at tin- pMuii nf iht* 

fauu (‘iirtlu'Ht (nun Ji» ui a jiMiut ju 4 \r.u4r tnnu /!,» ot 
at. tlu^ poiiii that ji ula^h* rhar^tMiu 

tlu' Hj>ht*rit’ul Huriut’i' \h M *1 tlirr*^ i * ii*» attra*4u»u tn‘twin'u 

tlu^ ptniit nluuxi* ami tin' mirlarr , ami that if tlm 

Hplu'n* wuH urigiaally an«I ur ula!«"«i, tin i»ili4itial 

wan ruUHtantly I’tiual tu I'i ft, an lla* iwaut K^'^aUudly 

appnau'.hiHl itn pi’t'ainit ptmifaai iKaa inlinity, 

HUow that tlu' iutt'i^ral ♦»!' rS r,' l ikni nvrr tlm 

fa(H* of tho Hpht'ro 4 wr\ a,. !{**w 001 * h <4 lla* rhiirKi^ on 

tlu' Hplu'm in vinihli^ fnMu J,? 

Kind tlu' Hurfaro ilmmily u h|*hriar4l i Miidniiur at jintmi- 
tial /,('ro nikhm Urn id t^Vii l•^|Blal rKfiMnal imml idiargc^a 

Hittiatud at cMjual thiilatmrH %m n%dv% t4 mitre. 

(kiiiHidnr m^pumtidy Um riwk wl«i*r*^ tla^ pomi rhiirgt»H have 
ojijamito aigtiH. 

18.4. An iuHulattnl {’niiihndiiiK nf radinn r charged 

with m unitH of jamitivn idwlnmiy vi hy m itidtB 

of ]umiUvo ohndaiidty omH’iOiiriitrd at a 'Jr dm! ant fiH»m 

tlio innitrc' of tln^ a|ihi*n% ciiv?» a|«|sr«»5iu!iat*dy thi^ gtnmntl 
ahajm of tho otpujmUntiial Hurfart*^ in tlio iiriKhl*orhiKHl of 
tlm Hjdioro. 

(Hvo an iimtanoo of n pimiiividy tdortnfirsl Iwaly tho [witeii- 
tial of whieh in imgntivr. 

184, Frovo that if tho i^phorionl aitrliomM of radii f$ ami A 
which form a Hjdtorioul t‘niiiifMim’r, iirr jiynif'^ i^hiihlly onamirir, 
being the dintaiioo Indwrcnt thrir tho idiiiinio of idee 

trifloaticm at any rioint of idthor ^tirrimo m » » 

OH” ■ ir) 

where Sin the iingnlur dis^tiiiioo tsf tlir* |»*i$t}t from tho line of 
oanfcrea, anti where the differeime Itidwrrn the viihteii of the 


tuo axis 01 .r, iimouoii — a satislies all 

tlin coiiditioiiH whic.h tlu^ ])otoutlal fuuctiou outside the sphere 
must satisfy, and is iUnrefovt^ itscdf the potential function. 
Show that tlu^ surfaces dcnisity of the charge on the s^diere 


:i .r .V 

4 irti 


and prove that this result might have been obtained by 


making in(iuit(\ in the formulas near the top of page 20G. 

18(>. If 7 ii, vaa are the eoeilleionts of capacity of two of a 
set of conduetors, and if yja is tlnnr coeilicient of mutual 
iudu(‘.tion, the capacity of tlu^ com])oiiud conductor formed by 
joining tln^se two conductors by a hue wire is r/^ -f 2 ^la + 
if all the otlier conductors Im put to earth. If pu, ^aa, 
are the coeflleienis {»f potential of tlie two conductors, and 
if all tlie otht‘r conductors of the siuncs are uncharged and 
inaulateilj the eapatdty of tlu^ eoinpound conductor is 


(/I'll +7VJ -/'is)/(/'u;'2a -/V)' 

If Uie (listancu^ /) ht'twccMi tht^ centres of two conducting 
spheres of radii f?!, is large (•oin])artHl with the diameter of 
either, pu 1 ^ iH approxiniatcdy 1 

so that if i\, arc the ehargi's of tlu^ nplien’S and f], their 
potetitials, l\ ■ Cj/Zj + SJiow that, 

approxiuiatidy, 

f!i\ ' ^ ^ 

187. IF an the radius vector OP drawn from a fixed point 
0 to fuu^ilier point P a new point P^ be taken, such, that 
()P>()/*^ tF, where a is a constant chosen at pleasure, 
/' and P^ arc said to he intwrm paints^ 0 is the eetdre of 
invf^rMwnt a sphere c»r ntdius a witli centre at 0 is tlie sp?i&ra 
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joins tlio ])ointH of (Mtntact nf t** ihv ilrawa 

from an puinl /*' tluMO-h iht- lovrr^M junnt l\ 

If I\ /‘'ami am pair^ nf invfi%r |».in!h, iUv tnuitgk 
OPQ and (iQ'P* ai‘f' HUinlar. II >/'»•»! a pair id iiivi^rno 
jiointH ahnt^ a t‘iirvi% nr uvi-r a 'nnhM'n, nr fliriHiKh a 

spaao, tlm otlior (/‘'f will iKn rtirvr, nurfacft, 

or spaoo, A plaup uf a pi'rpohdo'nLii 4 (>nm 0 

invorts into a Hphm irai hurfas's* «»! radnri n *J A, |ia,sHiug 
throUKlj A HphrricMl «d r.idsn s . uitlj ri’iitn* at a 

distanno h fr<»in invrrtn udn uunUirr ^phmi if Hurfam of 
radius rU uitU r»”ntr«» a? a dr.i.uim 

from f). If r\ hpljrur.iil ’niit.i,'*' nurrtH into 

itscdf^ though Um iiiv«»rso id tho ni l in ii»4 ihi* 

mmtro. Tim ooutro of iuvrr^nno uUn flm rrgmn at 

iniinity. 

Provo that if tlm nrigm ho tlp^ rmlrr mI a point 

./* or //t distant r fmni iIh' lofo n point 

./*' or i/\ I'u cliHtant. r fr*im ||ir Mij.-sn, rr" u\ 

xfr - yir>, !//f y' y. ■. .■ ■ .■■. . .. . , ■, y -<y,r'» 

a: J-' i/V y y' *•'. .»• . All •■Ifuu'iit 

of aro tin at /* invintn nUt* ,iu rlrtio^oi mI .isr o%‘ .if l*\ mich 
that f/i» tP d-’i' r’ \ \it s'li’ius’Ut *4 arr.t #/»S' at 

I* invortH inltt an olonumt uf ar«M d.%" p\ ^nidi that 
dS ^ tISPf ti^ id-dS\''r*, An rh'iiM-'al ^4 dr at 

P invnrts into au idiummi of o"#” u i*\ nio'li that 

dr * dp J ■■ df*fp'^\ Tho ao;d»‘ hri^^ris-H ! 1.^ M inirvrs 

whinh intorsimt at P h o«|ual t*»fh«- .meh- fhoinvor^r 

curvns whinh intorsort at /”*. |i /* .lu-d /'* ho drawn in 
diffornnt tliagrams. in wluoh ih»* rrii.in^rol.u raiir-u.m ounnlh 


funotion b (rrV'/r^-, (rif lh rJ) lias at 

Proven i.lia.i; 

+ b !b at/* 

If A’ iH ztn*() Oti any Hiirfiuu' or Uironp^liout any apace in the 
lirat (tijf / ia /(‘.ro on tlio (‘-omusjioucliug surface or 

throughout, tin* c.orn'aponding spao.e. If P has the constant 
valuta /• on thc' aurfatn^ A', r/t///r' liaa the value uc/r', which is 
not (tonatanl. on tln^ e-orn'Hjunuling aurraoe aS\ 

If A* ia tilu^ ptd.tnji.ial fune.l.iou (hu^ to a volume distribution 
of (leiiHit.y fi in a region 7\ logtdher with a Buperlieial distri- 
bution td‘ (huiaity <r on a aurfaei^ A and a ])oint cliargo e at a 
point (J, {((\j//r‘) ia t.he potential fuiuttiou due to a volume 
(liatribntion of thuiaily // /;•'•'* iu the region P', corre- 

aptniding to 1\ logetlou* with a auptn'iieial distribution of 
density e' tr\r j /*'■’ on tin* Hurfatu^ H\ whudi corresponds to /S', 
and a ptnnt (diarge r*' r'e/a at the ])oint which is the 
inverses of i). 'Tlu^ invt'rst^ of a point eharg(^®c. at the centre 
of invtu'sion is a charge at iniinity, whic.li raises all iinite 
])ointH to poUuitial e/f/. If AMs tlit^ ]H)t(mtial function of a 
distrUmtion it, /> wliitdi kt^ejm a tuudain surfaet'. A at jKitential 
/.(ua), {ft\{//r‘) will be the potential function of a distrihution 
(r\ /)' wlih’h kei'pH tln^ e(jrrt*Hponding surface A' at potential 
y.ero. If A’ is Ihe potential iunetion of a distribution cr^ p 
which kei'pH the stirfatc' A at pottniiiul e, (z/i/r/r') will be the 
]Htttmtial fitnei ion of a distrilmtion <r', p‘ which keeps A' at 
the poU'Utial irr/r*', if, Innvi'ver, we udil to the distribution 
tr\ p‘ a point c’liarge m* at tlu^ origin, the new potential 
function will keep S‘ at pottmUal /awo. 

IHH. Show that if a ])oint eharge c be anywhere between 
two inlinite planes wln(‘h form a iliiulral angle of GO®, these 
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if th(»y Jir(* h*\A at |»nl«'sitial /‘‘tu m uf a jmmt 

t‘har| 4 i‘ iht’in, iU*' ns with ki the 

o.harK<‘‘l 

ISU. A homtJ^ji'iU’nuNi .Hpljt'Vi’ nl v .uitl raOiitn r liu^ 

it,H c’tMitri' III, a iMual f* ifjnFtul tiMui ,ui inUHulp jHant 0, 
vabit' <4 tlir pMt<‘iiUal hus» !n<u at i |o»ijii uulKiiii^ tha 

Hpluu’o in J Tf^jr^ 7 7’. ,ShM\v Ih.i! U I hr 4i »! ulnif luji iHMUVarkd, 

uaing an laaitvr, ilu» tun\ ilrauhnitm a l4r!rr««^rnruuH, rtnv 

Hphara uf ina^rj \ -? 7, ihr luii i»" rmtif* uf which 

in tiu* iavaast' |uniit t»l j Ihaiilr j 

loo. A [mint tOuiricr | r lir.i mu tlu^ j* ikwn at u iliJitaima +/i 
from tlu^ origin ln’twrru iwm niuiluriua: |4afr», j ti, 
bath of wluoh aro a! SI«mw that I hr unagr« of tlic 

point ohargn 5u tlo* )4a?i»‘H urr ms sulsustr i^rvirji ssf point 
ohargoH ntimoriraUv ripsal !«« r hni allrruafrlv pomtivr mul 
nogalivt^ at jmintH «<u tisr x 41ir rourtlssialivs nf tlir nogin 

tivoiinagoHaro A, rl*" M^h iHr | /m» .rlr Ai.iHr //), 

(lli/i and tsf tlir isUiU^r i urr fir I A), 

(Hr + /i), ( lL*r 4^Ah * , {ix /<h * 

Show tlmt tho forri' at any jwnut Una%"**rn Ihr plauris iniglit hn 
oompnltnl fiom tlu'fm iiruigr« ntul ilir rrigsual |Hiiiit rhargc, 
lutlioatn a nirltnssl for dolrrminiug llir drursHy *4 tlir itidnml 
ohargoH t»u tho platnu. Hhitr tdrarly tlir rrnult id iiivortiin^ 
thn ayatonu u«ing thooriginii! rhargnl posut m rmiro of iiivrr^ 
Bion, and tnudi of aovoral diffrtrni vaturf^ for u 

If in thin prnhlrm tho ohargr i?i nt a pMuit O midway 
botwtmu tlm ]»hiton, and if thin |H*int l>r riorirsi stn origin* ^ 
and thorn am {amitivo iniugrn at jHuntn ihr ,r riiurdinaton of 
wldoh am 0» 4 r, H 1 r, . . - » 4 »% H -f\ ! I* r, , and imga- 

I . . . . I . . J * I _ ... r ..... IJ 


points tlio X (toth’dinalua of wldcih ar(^ ± J «, ± i c/ ± c, • . . ; 
and nogativo (diarg(‘H J } o, at points tho a; coordi- 

natoB ot wliic.li an^ d: I d:: J (\ i ' * • *ldio total cliarge 
in each of tho splun'OH is 

-i6(\ + l 

atul thoir imitual rc^piilsion, J (log 2 — J). 

191. ir two aphorical (ionductora each of radius a have 

chargoH tht and an* at a grt'at distance apart, the energy of 
tho syntcnu is {f*{^ f a. If tho two are brought up into 

oontaot, tli(\ wlnde cdiargt^ of the compound conductor thus 
formed is + Cy), it is at poUmtial + e^) / 2 ^ 4 ‘log 2, and 
tho energy of tlie system is (cj + ea)Y4a*log2, Show tliat 
tho work dom^ against tln^ mutual ropulsioua of the two charges 
during the approatd) of tho splien^s is about 

C(().722jejey ((UaO) + a/)]/e^, 
and discuss separately tlie special csasos 

aj 0, ^ (\ — n eg, 6^ | 

192. Show that if a point charge be situated at a point 0, 
between two eonecmtric spherical surfaces, it is possible to 
find a series <jf cdc'etric*. images wliicli together with tho origi- 
nal oliargt^ wotihl keep eaeJi of the surfaces at potential zero. 
What WDuUl bn the result of invorting tho system, using 0 as 
oahtrt' V 

193. A certain condenser consists of a closed conducting 
surfiwm surrtnmded by another closed conducting surface Ay, 
separated from the first by a homoganecnia dielectric. When 
tho edondeuHCT is cduirged, the limm of force between aS\ and Ay 
artj the same as if A"g were removed and A\ freely charged. 
What do you know about A, and Ag? 

101 'riiM of n. onnflnotincr nrolate ellinsoid of 


diarK*' nf fiO nml .% aiM .'vhnu fh.ii lur mu Jan* iif*iiiiity afe 
Uu* <n|uatur hi thm ‘A f *« 

Il>r». A rMiislu^i ur.* mI sna|*a *J «r and 

iuim»r n\hi \uv% a »'U.u »>! rlr. /' TiM^r that tlm 

aMrat'tinti ln‘t\vr»*ii ih.' !««« nd-« It 1-8 liivjili'ill^y 

itH ili;uHi*lnil |d;UH* !» /> h , j,.r f. * | 

Ccdii'g.'. I 

llM>. If a narfir!*’ rh.ir ►**’•! wiMs a S' m|‘ idin'lrii'ifcy 

lu' plsuMnl at till’ IIm- hu**’ t hr 

(if Iwil I’ljUal H|»ll«*U«\ll k .-|4 .u /r|M the 

(dllirgi’ imlut’nl mi ratit h|nh«‘U’ 

lL%’'##n I m 'J »>i ' .*• ?’s^ « i 1 , 

whi'H ’ m in th*' mli«» nf tip- i.plm-i *4 ruhrr *4 thr ^iiherea 
tu till’ cltHtaUl**’ lii-fwrrli thrir rPUllr-s 

lUj, A roliihli’l I In; %|*|pnp »*! '-iiian i. 44 r.r* a ’-sitii-itpil in 
tlin mu’ii air at a »*«s5iM4«-r4hh* h 4i«‘vr flir i^uimitl. 

hluiw that itH i*h*rlia‘;i| rs 4 I hr ari|.*lilwir» 


Imailtjf till’ grHUial 111 thpratiMMf I . | j |. i^^rv Jirarly, 
I *)H, A lll*gUli\"P rlrtfffr n v , ||g ■:% h’-lMri'U faVit 

trivi’ jHilitt aipj s#§i ihr Iie 4 «- i.H’ia aa>i at 

iliHtamu'H a and /i Ifpiu thrsu «‘h . fU.a. if 


li a a I h 


whrrr I • ,V 



tluira in a dri’umfrrrjM'p at rvmy *4 whjrh fhp haW 

vanialu'S, 


lyy, 1 wn K|ih»'riral rmpfsirlUHf mI’ r.rlu .4 aiirl /| 

form a cHUulmiat’r. l*ru%P ih^t if i.lir Hr|iaratnl 

by a Kiiiall dintaim* ti, fhp p.“i|4iiruv iiu|«rM\iiii4irlv 


f 


.si,>P 


I 


200. A HUKill iiiHulatiul (ioiuluc.tor, ongiually uncharged, is 
( 5 onu(H'.tj(Ml all.(‘rnai(^ly with two iuHulatod conductors A and B 
at a couHidorablo distaiK^s apart. Ih'ovo tluit if and e^' are 
tho original i*.lm.rgcH ol* A ami />’, t\ anti e/ thoir charges after 
th(^ (jarrim* lias tomditul A ami then toucluul the charge of B 
•when the carrier has ttmc.luul A and B each n times is 

HIL- ' Jal 

" 1 (ff/f ■ 1 ) 

whert^ n - - c„/c, ami /» '(* c,/ — c,)/c/. 

Thu t‘.hargt?H of //, />*, ami tho carrier, are ultimately in 
the ratios 


f t + f*u ' *'i') • “ ^h) - (^0 ^’i) ((\) (*‘i + fo *— ex'), 

20 1. ir a sm’iuH td’ couilueUjrs were constructed which 
might ht^ uuule to coim’iiln with tlu^ closed level surface 
of a harinouie lunc.tioii m whitdi vanishes at infinity like a 
Newtonian PotmU-ial Kurndm^iu the capacities of any two of 
tIu^S(^ eoudue.tors wtmhl lu‘ to isuili other in tlie ratio of the 
rein})VtH‘als of tin' vahu's eC ir tm the ctun’t'Kiumding a\uTaces. 
If two of tin* Hnrlaee.s tor whieh m ^ Wi ami m < vrj be 
cuustructed of mt*tal, ami if eharges A\ ami Ag he given them, 
the tnuu’gy is 


5 1 






-h 




where (\ ami tm\ tin* capaeitieH. The energy becomes 
lilCt I if tlm two an* conmu'ted. 

202, An iiiHuhitiMl uomlurting Hpln'rt' of radius r, bearing a 
charge ?;/, is introduiMMl into a fn'hl of hu’ce due to a fixed 
distribution .1/ uloetrieity. Show that if the value of the 
])oteutial fnnelion dtie to M at the centre of tlie sphere is 
(\ the vahu' of the pi»ti’utial function within the sphere is 


\ m at llu* t '!. M .i 

inufti* l«» nirr»'.r»*‘ UM-t Ui 

nf w iu if' ! - ! - » 

iiltiluatf'ly a liuilMua fa-: i -a 

It r* hh-Hf fit..!! ? 

plains «»f thr p^.lriifi.kl ? a 

l(*ng, liniHMfjrtn'Mn’i. 

jv?4piH'ln'»'ly |wi' nint h u.'U>i w i. 
lurly Hi ihi' p»aiii’j I .4is4 /s V 
tn|Uipninlitial nurf.vs-n 4t*' 

HIH’ll iliat J ifin4 air ra'i.«'g-=r 
(ntr‘ (if tlniu l! j.rhin »«t 
HHrfarr^ ihr a^s?^ «*! 
by rjtu, atnl d ..ir ’ , 



Fs** 


tlin allfarlliMi «lxiv I^r !.! Uav 
/f iM tf Ibr I / j 

of iliO l*arallr|«*|.^rraia *4 ,iy 

i** . MU H *J I'n f r. ”>iu ; r__ r 

unit tlip Th«^»rriii -^4 

A /i ft I Si .4 r ft !. ^» . V 


4 m mu\ah% 

ih.ii ilip 

’ ? i«r 

I V I 

- /• III 

* 1 '- ^ 4 .ji 4 i’r. mruiiWy 

:sa* Uf '3 . .^1 tH.l'y'i f3*| ^ 

S !,sr pl.uir prr|wmliou, 

i ll‘ amUhiilUii 

. 1 ? * ^ :;n 4 -f^ I Mii*'^ H II jiliitift] 
p-Ud's mills »*’* 4 wri U| 

;i*5r, * ^’vliridriml 

; • ■ ’. pi .d ^ Ini* dnuibd 

;. ti a,. 

*'"■ * ' n 4 -^. luul 

?i.' I ? r.ll 3 Vir.p«’«i id i* lljjd 
1^ !' .%isi nijisiLir if p 

b-^- '} > iJjs' . \ hmli^r. The 

I*’ It?! |t»i, !ft P p 
L .%;i I ■ *' tilt*-* llujj i4 

n-ia..!: !.I Vl.r rytsmbft 
U «" I «-p'4-n»as tti [lie 
rilt^ till! 
.s! I irj H m VgjiUid 
a! i-.. S -1 f br |4l|lin at 
M- 4 rjs.a.r,| l.-i fllf, IVilirdpb 
|’.ar.-| iijl. /“ ^ .U'I 4 ?i 

: - ^ , 3JIS r, rp J, 

I I-.* i!*r urui;:!*’ 1/71 yields 


Tlio valuo ot tlio potential function on tlxe cylinder is 
2 m a, / r 2 v/i. log r /S^. 

Jf, now, tlio niasH of tlu^ lilam(3ut wliick cuts tlie plane 
at />‘ 1)0 Hpr(‘ad on tlu'. cyliu(lri(uil surface so that the surface 
density at every point is 

<r -- F/4 TT or Vi, (8,^ r^) /2 7 rr * 

the potcuitial fuiudion outsich^ the cylinder will be uncliaiiged. 
If, finally, a niasH •///' pin* unit h'ligth be spread uniforinly over 
the cylinder, the value of the potential fimc.tiou within 
and on tlii^ Hurnuui will b(3 2 ??h log (Si/r) + 2 ??d log r, and, by 
a suitable clioit*e of v/\ this may be given any value. The 
whole charge on ilu' xuiit length of the cylindrical surface is 
7 n---vi . : : >1/, tlu^ valu(\ of tlui potential function on the sur- 
faces is l\s 2 /// log (Sj /r) '}■ 2 (i/ + m) log r, and the surface 
density at a point iliHtant 7\ from the straight line whicli cuts 
the paper pcn’pendieularly at A is 

(M^m)/2 rrr ^ vi, r^) /2 tti* • 

At any point Q without the cylinder the value of the potential 
function is 

2 /;/ log (AQ/nQ) + 2(/l/ + m) log CQ. 

Show that thc3 forc'e of iittraetion between the charge on the 
eyliuder and the unit length of tlie filament through A is 

2 m r*») (il/ f in) /Si]. 

This force vanishc's if /r^ . ^(i/+ w) /Jf. Show also that 
if the cylinder in at potential score in the presouea of the fila- 
memt through .1, 1/ - m log (Sj/r). 

If wa HUperpn.se upon tins (Ustribution a second consisting of 



ttmfc fch« InnrlMm u^^%% 4inirikiliti| |^ . 

tho ?itlii** ■ • sv^. rf ^ 1 4 iiis. «"ifiitic|p|^ 

I’^bllll ?»’■*"**” l4ii|l !:!ii«= Is-sf's Isi^iiU 4^|P ||| 

two tlkirilmli^^sift Ihis At ij I,hi9 ryliiyjii 

thi^ valui* - ^*»il i1"V^ ■ - ’ ^ ^ till 

within lh«’ %^d%w 

2 w* I* i’ » ^3 i ^ ** ® 

i M ^ . I-,: r . 

On fi%'lititlri«'iii p->i^ui:;..4 hai | ti f 

min^tont tahi«» miM 4 l*fn ^.< 'Hufarr 4rf^'sii| aliHI 

jwi Ilf it w* -'^ ''"“" * ./i wffi^ §f 

I rS 1^5 ii«. i4i|il^ 

ineaniflll «4 Ihi** t>j ;„.ffr II a *.:■!}, ■ li * 

'S^ik li^ 

III i% k»4v «ll.>:it.fil«il'i»n of »trnv4.% Ilitn-.vs||l 4 ^n iii|j|ik 
^ylimkr iIp’ 114^4 1,1 ihi. |ik^ 

ii till? rr||l««tl 'i\ U^tr'^h^^ '^^4^:. ,1 .r.5|.-^-t!i. 4u4nl»ill|ilf| if 
tll^iwilf «r «Si liii^ Ir4iii4«^ r Uus-U ?>■ j.l rj v»? ! ■*•. !!!^r. iml*l wlliii 

Ilf wtiirls la %h^ ^ ui Ii-:.*- L..-r4 ^ /U/i’i || 

End ft f i i ^ . 5 #^ ^^'. 3m ^ S . * 1 ^ ^ It 

thr fpgn;*ti -anil I -* 1^-0 .^4 .i4i filHi^liii 

^1 A- I l^-r ,f ail4 fill ^ 

S ind |f , ’k* i%1- »•"&■' I «-s*ai!^t.Ms4^-.5a s-^:i livr trrl4fl|ite 

rrdrir4iii^lc=5i ihr^ a3'. •■isIm;’:^ r and i if« 

llraWfl « «lll |i |?I^V-vr4 ^4' ? -^SmI ^.y, •:^ nrit #f |4^ 

ill Wtllidi l« s|ii 4¥ lilt's lliri ?rr'r-.ati4 |l|i,|i 

III# eitwf In wliir'li i-?, V ',. /i - s ’-n r;«||i|^ 

form % -wl «f «ftiHi?-||«rM»i «- u-i# .v=? .3 h filiil 

wlilp.ll ill tll«^ llf-al I r-<j:a!»^f4l||lW 





HJ -*• ■ JLAlW puiniiS 

wlu(‘-li li(‘. on ihn (nirvi^ in tho old diagram are transformed 
into ])oiats wbitdi lit^ on a (*.urvo .v' in the new diagram, so that 
tho c.urvo ,s‘ is tra,nHlorm(Hl into the tuirve .v' and, similarly, the 
r(^gion T into the vi'gion 7’^ It is civideut from the pi’oper- 
tioH of (‘.onj\igato rnnetions that two eurves which cut at an 
angh^ 0 at. a point /* in thi^ old diagram transform into two 
curvi's whi(di <mt iMudi other, in general, at tlio same angle 
at the j)oint Sliow that d> is the logarithuiio potential 
fmndio)) diu** to a body distribntion throngh the iniinite 
eylindiu' of wlne.h 7*' is tlu^ eross-seidion, together with a sur- 
face distribution tin tln^ eylindriral surfaee of whitdi s' is the 
tra(u\ Shtiw also that i f reprt'sents either of the two equal 
(pmntitii'H ( 1 4- the numerical 

relatitms, at eornmpouding junnls in the two diagrams, of the 
(‘.orrt'H]Hiiuling tdements of are and area, of the corresponding 
valiU'H of tin* vobum* anti Hurfaeo density, etc., etc., are truly 
given by the tspnitions 

(Is t/J P{iA'\ p/i'^ p' ; ir/i (r'j 

if, «l» ; At^ : A*^ ; // I),A\ ^ AM> ; 

h '** !>,/> ; f> (I A f)^(LV I cr (Is ^ cr^ds', 

20(». (livtMi in a plum* two (‘ireles of radii a and I) resjieC" 
tivtdy, which havt* no ptunls in etniunon, it is possible to find 
two points (Vo ^i^a) whie.h joins tludr centres 

(/!» //), Hueh that if /\ ami rt^present the distances from 
Vi ami Vy moving point, both cindes belong to the 

family of eurves n*pn*si*nl.ed by t!m (*(juation }\/i\ c, Show 
that if d/*’ //, uutl if ilm t’ireles are mutually exclusive, Vi 

and Vy are bi’twei*n A ami //, and 

/I Vi I rP 


Jt) /2 d, 


linc^ Ait, W'Mhxn UuUt ,mn Miir.Mu* mtiu In 

tluH vim\ 

whon^ /j“'^ ’•><'*^““14*1 i'iim» the 

font* pnilllH nf miit.isi »*t t.tu^t^'id ^ «lr.4'A!u ti^itj (j , Im ilit^ tvyo 
cimUm lu' tHi x% !!ai«u.,:!i i/. \\ li d i"- iluM’urrtv- 

HpondiuK in iln^ iw'^t irr.i?.-4 ' i^nv^uh-r flu* ^mn\\\ 
whi’rn tt h I A. 

Provo tliiit ilo’ valio-n *4' ittj^ i:i\ru is* ihr .ntihjtmjrd 

tabln aro tmrnna lUul «lraw .1 Imi- r.irh uf tlte 

four o3caniploH. 

it h A uj. itg, 

j 2 A • 4 ;» Pint 

4 2 I l.:u‘ in.rc* 

a I I ! H Hfi 

fi :i I h ;2 i-i.’iH 


Givan aoirolo *4 ra«liu’» < 1 , ii iili ,i! A, 4t«i!l a -^^traiglifc 

lino in itn plana at a lr«»sa I |,:tr.d*’i itian o ; tht^ 

lino and tho sdrintnift-r^^io'*’ i«i iPr lanal} sd jairvoB 

/ f*! a, whara Ti atnl rapis'^rni ihr» frma two 

}Hdnt« (i^j* Vi) rf|unh»iiuii ittnu iP*’ Int*-' M|,|*»»^.4iir fi nil's uf 

it and lying on llta in'rpatido’nlai is» il§»* huv 4imwii ilirmigli d, 
Slum that if ViV? ■• « 

20T. p** ^ f ^ ^ ^ v 

to ;a I//CX 'tfl;# ^ -G#! ara 

oanjugatt^ funcdionn, mid if, ttnira^n^r, 




it (r^ ill 

I ' 


whew tho uppar or lowar l^* .p-s-^rdm^ aa ii 


of tUo 7 / axis, and jxmitivo valao.s of c greater tliaii 1 to circles 
ou tlio right of tin' // axis. 

Wheti 0 > 1, r - (a 4- a) j and a = 4- Va^ — r’*, 

but wluui r. - \ 1 , v ■ ^ -- (u 4^ a) /r, = 4. — 74 

On two cir(nuulV.rtnict‘s of tlu^ systtnn, of equal radii, on oppo- 
site sides of tlu'. n axis, r^/ra has veeAproeal valiiea. 

Using tlu‘H(‘ formulas, proven that the charge per unit length 
cm a long cylindruMil wiiH^ of radius 0.5 centimotro, kept at 
])ott'ntial unity at an axial distantu^ of a (iOO centimetres 
from an infmiti* plane kt'pt at ])oti*ntial zero, is 0. 00424 units. 
In this (utse e is al)out 2*1()(), a Jihout 599.9908, and u4, 0.128, 
Show also that if r 0.5 and a 10 ; a 9.988, c === 30,975, 
A r-s 0.271, but that if r 0,5 and a — 1 ; a ^ 0.800, c = 3.732, 
J -- 0.750. It is to be noticed that 300 volts are ecpiivalent 
to t electrtjslatie unit of pohudAal dilTmnmcc, 1 mic.rofarad to 
900,000 tdee.tinmtatie units of cajMudty, I ohm to 1/(9 X 10^‘) 
(dectroHtaii(* uuitM of rc'HistaniHS 1 ampere and 1 coulomb to 
3 X lO® t*,orr('H[ionduig eleetnjstatic. units. 

In general, if an inlinite ('ondueting cylinder of revolution 
kept at pottmtiul bi' ]»la(‘ed with its axis ])arall(d to an 
infinite condneting plane at a distance from it, the charge 

per unit of length is | Tn/hig and the surface 

density in invf'rsidy proportional to the distance from the plane. 

208. A tnutdeusm* is formcnl by two long condneting circular 
cylinder, cme cif which is cuitirely inside the other. Prove 
that if t luul /*' are tlu' rmlii, (/ tlio distance between the 
axes, and 2^/ distance^ lu‘twc‘en the limiting points of 
theumaxial Hyslmn t(» whitdj the cylinders belong, the inverse 
of the eapaeity ptT unit length is 


aurftw cif an uiliiutrl\ U|.-:!.d »'uns4r-r, iIh^ <‘f*w^^«netiQii 

of whit’h in .r* \ //« .f*. Ti^ir ih.o affias-iiun at any 

oxtc'nml jM»int. {r, mwtu^'h 

/ ^ 

( r* i I* sf* 8‘Mn I 0 » I 

luul that iln «liri*iio«ii inakf^i with ii,*” a\i% uf / an aarie 

/r* 11^ 

jrLu.' rMii.-K-. i 

2lCI. A ItMiK, llgid rtu-nht r%hnA«n mI imIuv-^ n pl^icl 
with axi.^ jiamll«4 n# ,i .d .ru^. Shuw that 

thn nutlual aiiriMin«n |srj mvA . ilunlrr U^twM 

it and tin* [dain^ i\\ \» ’ -a\ %%Ia-u ■ r-i ili«< duiiint*^ qJ 

tha axii^ at tlu’ t‘Usudri AtrA i! ill*’ i|miiitity 

of tdoc’lritdty ♦«n tls*** yiui ^>1 tisr -* -, Usisln | M, 1V| 

2 n, vl,. V, llin-r m sa4>fi a ‘arai^tld Iiiu’^^ueh 

that /Ij^ ••■ ##i» Cjkf. fi, hai*”’ rli.uer^i 

■■ k S^mim I nh^--, A \ A v?is«i I n) 

roHpwtivtdy. Thi^ /i^ro tm a 

iph^tinal anrfari* «S| mI \ *»■! ■ ^ %% iih 

and tln^ «dyiri»«-i pr**4n<r.' :.•?»* msi 4 f^plu’rical 

8urfiM*y Ag«d radnoi k \ n.. m ? ■ i’. A/h ■^■.■uitr 4 ! ,|^. X, and 
*S| nut naidi fitlnu" ^ir'l 1 ■’/j-ilss'i' |.i«t’ nfiui® 

pntimtkl nurfjn***^ X dn*’ I'M r.„ 41*. I l.y a m«*thwl 

amdugoua to thiiiid Swit^u ii:,. fi;.ii ik- s.- .nd.oit at arty 
point i* of Xj» dlir Im r-,^ iunl »•,. du" < !vi Jj aiid ii 

numaricmlly ripuil u% aA' . 1 ../“', -v* ti.r,,d i)..v Carnn at 
F hai Urn dirwiitm JJ* iMiil lli«’ Jidi'Jit:*'! 1 

i-', -Afl .» {■' .t !,/•■' ! 


uuvi uim u) T,,, aiKL fig respectively are 

2 7r#-j(I hv/^/rr), 2 7 rr,^{\ —?/.//>). Prove tliat if 

and <‘g Wi'H^ (UstribultHl on tlie surfaco, coiui^osed of the larger 
sogmouis of A'l and A; aiu^ordiiig to tlie law o- = 2^74 tt, the 
Huriaco would l)(^ at potiuitial X, and there would bo no density 
at the cind(^ of int(U’H(ud,iou of aV, end aS;. Tlie charge under 
theH(i (ur(uimstan(‘.(‘H on tlu^ largiu* segmeut of aS; would be 

i [ r, (1 + m/ff) + + ^•3(1 n/h)’], 

or A X (tr d“ + /// Vwn — ?/), 

or iX/^(l 1 '8-l)/Vf+>^^ 

wlu'rc^ 8 tt /h, 1 r /i is very larger compaiaul with n, the larger 

HCgnitnit (d’ A'l beeomi'H nearly lu‘mis])heri{ial ; its ehargo is 
about «{Xff'^/-lA and itn mean di'Usity 3X/8 7r/>. The mean 
(huisity on Ay when tin' ratio of a to b is small is nearly equal 
to X (•! n (r ) / I i] Trb'K \i'tt/b ■ 0, wi‘. havt' a h(uaisph(irie,al 
boss on an inlinite plant* ; tin' ratio of the average densities of 
tlu' ehargt'H u\\ tin* bi>SH anti tlu' jdane is 3/11. 

lilll, A point tdiargt' e'al. (•! />, 0, 0) and a point charge — e 
at ( 'I b, 0, U) ki‘ep tin* plain* .r 0 at ]H)tential zero. fAhow 
that if tht* systt'iu be invt'rti*il, using the point (— 2 b^ 0, 0) as 
(•(‘Utn* of inversitni anti * 2 b for radius of inversion^ we obtain, 
a Hpberieal Htirfaet* td' raili\is /i, with centre at (— />, 0, 0), kept 
at pofential /t'ro by tin' tdiargt* n at tlie point (— 4A>, 0, 0), 
anti the ebarge | e at ( ^ A, (!,()): this is the problem of 

Seetion (15. If tin* (‘t*ntre td* invt'rshm were (-4<0, 0, 0) and 
if <t wi'i'i' 4 /i, we shtjubl tditain l>y invt'rsion a spbcrieal siir- 
faee of ratlins with et*utre at { 2 b, 0, 0) at potential zero, 

nn(lt*r aehargt* I e at its eentre,antl an inlinite charge at infinity 
wliieli lowers tin* potent ial funtd.ion at all linitejiaints hy k 
If this last wt*r»* tnnilted* the value of tin* potential function on 
fUn untilil bn /* /4 h. 3Lrt is ot.h(*rwise evident. 



w.i V...VM . ^/i^vvuuiv'yjyr^va.iutJS Ui <p 

for X -■ ■ u-i and x =- • - .r^, div'Ul^b^^/i^v. On'V^ri^ of tlie 
l)luu(i 1 / TT, lidtwiuMi ;r =^-= - 1 im^== '^90^, 1% per 

xuiit. lidi^fliL III tliii Htriii, a c.luirffo^/Tr on *wc| upffer ^d.e 
and III fiO.d/'l TT ou llio uiidor Hido: tUo cluwgo on <)SM’esp(C|jJ-'' 
ing iiovl.iuiiH of //.:■- - tt lu'iug equal and opj^to ^(i*liesef'> 
[ I h'hnlioll-/., ( 'rrfirs JoHriffd^ Vol. 

StaU' can'l’nlly Hnuu^ j-iroblt'iu in 
be^ Holvi'd by i.liti nni* of Ihn Tuuntio 

A. rontlcuHtn* cnuHlHiH of two vtu’y thin, largo, piano, iMtal 
hIum^Ih of tlii' Humi' fircNi ])aralloI to oacb other at a distance 
of 1 niilliinid.ro, 'I'lio <li(‘lt‘cLriii is air and the difference of 
potential betwtu'U tlit‘ pbiU's is 1 eha'.troHtatic unit (.‘K)0 volts). 
Bhow tliat tilt' (Itnmity of the e.harge 2 millimetres from the 
edge is about H/^ir [»er Htpuire (seutimetre ou the inside of 
the platen 

DineusB at hmgtli the fnnetion 

HUify/rr) \ 

where n in any real etnmtant bt'twetm 0 and | [Harris, A 7 in, 
a/ jUath,^ lUnl ), and nUte some prohluaiH of electrostatics 
which can bt* nolvi’d by its aid. 

214. Thrt'e eltJsed sur faces 1, 2, 3 in order are equipotential 
eurfaecH of an ebn'tniHtatie Ih'ld in air. If an air condenser 
were conHtrut'ttal with tlie faet^s I, 2, its capacity would be ./I, but 
if the faecH were' 2, 3, its t'apaeity would be li Show that if 
a cuudenHer were couatnu'ted with bmaa I, 3 while a homoge- 
neous diebmtric of inductivity jx lilled the space 1, 2, and a 
aaeand^dieh»ctrie of iiuluctivity /a' the sjiace 2, 3, the capacity 
of thii ecindr'riHer woubl Im (\ wliere i/C^l/fiA 

215. A c'MiidensiU' \h fonm*d of two concentric spherical con- 

/I tilt# I ft .!• I i f{%i I'liiiii ff niifl t* Mf u nEifjihfMl hv two dielectric 
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\n iij’ ** ^ ^ ^ i 

21(1 11 lltr In^Uhi-vn »"'|ns|>*4r|iliiil gurfwg^ 

in iiir |jll»’4 wiVa 4 4 i? 4 r»!nv lU*- u.^Hriiviiv ul wlibh ia 
i‘itUrr unif««n4i 4 lUr |r%«>l itiirfm'aii of 

whirh ruini’s«l«* uiilt ils** ’.ui I .»»■*-> *»i I till the 

pnltniliul !un**ii*ni I'iilh^ns! ihr n-h* 4 uill !«• su4« hiUi|^f^ij Init iu 
vahin within will W"* ys«'i«” 4 .Hrs| \i% 4 
217, An iiihniti’ 4 i*-lr«mr I«fusi4«'4 in im snfuiiUi cot^. 
dnrting |»liiu«- whn-li n* ns.&na.iuM'd 4 t 4 |« 4 «’nli 4 l Ar\ wh^rer 

in thn tiiniiun***' fr*»3ii n in iLe' |4.u's.r if tlis 

inducijvit y fhr tlu-h^itu- i.iui-j th»^ sb'jt 4 nri? .s fnra 
thn jihiun, tli*^ iHiisnaiiil 4 ! 

m% flii^.uKh |*«n-jiinHlinilar 

Ui tlin n,»ndii»iy4|.t |44 Ip' 

2tH, A ilmlfihnlpns s4 iifi-.dtrr II s4 |mrtinni 

in n. hnnini^rnrsHiii iis«'4in?si mI ispIus-s 4 y 1 ^ 3 , iiu4 Jl^ in a 

lnuun|f*nn''nUH inrslinni *4 uplnr!i%4^^ nnit r*niii4in|| tlm nfcliof 
inpiliuiii find msphitnf? I** «'*|ni|''»«fpniiiil rlaipd 

BUirfawM'' »V, fsnvrtwinsh-^ I/.. «■ %» II5. xissd w'lmlty in 

lilt* firMl nipdiniii, .1 ^ir«-’«n4 «• .|U5|^4«*iittS4l ^uirfiina 

MUrriHindfi .l/j* H.,, h»"! %%|p41y in lln^ mWid 

tnndiiun, Pri»vp ifpit if r itj uly'A 4 jwiintl-li 

if iniriiiHU iir«’ dtiiivn snilw.ird »»ii and aiiw.ird nii Xji mnl if 
c/tj iitui «lf-i nltniiinil*^ i4 hiIIuii iUi«l withauli <S| 

rtii|iw4ividj% 



and 4wft.^r„ •• ^ • 1 ( " i I r I 1 | 4r| 

*' r ^ 

if 0 li withmit am! 


and tt/x; } ,s-,) - /iij ^ “ - dSi + 

if 0 in within 


IShuw from thoHi^ (‘(juationH that if A', the surface of separa- 
tion of the two m(‘dia, is iMpiip()t(nitial, is equal 

to /ia / e if 0 is wit.hout. aV, and to l\, H* (/x^ - if: 0 is 

within fl, Uive }diysieal iuU'rpvi'tations to these last results. 
How is tlu^ fortu^ at any outside jioint alTtu'.ted by the sub- 
stitution of out' lioningeiuMHis diidt'c.trie for another in the 
w]^oh^ rt'gion bouiulcil by S\* 

2 1 1), d'lu'. open siu‘fa(M‘ aS' is a surfac.e of x.ert) ]K)teiitial duo to 
a distribution Mi in an iidiniti* honioj^eneous medium of induc- 
tivity III on tlu^ right of aV, and to a distribution il/^ in an 
iiUlnite homt)get\etniH nu*ilinin of iuduetivity on the left of 
aV. ;V is th(^ conuuou lummlary <jf the two mculia. {Show that 


if r is the distanei^ from a flxtnl 




= /xi Her 


/Aa/', according as a is to the right or to the left of aV. 

lilid. The fuuetion IT so vauisht'H at iidiuity that 
whm’t^ /* is tin' <liHiaiu‘e frtuu any iinite point, is not inlinite. 
Thu normal derivative of IT is given at t'Very point of an 
inlhub? plum'. Pmve that if IT is harmonic, (wm’ywlu're in the 
space on <m«' siih' of tin* plane, it is tietm’mincd in that is'gion. 
Prove also that if IT is harmt»nit» in the region on one side 
of the platm except at the given ptunts /*j, /*g, /*ai*-*, /*„, at 
(Mieh of whieU it beeuun'H iniiuilt* iti such a manner that, if is 
tlu^ distance tHmi /’*, and if is a comstant belonging to this 


point, Jr is harmonic at /V IT is detmmiimHl in the 
rckdon in ouimtion. 
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MIHC*KULANK«M%h riMMlKKMM. 


nnmnum mirfan^ S nf i!*«- 

At V» HHy |H*uil tui X, fu*' U^u'^' 4 p' !•» r]%Aiy.:v liaH the 

utiruuil t*nUl|wiU«’l4 r-4_ /'V'** |». .| !sf i.;sa / hs?-'^ 1 HIHHIUtl 

luinliiuu, U” ,V| iUul A; M*' II iP«u.u,4i ^'.^sui^HUrutH uf iliR 
w]h»1o fur«*i' ut V sra-u.i. .iUii if Cl-' ig 

tlu^ ai>pari'Ui lU’Uwity *4 tl^v jitutM-*' rh.tri-:!!’ nu ihi^ 


at Q, 

Aj 

2 mf * A , 2 i 

A, 

and 

f*!*'*! 

1 |«;A, A. » A^ 

? i »#r 

whanoa 

Aj 

h 1 Mh ^ 

»!. 

and 

A 

Upjo/ifij f 1.44. 



I*ravf^ that *\\ iiiSKht 1**^ r.iH-'jr4 hy an apfarmil c4mrgfl 

(Mi ' ■■" / (Fj ^ UniU-n-- »4 /* III Ih#^ (»llUlO, 

tuguthi^s* with an a|^|iar*nii r .4 /’ an4 1 1 mi ,V, miglit 

bo duo in an apiaroni rhar^n^ |i.;r S ^ a! /*. Houoo 
bIidW by tha aid nf Ihi’ llpn^rrnn 'slalr4 m tii«^ I.r4 prnhhlU 
that tha jnittuitiid fiuiatiuim Im fhr*^s*’ .ip|*;ir«-iil rh^rgrsiim 
idontiriU (oua in tha hmi inr^lniiis, *.»lhrr in ih«^ tHriUHl) 
with tha valu«*ii nf itn^ iis4iml puimiiml Inus-iiMn m iha raita 
tkaorilmd in thi^ jmiblann 11i«^ rhiu^:^ /' m urgent luwanb 

ths diaUiatrin with tha him* \ ■ ' '' ■ 

#s i a. 

222* Uiing tha nnUtinn *4 Hrrii«*n iV«% Ui ib«i pluia A nf a 
apharltml amnlain^ar \m sdmrgisnl wtih w mnin mI |rt#fnisva alim* 
trinity and aajiamt*nl Imm tha phsia In whsrli tn p«i. tn aarth, 
by a ipharitiiU ihtdl of radii r imd r np «*l ii givou 

dhdfiotria. im Iin4 a^k Mur^wdinni wliai Itn^ *4f«n'i nf tlio 




1 1 « 


1 £• 1 a. 


quantity + m on tho outHido oC this shell, and so on. If 
thorn won' 7t sunh hIioIIh iu tlio dioleotric layer, and n + 1 
8i)!ioos, anil if 8 worn llio distanoo from the inner surface of 
0110 sholl to tlio iiint'i' anrl'aoo of the next, and AS the thick- 
nosH of oaoli slioll, tin' value, at tlio oontro of A, of the poten- 
tial fuiuition duo to the c.liargos on those shells would be 


1 ^ f- ‘ 1 

;• hS r AS + 8 + 2 8 v-AS-f-2S 

1 1 


+ • • • + 


r 4* 1(8 r — AS -|- jtS 


_ti‘f S)(/’ AS f 8) ^ (/‘“l-li 8) (i* — A8-1-28)"^ 


Tliis quantity lion hotwoon 


G - //(AS 


^ (r f hlf ’ 

« 2 _n». 

IT..,. 1.,, .. \ ^ ._L. V 


but tlu'Hu tliiTt’r fnuu (su'h uth(*r hy Iohh than c s mX8 — ^ > 
Rotluit tn\ I ^ , whinh is c'lmily Hc('n to lie between 


0 aiul //, (UlTi’rn frota T / by lenn than c. If, then, 8 is very 
small iu eompariHon witli raiul / tlilTera from m\ 

by au i'Xt’eiMliititly Hiimll fmetitui of its own value, 

'TIuh Hhtjwa that th«* ut the eentre of of sucsh a 

Hystem of etuifiia’liuK" h1m‘Uh uh we have imagined would be 
praetieaUy the Haim< an if a eliarge mh wert^ given to tho 
inner Burfacu’ of tin* ditdeetrii** and a eltarge + to its outer 
surfiu‘e, whib» the idiargen on the surfaeoH of the thin sliells 
within the nniHH tif the dielreirie were taken away. That is, 
the value of the uoUnitial fuueticiu in A would ba 




Hueh a HyHU'in of nit rH.ln«*r*i ihIn hIs.iI *Ar hitht*rto 

in )»r till’ fU-rt inn! Unul.i! ^ la.dl»r Urtwi’i'Il 

tiiin twn purlri nj" ;i '4|slirniMl r,nii!rsi3. s «,-uM the 

ciapai’ity ilm n»iul»UHrr m tti»' I »,4 | ^ 

\H In Im tli.i! A a It.u ln h a n .iSi*! X ( 

wmilil i*nrn’,s|u»n»l m iurrH^rlt^ lu 4 i itiidd.*! .ui*i in 

pin’I'i’i’i t’nlHltU’lnr, 

If t.hn cnatiii^H ni .1 jMr.illrl ah «'»ai4rn-.rs lu tlin 

jilaiinH , 1 * n* ,r n, .tinl it tin" fn ■.? Ij.n** 4 n!u!»*uu '4i|*i*irtti44l 
(»liat’gi» nf tlnunily n iiu4 h** . 1 ! i'* .!«4s!l /rsu. th^ 

jinltniliHl fiUM’linii Ui tin* air l^lHrru fin* |4 ilr-^ li i-k 

4 trir/, tSlinw that U u luunhri »»t i-I.iu*- ««f ui^-tal nf 

nmall thii’kiinnH uiulMunh i|r4nnuir4 thr 

iugH |tarall<i’l In tlm v-, iHaUn *•.»» .n !«» nri-.iir .d»-4 I'smiii »*arh 
othnr liy air fitmrnn nl tlnrkiir'ri s \ A ‘A. fin- »■ .»|-.n4l V ui iltn 
CPlaltMWnr will lin ilirn-a.Hrd Ui ihr i.aaM mI I, U'hrn* 

fX 1/(1 A), SIimW al'-.n tl«4f l( A n*’ »s4«Ul|r|iUUill 

ami A a fiuirtinh I*f J\ \v»’ U.ur l*r! m i\w 
lillUt, /-Jl / k 1 4 ?fn, nr / i i fi i i ^ I 1 n^ IIm" 4 lll'rum! s.si Ifi|tl4» 

linii whirh /* wntihl iialiHl^ m a ir.u t n,- ,.f iii4ii»'iniiy 

varying \S‘iiU Jt. *rsr,il a’^^un, nu iLn .r:‘iniu|4 nai Ihai A 
varli’a with i\ llinraH*' n| ifjii'* f»|i!sp“i ijmI rMis4«4rn’r r4»it?ii4rrr{l 
ahnvn. 

223. 3 hn palimliitl tuia’lmsi I i|a*- In ,ius nr iiiag« 

Ut'tm (Italrihiitiun iu itu imha'iivn ijai''4i(uisi* su.iii !♦■«'' nniniaitml 
mHUirtUng in tht^ XnWlmimH haw hy lalur^* inln arrMinil \mih 
Urn intriuBia ami tha imlm^i-4 «4aarg*’fi It 4 S 84 «?. ati’ the 
iairinnia vulumn ami fli-anitn-n atnl il liin mii-graUuM^ 

axUmd all over tlm wln’n* an4 ar*'' fmia 

^aro, tha puUmiial nmTi,?y i»f thn dnilnhnSiMH %n njntiflly wntU'ii 


YViiy Huoiuu ntju i.nr njtjmrrnr voiumo ami sunace clensities 
bu usi'.d in limliiiK Uio by tlu^ ncpiafcion 

»/// ;></r 1- i f f v<rdS? 

AuHWi'.r Uiin <itmHtion fully, usiuK an illuvstrativo numerical 
(‘XiLinpb' l.n explain ynuv iw.srrt.idUH. 

AHHUinii^r l.baf iliu tuuu'^^y of an (‘ba'.troKtatio bold would be 
inaMuuiuitioally arotninf t'd for on t1u\ Htippositiou that every 
vobuuo I'lonuuit Hpavi' at. whioli the iuteiiHity of the Held 
in A’ (umlributea v l ime.s its vnlunu* to the whole amount, 
allow tiuit if a iulio of foret^ bt^ mit into ooUh by a not of equi- 
potential Hurfaeoa dniwu at e(|nal poUuitial iutovvalB, these 
otdlH enuiain fM|nal anuJuntM of energy. Show how to divide 
all Hpa<‘o up intij unit energy eelhs, DIhiuihr the meelianical 
aetiou a elnu>t«Mi eondiirlnr in an ehsitrie litdd on the 
aHHumjdion tliat there ia tension alun}' the Kavaday tubes 
whieh almt on the tMunlnettu*, sm*h i)mt tin* normal pull on 
ilu' eoiiduetor per H«}uare (‘rntinietm of its Hurfaco is tt. 

UiHeuHs the pressure at vi^^ht autdoH to the Faraday tubes in a 
dieleid.rit*. 

I'he s]>aee between two eomsMiirie sjdierieal surfaces, 
the radii of wbieh are n and h aiul whiidi an* kept at jiotentials 
A atnt /», is tilled with a betevo^n‘tieouH dieleetrie., tlie iiulluv 
iivity of wliieh vaiit‘s as the /iib ptuver u\' the distanen from 
tludr eonunon eenire. Show that the potential fmietion at 
any point bettt»'en tin* surfai'en is 

(/In'**' nr*® J - 

HbTi, A eniiiirniier m fMrnieti of two (‘oneentrie H])lierinal oon- 
diudiuK suriaeen si-paraird liy a dieleidrie. 'PhiH dielectrio 

' t . r i t . . ..e tt.. 1. .4.1. a. .a 




l‘jn 

i»r ill*’ ititrriy«H|i4ili^ slirll Hliow tlyil if i" ii Uw 

(if th«^ I’Miiiit’UHrr* 


/ 1 

1 

i 

1 \ 1 / 1 

‘V 

{ 

' i 

i 1 







sif ik r«|i?|rf^-3r r 0 li%i9 ruitfssr.il 
uplirroisl’ii *i!mI lli»’ *4 4K"';;«*4’irir i-^ | wfuifu 

p in till’ iliHliiiM’i!’' Ji4 liny |v4j*iiil Truifi^ ijn, 

iCiijMuAiy <*f flsr rMSi4rii'i%rr H 

W J ^ I -1 Iwg >1, » l»l], 

w‘lst’rt» I#, /^ iisi*! h, «4 

rlln^rff. 

Um7. ^ rrsfit4'pfi?ir.| iirp tlip r|r^’ir4 iiu'Lilhi’ inr- 

flirPll all4 Wlsr-l^ §:5 .;|| .4 u4 S^ ,ii 

|M4rnllal 1'.^, It-^p !^5»§rr|j«^ti m .iiir !bt«j|j 

|f« gl^PSI hf l||P r't|t|.>il5»»g8 I — /"i f , -rS ^ 'lhr> Inir^'' »4 ff»rrv 

biinpi! s»n a |e4iiiflrisn i.^'? ^4 X julk-iii.’i ^ i ^4 .s‘j. 

If ilip iiir in lliia Itilw «r-ip 4i-a|4arr4 hy ^ n^'-’.rMbrW 

lrs«'* «4 iinliiptivily |t, aii4 if r-hafiipa r^n aV .in-l A,' nnt^ 

m fllN's 11 , wilds'^ lirp r-liilf ||»a t»l4 Ihr^ 

i»f mnl X| wpf*’ |o?*iiii 

|w» Il!l|r||4|fl||p4 ? W 'i:^iil4 m «|i».»tilismii-v iti III!!’! mt' 

«|«ni-iilj Ilf lli«* aip|»ii.f«iil mn «i IIup 

t4 s;7 

«2H, li«i«f iiiMt|‘ t4|i|4fe pp|ilitiip|fc^ r4 I III fr*i| tnml 
iiMiiakiiiif 1 |iiif^allf4 |4^l# tf-t uiin tsjii^*?s44r44 

l*a|»ll«ily, if llp^ Iwr# s||e«rr,|,|| f4 f'^41 lit Iw ,!|Ip 4 flPlII 

h * % . ... . <j . . == i «. 6 ■. a , di . ft 4 .. 


229. Show that tlu' gi'iun'ahztul PoiHson’B Equation, 
in ociuivah'til. to 



if t}' ^ oiiJu»f<nnul <Mirviliiu*ar (uuu’dimttnH. 

In Uh' rann tiT Hplinriral coonlinalfH, wh(‘rn //,, I, 

' I /rain 0^ thi‘ rtpmlirm in 

HUi^O ^ I ain />e,(pHin ^/>f, J*^) 

I (p. />!, r ) • 4 rpr'^ Hin^ 0, 

antl» in otdunuuir rotU’ilinatrH, wIhm'o /i,, - I, — I /r, 4^ — 1, 
it in r* rl\ /*) i i r'*- — 4 

2.*U). Show that U i hr }u»lt’H cd’ a haUiM'y, inatlo uj) of a givoix 
miiniior of oqual (^rlla* nvv li» hr rnnnrrtrd by a n*HiHtaiuto Ji 
grratrr than tin' .humi of tho roHifitancrH of all tho ctdla, the 
gr(*ati‘Ht inirrrnt will truvorH«' A* %hrn tlit' t*tdl« aro joimnl up 
in HorioH ; hut that if U in vrry Hiuall, tho (udln nhouhl bo joinod 
up in nuilti|ilo nrr. If U ir4 nnvh that hy arranging tho cella 
in a uortain nunilirr of pJiraUtd r*»WH and joinhig up tho num- 
bora of oauli n*w in so rim* th** rrsintiuiur of thu whob' battory 
ran Iwf fuinlo of|ual to h\ this arratigonnuit will givu tho maxi- 
mum (nirrfuit, 

2ni, A Ixattorv is joined np in siniploc’inndt witliarrsintancc^ 
It lunl a giUviunuiiidrr nf fO!^istanro f*, Aftrr tho dtdlortifui of 
tlio ga!¥atM»inrtf«»r has U^on iitd*’d, an adiliti*»iral win* (orHhunt) 



forcia of tlio ImitiTV fhiii roiiitaiice 

S I ic n 

of Ulo lmtt«*rv I IliMsssoMH. i 

* ff f ^ 

LML*. r^iot! I , 1 m- r I «/, wl^ ^ 

\n till* ti'Mjn a h%r4 I lt d ihr pf ^ 

roiiduolor iMiuiisIsnl liy »oir*-ri4 3i*- . n,-isLu *’> lii{slririil 
raaoN of nulu nuA i\ ^ua4 !•% I'l-ui- -^ *!:, .i,.uit h I'roin 
otlian iM^rjwnohi'uhu l»» ilo" m| lUr rUuMln«\*il snirfutvi^ i$ 



^ A I 


Apply tho ma.ilt. !.«» | 4 i 4 «!# 4 ig * 4 ' im-itni- 

iho lil|HOl Sil il r|hts4T3sN«l 

LMil I'liiOil |«4i4s!v.d fun-. I ^‘4, whl^ff 

fi noil r-i nrr lli*- «lriLin’ *’:s !i-tu i - p-u.^ro'l li^i^il 
nhtiw liow til fio4 I'l^t .mv.i ’joi’ | tlm 

lUH’o «»f n riiiitslnrl^^r l^-->nu 4^-4 i-h,. j.-u.iTo-l pLiorM unj by 

two rionn^wlinl ru--n!vsr » i wbif’liinii; 

tlio ]4nnoa orlliH|*M|j;il,|i, In ihr »■!' at% rlrmnii m wliitih 

th«» ;rino i% s-^ a 8 i 4 ir^ 1-4 .11^4 rs*p|«^r f»Iff^, 

imltl il«^yhfl«|rsrj.|l ^l« 4 | A'in 4 nnc 4 . tn »!^'r fr t[|g 
uroill^r r#r Imr* m-ln’O lli#'- ns r s'. r|i>lri«‘ In 

»lloll Ihntl w!iri§ |l I?? rnttrru^tir a ' 

If |w®uii?n I iUiil I4 ^-i ii t4 r««js«ltii*tar8 

wliioli iirii mrryioif rii?rtrfiir>^ i'.-r |»y ms 

OOfldtlOt^if II, ,1 i|®s4 ii s.ifs- -ncsinl Ih. |;<^. I'hr. os^ln*' |»4riitii.| if 
tit* OllffOtll II I jrs ?S :;4n| I-. In' i&l n higlwf 

imlf^fitial liiiiii /I if r4 murriii Im |v;i?sfj Iffrow 

A ti» /I, ffl llisn IIh’' 4iff-«»f 3' n^'4*. s4 lw“|WP«^tl 4 


Throes (U‘11 h oF (‘loc-iromotivi' forco 2 volts,! volt, and 1 volt 
reHiH‘olivoly , anil int.nrnal ri'.siHt.anci'H of 1 ohm, 2 ohms, and 
4 oliniH uro jniuml np in Htn*ics with a n^-Histaiioo of 1 ohm. 
Hhow that tin* jioirndial ililTarmuM's lu^t.wouu tlui toniiinals of 
tin'. Ht'pjiratn (‘idhs an* f 0, and * 1 rospootivoly. If the 
(‘xtt'rnal rosintaiK'n won* 1) ohniH, the (‘.{U’roKpouding potential 
dilTen*nnt*s wnuld he I 4, I ii h, 

225. 'rin* t.«‘nnina,ls of a i‘oni, pound (‘ondensor formed of 
throe simple eondensers, td' eapaoity 2 luiorofaradH, 2 mievo- 
favails, and i\ mierurarmts vespi'etivoly, joined up in sevies, 
touo.h the i‘itda of a linear ennduolor id’ 22 ohms resistance 
tluajiiKli whmh a enrrent td‘ 2 umpi*roH is llowing. What are 
the I'harges on tin' single ouiulonsevs ? vShow that if with- 
out hiHH id* the (diarge.H thr I'tuiihmsm’H ho diHi*.onn(‘.e,t(Hl and 
jidni'd up in parallel with llieir pimitivoly o.hargod })latea in 
(HUiuootitm, t in* diilerenoe td^ pntontial ludwi'im the tenainala 
of tin* new oninpnund enTulonHor will ho 18 volts. What 
nliargi^ will oaoli id' the .»^rnnph‘ oniiiiomsorH have*? [()(>; 2(), 54, 
108 . I 

22 ( 1 . Truvo that if a oondottHor of eapaoity k farads he 
oliargod t o pot rod ml k ami then dinohargi'd through a 
litrgi* nou indnotjve tr«o.‘danei\ r oluim, tin* oliargi^ Q of the 
ooiuh'nser t neeoinls after the hegiiuung of the tliseharge is 

.t 

t and show that not one ieiotlmuHainlth jairt of the 
original oharge remanis ufter lt)Ar HeonndH. 

Show almi that the energy that han boon t^xpi'iuUul up to 
the time f in healing I lie win* in 

a ^ 

22T. The teruuuali id a eomleuHor of k farads capacity 





^124 

tt^nuiuab lUT Hiiil4*'nlv N /| !«-.«rih*-r niitiMisi ri»moring 

tht^ t»>' rMu4ur!^*r «■.! rr-a-j,!!**-*'', /|' 

A.Hmtiiiinit: th.it l!i«’ *i'4«-3ruti.u of |||p 

fonii /V/ ^ '• at ik% 

Ullitl t th« chiirgi" *4 ?li‘- » ‘-n-l«'ir‘.-r putb'a m 

(J .. § A" I rr 4. 

fft a -r 

whira «l • < /ft ^ ^ ‘ rici 

2*tH, A |tiilviii3i«'* hiilts-f’3. i-. of I Wo i?sil%''iiiiir? rolls, 

tho I’lwlrsniltsUV?^ fa'ifrr'J t>i %%u.^ K .nr .11^4 <5 ;.Ma4 tint io||f. 

Illll n|* sn .suu;!i|.h’ «irr, Thl 

jwlpi of th*^ hiillrry « i%i\ s-^ arrri.ii| 

af f nllltl?!, Hh»?w lliftll if ^ ^ , .Ur- of fcha 

tmmniia thiwsnu iltr^nsf^h ri4;ri^ 

('i -I'-J': ♦ ^'1 ’ ; ‘:.S * •■*'', ♦ 

(\ - '('A * »•<'■■: ''■ ■ ' = ' ' '■■, . * f<sl\. 

23ih A i^iiU' iitiustp'if’? 4 >4»n.-T I* St !«« Iwt forni»hi*d 
with twtl lilisilll^. nnrli ^4 \hr *;.? :■,! r4 tijai«4 

uf lliw «nirr«^iil i»hi4l tl.r aiul ihife 

whim iMsth iifr ai'Stril isi |..&f.i444., ^4 ih*-. .-ufrimt ihllll 

pai*» throii'iili %h*Hn Tfso/st i!u%i %hr^ of iiM^oni 

ihuiii tiiti»i 

24Ch A \mlU*t% I’t ¥4'5^'4 to .1 rmti^nl IhitiUfhl 

i4uilrr of 1 gs?54!s|‘h^ sirin Thi 

ri^HliitiiOoi^ 8tf r-m’-h lairq* i.-i =rj |«»3 Wlwm It) 

!ttiti|» iirp onr-4 ihs's r-ufi^rsJ. !'.?<■ -.a/], ^-: I iiigipifitj bal 



to sona OAIITOULH uiiTiHicio ruHi.8taiiC08 IS concerned, to 

a siiigli'. (udl tlu^ tdi'clroiuoiiivo force of wliicli is tlie mean of 
the ident.roiuolivt^ forces of iiu^ ccIIh in tlie battery. Mud the 
n^HistaiKM'. of tlii>s (‘([uivaltmt c,(dl and show that it would bo 
lllor^^ “c(Tcc.l.ivt\ ■’ whmi doing a given aiuoimt of external 
work than the battiu'y. How mneh work is done in the 
battery per HctuHul when tlu^ extinnial circuit is broken? 

2 A <*crtain unirorm calih' 50 kilometres long has, when 
in good e<nnliti(n\, a reHistanc.(‘. td’ ‘IHO (Anns, The operator at 
oiu^ tnid lindH tlmt tht^ rcsistamm is 270 ohms or ii50 ohms 
according u,h tin' td.hcr tunl is groundi‘d or insulated. Suppos- 
ing tlu^ ground i'onnecUouH at tln^ two stations to be good, so 
that the rcHintarn’c td’ the earth is negligible, and assuming 
that then^ in a ningh^ fault in the cable, show that this fault 
is U).07 kilometreH from tlu^ first stittion and that its rosist- 
anett' is 20() tdnuH, 

LMd. A tmble oOO kilometre's long with stations vl and 7^ at 
its I'XtrtuniticH Inm a single iault, but is not so mucb injured 
that signalH cannot be sent through it. Witli cable insulatiul 
at It, ilie o])eval.or nt A gvoumls mie tenuiiuil ot a large bat- 
ti'ry and nttaclms the otiu'r imnninal to tins i^abh'.. After this 
has betm thme tin' operattu’S fmd that tin* diiTmHmce of poten- 
tial bt'iwi'i'U the I'idih' and Un^ gnnuid is 200 volts at A ami 
40 v<ilts at /». The cable at A is tla'ii insulatt'd, and one 
terminal of a largt' Imitcry at ft is grounded while the otlior 
is atbichc’d to the ('able. The tliiTi'reiu'i^ of potential between 
tin* i'able and the ground is tht'U 200 volts at It and 40 volts 
at A. Sluiw that the fault has a ri'nistaucc efiuivaltmt to 
that (d 47 02 kUomi'trcs of cable and is at 100.5 kilometres 
from d. K\plaiu stmie way tif unaiHuring tlie potential dilTer- 
ences in this case. 

244. - In a network /M, /7/. fA\ PD, Aft, ltd, CD, DA, 
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rt'Hprc'tivf'ly. HIihw fli.d it 1 /^ »‘Mii!.is!i '4 4 hiatrry of ©lao- 
trumutivo furtn' A*, thi* miiroi in /*# m 

Xini'l » /■ 

a 

2 A ^1* i k » ’ 

where A n ^ /I i y ^ A. 

and fi liy I >4 f 4 jil s * /lA yA.*‘ 

24i1. Shnw lihil if thr «4 .1 |*.a.nl«-lM| 4 |»r 4 In* funiunl 

of uniform wirt* hurh iK.ai ilir ir-^'it.usr#-^ ila-rr iMini,«»riin» 

noun mIgl'N nrr rf, /% *UMi r Sr-’si^rsi 1 % , ..&u4 if 4 s’lirimif. mitl’TS 

at otnuiiiglo ami Irim-j 4 I ihr -Ati Ar, 1 fa- r«-nniiii }|»(3 

of tlm network i?» {fni I A 1 n t s i. n 

24{i, (o) A Irtralirifr.il 'nk ft4>’ mI noii* 4 ni wire, 

Opposite Imuiiu r«|ir.il iin I m| ■.?, A, If II 

rent ont<*rM ami iIp^ !r.un«^*AM 4 li ,d ih*' rn4'i mC ^n «» 8 l|«;e 

of lengtli n, till* «»f Ikr g-uiran^ln m Ihs’ p.uin i?f tnlgeii 

of length a are in l\w riiim 

4' I in '4 I A I I 'I # ^ 1 , . ^ 8 hi 

, J^i 'ssrs l*M!!ege.] 

(A) Bliow that thr roBiftl itnrr' i»f ikr that 

of a lengtli of the mhr«* r«|wii! ’ '“ * ’ ' ' ^ 

[Ht John ’a (’'ullogr, | 

247» HhoW’ that if « Irli^ifriiph |.H.lrr!, *4 rr*ir? 5 l 4 liee /if, 

be joined in pairi. mmh 1.0 all lh«^ ^urri ^4 

anoe nand if iin ol#*orroiipUivr f.*r*-*' /; n,- nvvrf!*-4 m «4'the 

wiroi, thrMnimmi 181 Ihiit ivirs^ ni ICf /i : n . » r] nnUl-ri 



1 onin, IIH* ai, a [uinn, on i.m* iinn rr miles from fclie 

./* 


i.s /’ otJ 


1 ()()(), Kind tlio rato at which 


a i^dvnn ji«>rti<ni <»!' ilif lino i.s ilt‘liv<*rin|^^ power. 

2’ll). A Wlioatstono's hridKi' in propm* adjnstmont consists 
of Tour coiuinoiors, .(/»’, IU\ i'h, DA, which have rospcc- 
Lively Mu' nssistunees y, .s\ and r, 'rh(\ i^^ulvanomotcr is 
HJiuicfU'd with J ainl f’and Mu* l)atU‘ry with // and il. The 
(dts’tnminlive fnm* td* tin' isiMt'ry is A’, and the resistanoo of 
Lin* lialtiO’Y with its eunueeliiiK wires is h, Provo that tlui 
heat (h'velnped per ituit time in tin' «aniductor /l/^ is the 


eqni valent ut the euevKy 


E'^tiva 

I /') I 

Hfiih A gejinratnr t»r I’nnstant elee.troniotivn* foroo E and 
of <»{mstant iniin nal re.sistam’e // is used to (diargc^ a storage 
battery wdueli now has an idertroinotivt* fonu^ rand an intor- 
nal resistanee /», Sht>w that if the poles {^f the storage bat- 
tery he eonneetrni hy a eomlnetor of resistance r, a (uirrant 


r" t/.v i hiD 1 It// } h)r I Ii/q 

will go thrtmgh this et*mlm‘tor. 

lidl. 'Ilie runihtetm*'* f //, D(\ /'/hand iKl have the rosist- 
anees /S y* r, and ir^»peetivrly, A is emmeepsl With (*' by 
a battery ef infmial resi.Htanee /« and eleetroimdivc force 
// is eunneidrii With // by a battery t»f internal resistance // 
and eleetfonintive finer Prove that if tin* inirrent in 
is /enn 


rj /<*(/» 5 y I r i '^1 i ? { /* I Jly f ri ( if r^(/fr ys) — 0, 

2r»L\ A eMiidnelnr id ^nveu dnneir^ioiiH made of given material 
luts tWM gtvm pinlnnoi S, ami X, «d' its sindaee kept at constant 
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if r' in the* iinti-uli.d iutu UMii. u lim V, jn k« j 4 at fV and 
*S 3 at ^ ^ f ^ r r ’ 

^ f . 

()}U‘ ru*l «4 ,1 -I l.pIniH *1 ;ujii 

/in k<*|»t at imlt-iiU.d I.,, 4 “ 4 »l rwl «(/i at |Hitrlitial 

l\. 414«' t'Miufnrir* a^i. *>i r.r i--> fc 4ii»f jtH 

ann' pi^r unit Irintth ir, -m* ih.ii iLi- i» n| «#• ^ t«qual 

tn *riiu wirv jH I«% .m uiv, 5 !.dini 4 .?iht«uth, tlm 

mitiiidu t»f whii'h iH III r*^n!.i-i '' 4 -jh n*M %.i!rt ut |Hiii*ntial 
‘/,l»ru, TIh' rail’ *»! |m'|: %%uii l*4H.?lh m| Ikr 

cnibln tliruUK'b fbr ? 4 p* 4 !Ii 4 ? .1 I%u,rl»* liar |M 4 rlitlHl <if 

tliu wirr m r k%HA I lb** srii|sr^’.* 4 l i*f *J ih ili’iK»U‘d 
by If" ami in rall *-4 flir^ s*-v»r-t.uir«- *‘ of' lIuM’ubld 

pi^r unit Irnulb. *rb*’ *4 usIm a jmrtion 

Clf tluM’ilbli^ «4 |i‘n|.!lb lll^■|n'■l^•?| br‘l ’A -^*rH U%M riKili Bfl’tiuUH, 

thn iHnirt'T i 4 wbirli ri difti.uif ?• I 4 * 4 a .and i'* 4 I 
I\ ia t 4 !«' ^4 !l **4 *4 »■!,•.■! MUt Ilf tlib 

nbuimnt Ibrniifjl* di*’ nbrAib 4 ti 4 tti*- l.ti'ilsrr I'licl in 

itifid I /t,. r I /t^ I « ^ i i A f W Im'ii I Iis« riirmnt 

in Htiuuly fla* rl(in«*’nl Si» 4 !ik*-i is**!- rb'i’tririty 

ami •»s'»iAlA-r ib.d at rvrry |Kiint 

/^/r /f r U, m br|«^ /f II i'll’ |*i’l«r|.i| of 

this ia|Ullti«UI $fi «*f Ibr b*Ua I ' f '^4 ~ 4 Uil if We 

lintpriiisim 4 nn 4 /I iliiil T • ? m, 4154 f Ti whan 

T /* W 0 ||rt r - I l\ sitib ^||r « ^ I "r.fds d ' » ] *- 5 mh 

HlinW* tbilt sf ib*^ riirffiit h r 5 ; 4 *-r^ Ibr »mI 4 «’ ai ii 4 

and ttmfwbndi frav-r-i ii aI n /., .r^-l xi / «f«*n? 4 r ifm inirmnt 
in t\w nnrt^ at a |w.ni«i m, 



Show also iliai if tho vud of i,lu» vnhhs at Q ho insulated 

and hd‘l. to il.scli, / , ,.nsli (/■^Z)’ earth, 

// r„Hinh/:/(/ . 1 * )/ .sinli { /-:?/). If in this latter (»,asB the 

(•.able, were infinitely lotH>:, \vt\ should have Ti dl, and 
/: /„e /> /‘‘/N/mir, 

The whole (M>r<‘ resintanee of a certain t^ahh', , 1 () 0 () miles lonf^ 
iH 2000 ohiuH. Wlum oui' terminal of a battery (tlu^ other 
terminal of wliiidi in put i.n earth) is attached to om^ (uul of tlio 
eahh^ and t.ln' id lier eml of tlu^ cable, is ^O’ounded, the (uirrent at 
the H(mdii4(end is to tin* cnrn*nt at thi^ vec.tdvinf^ (uul UvH 1.1270 
to 1 . Show that, the insulatioii rcHistance of the. c.abb'. per mile 
is 8 me).pihmH. In the Allantie (*able of IHcSO, tr - ■ l.nd ohms 
ptw kilometre* and 0* 0,1)80*000, (H)0 (dims pi‘r kilomidro. 

254. 'The eonclmd ion ri'nintanei* of a ci'rtaiti cable 1 000 miles 
long is It) (dim.H per mile* whilst the insulation ri'sistanee is 
10 megidinm: if t he Himding mul bt*. at a givim jiotemiial and 
tlie receiving end tn earth, ii)id the wdioh* (diargi^ of the cable 
w)nm a .steady enrrent pa.ssea tlirougli it. Sliow tliat if the 
cable liave a leakage fault at tin' ntiddh* point tlie resist- 
am*e of wldtdi is equal to that of a hmgtli id’ (/ miles of tlio 
cahh% the Hirength of a sb'ady curnmt at tin* r(‘m'iving end 

will hi* lowi'red in the ratio 1 : 1 j * * [M. T.] 

ti r p 1 

255, Prove that if any fniite H(*t of ulgehraic operations he 
performed upon the (Munplex variahh* *r j /// tak(‘ii as a 
whole* and if the reMilt ( ic ybiu] he written in the form 
<#»C.r* in \ ^ ffh when* ^ and i|r* which are said to he, eon- 
jugate to each other, are real functionH or.r and //: 

{[//) P»nih tfi and t/' ? ati dv Laplace’s Kquatiom 

(/#) /q«/i and 


(ti) Tlu* f\ V* two 

funtilit’H (if (’lirvrn whi<‘li *'nf r.i. h u^fljn 
25n. l*r(«vr fh.if : 

(>f) If 0 un»l ‘it'*’ r-hj’Ht.tf.' fuisrlsMiii mI ,r iilul 

that in, if ^ f a fuiirts.^ss tuv / | 

tak(‘n HH a wlHtlt\ thru, , .#• .|jt4 v .u*^ !u«« «-usijogate 

f\in(‘ti(»Uii uf ^ atj«l 

(h) If 0 iui»l jir«* au> rtuhpvjAU" fsisij. tiMSjrii *4 j- atal |/, 

autl if ti iumI /I sir*’ mty Iw*. oihs-r ^ 

and /A and if fnr .r aii4 v ui iIm- .?,-5 !...r *|, ^ 

Hulmtitvitn tlin t^r .g ^n*! >1, ?sia4‘.l uvi» tuiw 

ouujngat*’ lituiiMai“s ui x .u«4 v.. 

U and 4a- -^nd vS I mI «x4s|u^*ati* 

tinnHt t Inland 4a * j «.!' .y 4ad i/, 

LTm. Priivt’ ihiti sn asi^ s-.rrr ,4 n?u|4.UKir fhiw of 

tdi'ctnrity Unil m, f|*.w \khuh .d s-. to 

a |(ivon }dan«% and id 4 -* h.u 4- i^-tr id.d d-s niir^r-niv and 
dir^’otinii nrr ih«’ .id -ill dixwii |Htr- 

{itnulirnhir !«» !lir puru |•>l.u»s• tls.-ir fnurliistn nin» 

junatn it» itin i^ub’idial fusirli^tu. II,?,^^ tn r.,i||«*^4 tijti 

“ lltiw fnui’tiHn 

(jr»H. SliHiv h\ I h*"* Ml ulsxt.if % I ': 

(juiudiln^i^ llsat, if . .r » ^,1. \ ^ ^ -.^jU ^1*44 

hvidy thn fnllnw sn.it |*^n!r^i »4 ;.■■.. ■;.%!>»- ! -s .’m f 

II fi 

2Axfi; Arivun^^, I, I -.au I ^ .d.i.,-rr«n r-^ f. 

and ^ ■ tan l‘S‘d4>-n:-i ■ t lh»i%' wiilnn 

cntidtjrlnrf^ wld*'ls llars^v f -xsjnx.i®*' i«isll 1 m’1|i i.m fsrilfo. 

JUlh Hhs'iW ! nji t! ii »n:}^ s’Slhsr^f naif 

fiay (»f any liau m|» .i m! ■« ’-3^ ■s-f .r .^nd finiy 

In' takrn m tlis^ .n... 


plane' c»r .r//. Mionv also t Ual. ni t.h(‘ (*aH(* of tho same distribution 
iho oUior funotinn will bo onuKiant aloii^^ any line of force. 

Show that, inthor one psay <{>) of any pair {<j>y ijj) of coii- 
juj 4 aio funrt ii»ns of .r and // may in* taken as tlu‘ potential func- 
tion insiile a eomlm'tur which (•arrics a Hti*ady currtmt flowing 
at every ptdnt. in a direclitm jnirallel l.o the plane, of a*//, and tho 
same in intensity ami directum at all points of any lino drawn 
pt^rpcmliiMihir <n iIon plane. Show that in this eas(‘ tho other 
funetitmt/^ will he eonsfant along any liiuud‘ flow, and that tho 
two equal nor** */» e, i/ e' represent respi’ctively, if r and rJ 
are paranictei-s e\lindneal equipotential Hurfae(‘H and cylin- 
drical .suriaiM’s of ilou. 11 i/.v is tlu^ cdtmieiit of any eurvt'w/A* 
in the plane and if e^ the {hmivativc* of ^ tak(m in the 
dire(’tiim ol the mnmml to #/s wliieii points towards thi^ right as 

fVl 

one goes ah»ng the curve fr«un J to /»Mhe intt'gral A* | D,^cl)•(ls 

gives tlie annmnt ^f pti-ufne «di»ctrieity wldidi emsses i)erunit 
(d* linn' frniu hdl to nutidi of a right I'ylindrie.al surface 

eret‘ieii on f /* as in eindMHcd by two phun'S jjarnllel to tlu^ 
plant* fd* am! at the ninl tlisianct* frttin isudi other. Sinet^ 
, I lit’ uit<aq ,il jtint niuHiihu’etl iKetptal to ‘As)? 

anti /» lunt's th** diifcrcnce between the values (d \(t on two 
right eylindi itMl fun taees td ilow gtvcH the aiuonnt of How 
iMU'tms the niitl ‘d so much id any eylindrieal surfatu^ 

wliieli eutH tin* plane of .ry at nglit angles as is iindudi'd 
between the gnm of flow. 

1?(U. Ihovi* ih.i! 

to) If r,, r,. are ihi* hmglhs of tlie radii V(‘cLnreH 

drawn from any pond /* to any a parallel axj*s, and il 
fb. » iL iUiglen winch theHc radii vectores make with 

afi^ced line in I bf' plane ui jy winch is pi*f]iendieular to tln^ axt‘H, 
.L i 1...*.. i « 1.. loL#lC t--. t lou^ /* . 


Utm'wJ % r.n si r i;* 


4 l\: 


^|(r| r-*|V4 4V^>ri 'V ■ ’ vr-y-tr ^,rU\'A ! ■■ ? r ¥i||||t ^ 

ryll?s 4 ris'^! i -rrj U. t , ;u*n .ill 

iv'i Us w ^ 1 ■•■I ^■. "t ^ ^ f»jir^l| 

a.^ iii;%ii¥ 4 ^ ,v 4 ^ 

I hr „!■> ! h«'ir i^. . -n 1 5 :* 7 ■■ - -^ j:-. U.r r % |*rr7^-S^«l|| ^ ^ 

4 .U |4^f '^rf\ .^-ri .4 :•, 

rr|srr'?irr4 'i* rau^.V,^. ^-Ivor-.l . ; ;'^:-h v .-^l :? i -.^n--^- mifttm ^. 

SPff i^l'r-9i, l*--tU-}^ IJ| 

|>| If ^.l — 11, 3so =■! f 'Nr lur If lA-al 

al iiilifnit 

I f '} Th<^ ^uhit^ ui I i\-4 t..hhrn ar.^«n3v4 mtf 

"ft' 

in llir^ ^ri.r .rl3i, alls il?i4 fIM | 

«^4|l|i|l l‘^(' iiaa4r 4n # 

Hut i. 2 m.l^ 

I r|| 1 1 1 rW r %■ f 1 1 1 fs ^ 'i V- ■■% i%% :\ •% I ':r. 4 : s ?, f 4 s’l 4 a| alltl W lli|if|f 

tiilili^^^ Ili5l% Iw^ a^^n:giir-4 I s. f r tslr ll»i^ |ltteliy 

ftliirllrtfl r-.'siif i' ’’ a nr,;:j.:j •aj.s S'4 «*l«^"'|fli|||^ 

Willuia lli«i 'mI rijfli'rit-r. a- - < ■<:» • 4.S ?' I ? f-lg Ittlllll^ ^tlff 

lllirk lluiu mh^n eyhu4u> .- 3 . ihr r^ntml iurtoif 

t*t wl4?444 ^ ■»: v;! ^ lll^ ItSi® 

i^ci »;?i l«* fv|| 4 ’^-»%'P mil ihr> a;^5'4 4f Hrr ri'j|fSj:r4 tllrfil^ tf 

lW-»f» lr«lr*i ar«> kr|'4 al r'--|-.iAl f,#* itsm 

|||«?|||, Tt«SB It alH' lh€^ '4' a Uf'ifr' lliii itel 

Ilf IIIPI 4 I ^.| rr,tl#4f| |:«flUiaf,i 1^% rl&ilt '^4 *iff^'i 

Il#t«i|r4i Wilii IIp^ |.«4r:.i ^4 

(l#| If ill l|l«^ talllP -^4 # ll&rf-r- at4 i£Vim I'lUlllllPf ff ^ 
llilf «f mv aiv'l hmt ii»l lf| 

|filir«iit»f* ill Hip 4*% <iifT* r4a|ll"r«tiraU% '»p Ivt'ri^ II# M 

itt wilWl » iilliiliaf ■f.::<!.sst§«vr ir.4. m’dh %lm IW^ilifl 


tho battery tmu-h tlio metallic Hlieet in in otlnor places. In 
tluH caHt', if l\ ami }\ are any two jjoiiits in the metal, the 
reHistaucc of ho much of the Hheet hh li<>H between the equipo- 

tk - .™. k 

tential HurfaeoH on which l\ and I\ lie is when 8 is 

M 7r/i7/.A*o 

Uu^ ihir.kiu'MH cjf l\m huniua, and k ifcn HjKMnlic. coudiictivity, 

(i) If (f» luiuHtHlH uf twn larniH Uu» (•(mnitutMits of which are 
nnminncally cijual but in nign, wu liavo tho case of a 

thin shoc^t of iiunal Umtdjinl at, two ikhuIh by the two poles of 
a battery. Uinn^ tho curves in tln^ plana for which i/f is 
coiiHtant, am cindi^H (Mg. nU) tlu‘ nantn’H of which are on the 
Una which biaacta at right unghm tlia linn which gives the 
poiutH wham the battery tdaatnidcH touch tho Hheet 
Show that thin vahit^ of tniabh^H uh to funl the resistance 
of a thin circular di^na toucluMl at two points on its oirciuufer- 
ance by thn pobm of a battery, and liciic.c, by Huperposition, 
the raniHiatica «»f unali a iVm\ ioiicluMl by any number of pairs 
of battery pula?i at dilTcrant plaacH on the circumference. 
Htatt^ other problaiioi which an iimpc'ction of B'ig. 69 shows 
can bo Holvad by the aid of tlu' value of 0. 

(J) If 0 in iniulc up of an intinita number of terms with 
coeniciant« all nninarically cejuab hut ultarnately positive and 
nagativts ami if the corrcHimnding asscH cut tha jdane of xi/ in 
a straight lim^ ao that tho dtHtance betwt»an any axis and the 
tu»xt in lu cortaifi al tho linca tjf fonm in thi' jilaue of Xi/ will 
he straight linoa whicli cut at right unglas the lino on which 
the traeoH of tho axon lie. Show that by lud of this 0 we can 
niul tho ronifitam^o of a liimina of brc«iulth and of infinite 
length whoit touclnnl at two points opposite each other, one 
tni one otlgo» and the other on the other. Draw from general 
krtowlinigi^i a diagram which giva tha shape of tho lines 



!>» m. atJiair*! j.' *|.r* ! nrl) ut |MiiutK 
(\ whit'll \u* ill Hfiitn' .4 nii.u,:hi hnr. mim* m|' ilir liupi^ 

HdW culiNiKl •. iu |Ktil r«l ,i fiwnn^U'ii'tu-*^ mI 

drawn ainiind f' .t fh.ii ih«- !t*»w un^ido Urn 

tnrnuniVrt’iif't' wimld 1 m- iu.* if i !»«- |.4ii »»! tlj*. pljitn 

nuinidn it Wi'in ana) \u aiad-i. il a «’ii«'initfi‘rctU‘t« 

liiMlniwu in a l hui as-.- id.iur m! ii«.i»-!unt«M<Si;U'tit, 

Uin *'iiua:.»r” in tin-^ ra^auan-iias*-*- Ml ,1 m! ^sti'inigth m, 

Hiiualt'd at a pMiiii /’ ni ils*- |d.uj*-* i-. 5.^ ^ i*- h|. m| ^ .niuk, of 
atrongth w, at tla- msU-’ mI Thr m* L , .ua 4 a ^iMuiri' cif tlu^ 
Hiuao .«t V. »4 /* ttiih rK'.H|HTt to 

iin» inri'iiinirfi-iin *' 

Shtiw that tl u trv.:.u4|r»i a-- a sa« mul if^ 

inaitltMi «h an t* sn a t-.iv, fdau«* t>-,aidnrlni-|' 

t»r indi'linst*' r%trnf» ilp-n- .ur : at iIm’ |^»«i54in Jj, 

■'•» -^i: » *d ?5ll r*4|.4 k's -il U »-'-|Vmi! Im Wlp m^, 

' ' ’ % ffh ri‘i^|»’rtsv«d\ , and m! -.t a al-^’s-hrau'ully 

iM|nul t“ sn,, ^4,, , ’-5^. it !5ir >'Mrr«‘'^l»iiiulin|f 

iiiVf'nio iijMij, jf MU * m. -i "u •» i. ti, tlioro 

in lUt th»\V mI I’h-s'l ri6‘ at ^ .l^'l •.-•ja Ih:*- » w. nsu**' SrS}»‘(* 


If at a liHrd pMint /' ns .i tLns |.ij.u*- t Tu* r«7 1 thoro 

ft fiink id uniiiris -dU 4 isd .if aiHithpr 

7 |M»nil {*' lu iliv ;in »'.|».i.u and if 

1*1-’ mad*' Im U /' 44 .1 hunt and III*’ jihiih 

l|r| i« aln.s''. ‘j «-.|aal t-* .« irJHtij Vtitl” 

Of>' X •itl.ml ^s, tt»’ ha'^r a.’s a hiuaJ a *' |d4in’ dnsihli^l’*^ 

„ «d nl trUei Is lu I Ism .1 % rs 9 4 n!a»'h n-* /“ A , tin' liilli^ 
I’ in- t’i7. . . , « , , . n 

lilt* |M*fsili»sn *4 Ihs' -sfs.u.u'Al hn^ sft an n I 

tfi /*^ Wn ftlsall !in«| si s-misi msumss? !«« •*s8airr««s lUlil 

iHinkn rfn4|**-risvi'Iy Idark and an«l sltmhlots 

hv oin’h’'M half Idark and li.df nsu-.lsa'-lv.l |'Ism lda»'k |N*rtiou 
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of a (loahlft t‘irrli* iiulicai.r.s (lin*c.Uon« in wliicli there is 
a How iuntji /rnw Mio jnnnt wIhm’o ilu^ doubhjfc is situated; 
tlics iinnhiuliMl |>nrtii>u iiulii’ai.rs the tlireelious from which 
tljciv is a How fofrurJs this point. The axis of a doublet 
biHtM'l.H iMitb the bbifb ami unsliadcH portions of the doublet 
cirele. Show that if /’ bo used as ori^du and /bV as axis 
(»f ab.soissas. (bo voluoii.y polontial lunetion diu'. to the doublet 

is ih ,t and (ho (low rumHbm is l£ 

X f i/i IIm'm' ar*' ri’Hpoc’tivoly the n^al part and the real 

fael.or of Ibo inuutiuary part of the funetion TIio 

tapiipoUnitial litios aiul tbo linos of How are eindos (see 
Kir?‘ (onohttn^ tbo uxom of // 

ami .r rosptM’ti voly at tin' tunipa. 

A ‘’piano f|nadrnplot” is 
ftinnod Ilf t\va> otpial and oppo» 
site plaHt' dtntbb‘t^ in tbo satuo 
nuinnor i hat. a dtmblot. is Innnotl 
out of a .stutrt'o and an oi|nal 
sink. An ‘Mn*tnplot “ in forniod 
ill a Hiiuilar w.i\ <d twii oipial 
and njiposilo «ptadrnplols, and 
HO fUi. Wo may n .o f!to word 
“motor** to doo»<ti’ tn r'onoral a 
mauro, a sink, a donblot^ a ipiail 
riiplol, or am of hot* oi»mbimilion of souroes or sinks at a 



Fim l‘i8. 



through 4C®. Viiul iho flow fuiu^tiou duo in an o(d,upU‘t of 
the kind hIiowu in Kig. IIV2 at Uu* origin. 

(c) Show that tlu^ lint‘H of How dm* to a jdaiio jlouhh't may 
1)0 roganhul aa tho liiu‘H <d‘ lon’i* duo to a rolumuar niuguot of 
infinitely Hiuall cr()HH«Ht‘{d.ioiu 

(d) Show that tlio funrtiouH 

, 1 1 li fi 

.a’ .a’ 

eaoh of which in the derivative with v*(*H|K*<*t to ^ n{ the one 
which precedes it» yield a Heries id' puirn of roujugate fune,« 
tiona whicli reprcHont in order the vidoeity poteutiul funetiuns 
and the flow functions due to a sourei* at the origin, to a plane 


C 0 ® ® 


Pin, VMK 


Fiiu lao. 


Ktu. lai. 


Km. 


doublet at the origin, to a plane rfuadruplet at the origin, to a 
piano octuplet at the origin, ami ho on. 

(s) Show that if two plane (Umhlets Land df exist togetlicr 
at a point f), and if tlu^ direetioUH of tlu^ two .ntraight lines 0/i, 
OB show the tlirectioim td* thc' axes of L and *1/ rt'speetively, 
and tli^e lengths of OA and OB the strengths of L and AI on 
some convenumt scale, them tln^ direction of tin* axis of the 
resultant of L and M will he given by the direction, and the 
strength of the rasultant hy tin* h'ngth, of tin* tUagonal of 
the parallelogram of winch OA and 0!^ are mljaeent sitleH, 
Plane doublets, then, can he coinpomnh’d and resolveal by cone 
pounding and resolving their axc*H like forces or velocities. 



always equal to tlu^ <’onHt;inl. |^, tlir limiting value of the ^poten- 
tial run(’,tiuii of th<* sysimn is said to \m dm to a apaca d(nLhle:t 
of Htnuigth /A at tln^ point I\ and tlm axis of tli(5 doublet is 
said to tht^ limiting position of tlio sta^ant 7\). Hliow 
that if r is the disi-amu' of any ])oint from r and if 0 is 
the angli^ lHd,W(‘eu the axis td* tlie doubli‘t and 77'^, the value 
at /*'of the potential funetion ihit^ tti tluulouhhd Is ^v.mO/rK 
The forec^ eomponents along and per})eudieulav to r are 
2/i eoH 0 / ami p sin 0 / ^riu^ j)oimiiiia.I funetion (SeetiouGO) 
due [,o a dotddet at Uu^ origin with axis eoineidimt with the 
;r axis is /i..r/ r\ 

The potential funetitm ducH to a nuiHH — at the point (fp, 0,0), 
a nuiHH i- Ni at the ptunt (7^ 1^ S* 0, 0), a masH • imf /(/; + 8) at 
tlie pfdnt I 8), 0, 0), and a iiiasH //o//A at tlie jioint 

0, 0)t whrre A and 8 smalhu’ tlnin a, has ilio value 

xivro on tin' Hpherieal snr fuss' q- i/^ 4- td, Provti that if, 
whih^ (t ainl A are <Minntunl, 8 he madt^ to {l(M'rea.se imUdinitcdy 
and nt to inense.e in Hindi a nmnnt'r that Un'ir jiroduet shall 
always hi' eipiul lo tln^ given eonstant /a, the limiting value 
of tln^ potential fumd.iou will ho 

p (x ^ h) /[(.r hf I h h ttp. [A(.r® + // + /;'«) 

«V]/C(/m' idf + A^(// + 

If A 0, tins t'xpresHittn hissimes (td where 

\ {/ 1 1.4 What prohhnn in (di'etrostaties ean he solved 
hy the aid <d" Hum hint funetion? In the image of a doublet 
in a Hpherieal Hurlaee another douliletV 

2C)4. A straight wire td* radius a which forms the core of a 
oahle of length / li*‘H in tlie axis of x wiili one end at the 
origin and the otlo'C at the point (A 0* b). Tlie wlude of the 
aiitsidt' of the iimiilatiiuf eoveidini' of the cable and the core 



If till' iiiHululitni in sn lliat A inuy Ins iiogloctod, 

I ^ "1 ' ^ L‘-i'<i.s,S7r-^ (d 'i' sill H.r) /irs], 

uu‘i tlu' (’urrmt- i:i 

t ^ M, />^M I I LI • t’ns ♦'^tt ‘ I 

1 hi' fi-nninuii ol u hattiTy uf pliu’troniotivo forco 2{Jq 
viillH uiitl iuiiHu.il t I’Nist aiH‘1* h **hiuH iivt\ 8uil(l(‘uly (‘.Quiuu’.ttid, 
ihrmij.*;)! a iun\ iinluiMivi* rtiuiluftnr uf n*siHUui(H> r - b olims, 
with thr rnalinitN nf a ruinh'usrr of A* iumds c.apaiaty. Show 
that ai’ti'r f MM-Htal . thi* rnntl«‘UHt‘r in (‘hav^^od to jaduntial 
diltVivnro a; vflbi. wlii'iv A’ /-;(! ^ .A//; and that 

thi' i»u thr pusilivt* platf in Kk uaitH, If 

T ; li / I, An T n.LSl ; if f J hr, 0.;it)3 ; if 

/ kf\ r iitrxi iiif :tL%r ^ -itAr, y'::^d).95(); 

if t n An r and lU T An T o/Jih). 

Show that il thr rMhdoUNrr junl. nu'iitiotuul had hci'u leaky, 
ilH diolerfni’ h.tvtuvt a ri’NintaUfr of only A’ ohniH, thi^ eluirgo 
on tho |»natn»‘ o»«al 11114 afttn: f .soeondH would havn^ been. 

r**f ^ ‘’harj^i^ A’,A/i/(r + 

Ifthh 'rho of a |irrfret I’oiuhniHer of 2 microfarads 

(mjuo'ity whirh an' nauiroird toK'**th«‘r hy a mm-induetive 
nnnrdaneo /f id L’oOn ohmn an* attm’lied to tlu^ terminals of 
a eott^dani hatl«n\. AHer the eundeimer has becomo fully 
c*hsiri4o<h a htilhd iiiovin^ at a velneity of /* nndres per second 
euU tiifit tiiM’ u! tlo’ haltioy leads ut a pinnt .1 and, 2 metros 
farther on in itn mntm\ the vesistuaee Ii at a point IL While 
the hulhd inoviii5.j froju J to // the c‘ondenBt‘r loHt»H 1 i/o 
ol d'i ehar^o* ihnanth h\ hhow that, a being tln^ base of the 

iiiittiral h\?ilr!si m! htif^itilhnis. e -liMK 



•Ji 1. nu’ titiuT l■tli^uIlKrt (H two condoiisers A and i? are 
put. (.dearth uiul their inner enatinKH are connected together 
thnmgU a galvaunineter uf // nluuH resietanco. The capaci- 
lieH of Uit' edinleiiHerH art> (' luul r reapcctivcly. Both are 
eharge'l iiiitiiilly tn jiiit.eutial T,, and tlum have charges 
and '/»■ i^hdw lliiit if t.ln> inner coatings of the condensers are 
put (,t> earth simultanemisly tlirougli nou-inductivo resistances 
It’ and /% and if 

X r/t't'. X' r/iV, fi rr(// -h li), /j.' = (7J!i (ff + r), 
m ( 'I'fliij, •! XX' \ (/I fi/j,' \k' = CirJtij((/ + r +Ji), 
ami the charge on .1 after / Hceniids will ho 

I (/!• p p,' f 2 

Hhiiw also tliat the whide (inanlity of electric.ity which passes 
throngh the galvanometer during tlm discharge is 

Qjt'U rr)/ f '(;/+■ r +• K). 

',’7U. I'r-'ve that liie ]H)lentinl anil stream line functions due 
to electroilea plaeeil at certain points of a spherical current 
nlteel ean 1 m> dedm-ed direetly from tlio HolutiouB for the plane 
current sheet which is its stcreographin projection. If Ei and 
/t'j hi' two elect rislcH ou a eoiuplclo spherical sheet, show that 
the stream hitcs are small cireles through /t'l and and the 
eipiijMiti'tit ml I'urves small eireles the jilanes of which pass 
through the line of intersei'tuiu uf the tangent planes at Ji/\ 
and I',, 

27n. Verify the statement that tlm value of tlie potential 
funeiioii at tiny ]«-ml /' of a solid homogouooua sphere of 
s|e*i'itie resoitance s, when a current of intensity 0 flows 
Irt'lwiwii two electrodes A ami It at opposite ends of a 
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whom N in tho Umi uf lliv |»rr}H'iidirHl.ir IrMtu /• 

diamotor AIL ( M. T. | 

274» Tilt* twt> t’urirtajlrii- ^s|44i’ri»’,i! %% lurh l»uuud ii^ 

Bholl am ko|it at tljUVn'ui rMii-ii.inl |H‘!ruii 4 l’v. thiit if 

tho CUUulUi’Uvitj ttf IIh« In ,1 t|4«, 

from (’I*litre\ tho Iiop’Ums? \%ithin it n.itiniirri ilif‘ 

et^uaiitm lL(r^^ I i** ShMi% ih.a if ir I , r, ihi^ 

etfuivalout tu tlu* ^iv«‘ti «»u 

275. ITovi* that if a qiianhly «»f rl**rf r«jiuval«*jit in y 

abHoloUHdt‘otrtima|^iiriir UMfi?srh.}ir;,:<*u| thi^^ni-h ii i*4lh?a,in 

galviuiomott*r whitdi a 5 nu 4 |»r-fii|r 4 thr ii} 4 |*sirti 0 

momont «if whirh in M, lii*’ i4' inrsi44 /, jimi tlm 

rodutHnl aomi»lt'io iiiiu* *4 "i]„ 

4ni 

whoro ffj/ in tht« rHiiqsU* r-S.rr!r»t n|« 4 s iKs^s nnn|^r|s4r4 nVltlPta 
in ita ittwititni of rqiidihniitii 4 ntr^^U of I 

unit jmHHPH llirniigh ih^ ftiih 4isMi4i*'!rr rui| 

27fh \\ hrn a Uat ul i* i „iit4 iiiMniPiit 

M |ilma*d ill J |w«n3tsMii luth It -i i-i-iiitv at a ifsn* 

taimo ti from Iho ronlrp of 4 isi 4 |,,*tirio* nr«-. 4 I«^ * 4 ' I«'i 8 |. 4 li 
tho nt'odli* in dolit^rl*^*! ih«oti|.4« an *4. lluii 

2 // tan a *i i 4 i 4 I / A s i 

At r,* * r,» ,■/ ,■/ ■ 

wherw r,’ «./ I ami..,*’ ♦ a*.. 

f’/ iA i I A?unA.M'' I 

\A \ i A?uii«i.r^ I 

S*A i^i I / I A i 


*Ji I . A is .srt up wiMi i\u\ mitro of its iieodle 

;iinnr ,i p*»nil in tin* axin itj a lioriy.inital motre rod 
ft rrut ujM’t I’l' i liMiH l)ir rruti'j’. 'riu* rti(l is p(‘.rp(‘iuli(uilar to 
t.lit’ uM-ridian. A liMUiiP/a'iiisms, ahoi't bar maf^nudi is plucod in 
{i.iuis'a f with ils criiliS' ilr.sl. aO d (MMitiiuotros 

irum out’ fiiil ‘*1 t br r«ni au«l liM'iifiO // (•tMitimotros IVom tlio 
iiMmt <'iul. ♦/ rn'.ilri than //. If thr ihdleatioiis of the 

in*r'«llr ui tin* iwn nasi‘H an‘ Sj ainl S.j respec- 
tivfdv. th'^ irlalnt- laadr hy I'niiiputin^^ vl//// by moans 

at tbi* Imi Hiuia 

*/Mau Aj ! t.utrt.t I i.H I I 1 j ;t t, 

♦jYS, H'b*' U.u l npHii wbirb thn tsirria^o of thi‘. sliort (hdloot- 
t in an apparoliis bu* (b'torininiiijjj M / II in 

tbiun'/n I p.raiani sa.iki- an aiud‘‘ wit-b UHM'iiHt anti wost 
iun- iu 4» ad »’! pmnliou lai* to Um‘ nuTidian. 

Shaw Ibai d i * nt tin* ib'llntM iip' numniot is at a dis- 
ian«s* .f li^ay ? br uls*-' mI iIh' n*‘rdl»\ and if tin' di'Ilootiou 
tdiainn-’i ii.'iu «■>. wla'U tlm didbs’tnV is tUVUml Oiul 

V lliA ./’.sillSj 

// " . . Ml. ■ II) ” nisiS., ■ • 0 ) 

tin A, nlnS-i 

wliofn tan 

*,’711. In Mbiain flsn t«*nipnratun' fooninit'jifc of aco.r- 

l.liu Mi u.Mlin iil Il IH ill iV WiltlT iHl.llui.t 

it -.iiMfi .li.si.tsj' ■- iM'iii it ii«.it;iifi((iiii'l>‘r iirfilli’, iU uxiM bitiiiK 
i.iii..- in.ttMi. lK- iii.-ritliiiii ill till' mitni of the 
i li. nr, .li. f i.rMt.K'bl I'.i'-k I" 

.•.,1.,, int.Mt-i S-lf.-.i Ml. tlif oiil><i«itn Kiilp of UlO 


M m 'Ki J.A N Knr .4 Vtu 


ui 

24. WlM*n iUv inuk’urt l/^ 1^ hr;itr,i a ginni laimln^r 
(if itM nHiiii«*h! t|rrri“,a»r'« Im I//, .iu4 t!i»* niui^nn't” 

OnU'tlU’ IH’ImIIi* IH i|t*Ui‘i*tini HVrr « »*f IIh* m'alr. 

Hralt' diHtaniM' m, pruvi* that 

J/j . 1 // // or /ir 

■ .»/, .»/. j -/., 

whnrt» tlu^ tlafliuHinii n in niiiall. 

Hhnw thill if «i| in th<Mii«i^h^ thnaiiih wlurh wuuhl ili4h>0t 
Urn ntnnlla if wrra iilmr^nt, 


Ml 


tan si . 

» tun u 

till I tSj 


n 


ti 


280. Tww magnrt^. unit iiri» |»hn‘«^«h with thtnr 
lann immlh’l in nurh «4hrr hni in ilirnrliuti, in 

(JaUHH’n /i with in a iiut|.:nrUsinri«*r. Tlu^ 

tunitfn of riij in ntirth of nni|-*fi«4*«{n»*t«'r an4 runiiro of 
maith of it. T!ii« f«/j iin4 ti^t m|' iIh« rtniimt of 

7W| uiul from tlio nnilro t*| ih«^ iiroifh'* iirn 

HUrh Lhnt tlin nomllo m uNi!lofh’*«'|oi|, lh.it $f anil ^ 

am tho ntrintuthn tho **{»olri4" of Wg iifnl aii4 if 2/|, 2/|, 
anil 2 A am th«» ** Itn'i^ihs of m-^, aii*! tho norOlo 
tivoly» fi| i« to ^ aa 


is to 


^1 


I// 

I 

[A* f' l^A 


* (V ♦ l>h ♦ Al*|« I 

I * I 

Afl* [i; I !./, t A*’|* I 



Ml ■n,« iKirpondioular dis- 
tinii-r > .V. ' and -S' Irmii im imi 

/. •.Mil./. ! -IM. iiiu! r sill <)!■ -t- ain (<)!) + #), 

a.i dial (111- l.-us;l!. .d ilir la-i'i.iaidiinilai' from r upon 

,V« i > / Niit 1 l ‘i> \ I <•! / i (■ ..in tl> I. aiii [tj, +. (ip j/ ]\r„^ fpi,,, 
liMiuili i 'd 111 .- i.. ii..-i.di.-ul.ir.-i ilru]ti.cd rnmi r upon ,Sn, Ns, 
uiml .11 

! / niM./. I .I'ij Sii, I \rw\<tt // sin (<)!. + d>)]/JV;9, 
iitid i 7 , Miiii/i I 

Mlo.tt th.ii 111.- id till- iiitmifiilH, laki-n aliout r, of tho 

ftiri'r’j uliirh N'li.f la ifrrJi’itH*' in 

/ / ! : 1 

f> \ * \ ■ •7' Httl {<)!) f <h) ^ 


^ Ml, 

, i - I'.iin ^ + /y am (ab +■ d>) 

X'i : I / 


«ir J/w/ ■ r -ais »|» 


I I 1 
1 _ 

A « ,\m A’i/ 


! *1* 


II II 
.V,,’ .Y/ ‘ 


*Slii»w i%]m* lli.if A>r r I I P I lirLvxm<^ 

M//.,,,., ,.,1 1 -iM. ..r ' r, P 

As« L 

. /.» •„>//. .-...M.#, I .t*. 1 P ^ , .1 . -p I u , 1 r 

I ■ , and that, U bath I atul L 

J 

ruiisill r««iit|» 4 tr 8 | itsiisih r that tally tha lirnt povvora 

nf / r iiu4 /. r tarr4 kfa»t, tlu' approximatB value 
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